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ON THE STRONG CONVERGENCE OF GRADIENTS IN
STABILIZED DEGENERATE CONVEX MINIMIZATION PROBLEMS*

WOLFGANG BOIGER! AND CARSTEN CARSTENSENT

Abstract. Infimizing sequences in nonconvex variational problems typically exhibit enforced
finer and finer oscillations called microstructures such that the infimal energy is not attained. Al-
though those oscillations are physically meaningful, finite element approximations experience dif-
ficulty in their reconstruction. The relaxation of the nonconvex minimization problem by (semi)
convexification leads to a macroscopic model for the effective energy. The resulting discrete macro-
scopic problem is degenerate in the sense that it is convex but not strictly convex. This paper studies
a modified discretization by adding a stabilization term to the discrete energy. It will be proven that
for a wide class of problems, this stabilization technique leads to strong H' convergence of the
macroscopic variables even on unstructured triangulations. In contrast to the work [C. Carstensen,
P. Plechagé, S. Bartels, and A. Prohl, Interfaces Free Bound., 6 (2004), pp. 253-269] on quasi-uniform
triangulations, this paper allows for general unstructured shape-regular triangulations and so enables
the use of adaptive algorithms for the stabilized formulations.
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1. Introduction. It is well known that variational problems with non (quasi-)
convex energy density have, in general, no classical solution [8], [5], [2], [6], [9]. Mini-
mizing sequences develop enforced finer and finer oscillations with a Young-measure
valued limit. Moreover, those oscillations make it hard for numerical methods to solve
releated discrete problems.

Relaxation methods provide macroscopic models, which replace the nonconvex
energy density by a (semi) convex envelope. A range of examples and applications
includes the nonlinear Laplacian, some optimal design problems, several convexified
model problems in computational microstructure like the three-well problem, and
elastoplasticity, discussed in [5] and [2]. The lack of strict convexity yields situations
where the Hessian matrix is not definite, and so minimization algorithms encounter
severe difficulties—e.g., the (unstabilized) three-well problem does not allow a Newton
solve.

A straightforward remedy is a stabilization technique, where the problem is reg-
ularized by adding a positive semidefinite stabilization term to the discrete energy.
Such methods (and especially different choices for the stabilization) have been pro-
posed in [3], where it is proven that proper stabilization can even yield strong H*
convergence when working with quasi-uniform triangulations.
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4570 WOLFGANG BOIGER AND CARSTEN CARSTENSEN

This paper suggests a modified stabilization of [3, equation (6.1)] which yields
H*' convergence even on possibly nonquasi-uniform triangulations and hence enables
adaptive mesh-refinement.

Strong convergence is a promising property, for it enables the computation of
quantities related to the solution. For example, volume fractions of Young-measure
valued solutions (of the original nonconvex problem) are nonlinearly dependent of
the solution (of the convexified problem) and thus cannot be derived from weakly
converging approximations.

Based on this result, the next challenge is finding reliable and efficient error
estimators in order to control the adaptive grid refinement.

The model problem analyzed is defined as follows: Given a bounded Lipschitz
domain Q C R™ (n = 2,3) with polygonal boundary, a fixed p > 2, and m € N,
let up € WHP(Q;R™) N C(Q;R™) be piecewise W2P in Q and piecewise H? on the
boundary 09 (see below or section 2.1 for details). The set of admissible functions
reads A :=V +up for V=W, ?(Q;R™).

With a continuous convex energy density W** : R™*™ — R and some lower-order
term A — R,v — [, L(z,v(z)) dz with a continuous convex L : @ x R™ — R, the
(convex) minimization problem reads

(1.1) minimize E(v) ::/QW**(VU(;U)) dx—i—/ﬂL(x,U(x)) dz amongstv e A.

A finite element approximation of (1.1) is associated with a family of regular trian-
gulations (7¢)een, of € in the sense of Ciarlet [7] (e.g., for n = 2, the intersection of
two triangles is either a common node or a common edge or empty), Fs the set of
inner edges or faces of T, and Hy := maxper, diam(T). Let up,e € S*(T¢; R™) be
the nodal interpolation of up, where S (77; R™) contains the lowest-order conforming
R™-valued finite element functions on 7,, and

Ay =V, + up.¢ for V; =V n Pl(ﬁ,Rm).
For later error estimates, we assume up to be To-piecewise WP and .7-'599—
piecewise H?2.
For functions on 2 which are discontinuous on the edges or faces of the triangula-

tions, the jump of such a function v on a face or edge F € .7-'5Q shared by two triangles
or tetrahedra T} and 7T_ reads

[v)(z) = [v]r(z) = T+lairyn_mv(y) - T_laiI;l_m v(y) forxz e F.

The stabilization reads

H2
a¢(v,w) := S — / [Vv] : [Vw]ds,
Fera diam(F) Jp
where “:” denotes the scalar product in R"*™. The discrete problem reads
1
(1.2) minimize Ey(v) := E(v) + gag(v,v) amongst v € Aj.

We denote S(X) := DW**(X) for X € R™*",

J(v;w) = /QDL(;U,v(x);w(x)) dz  for v,w € WHP(Q;R™)
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STRONG CONVERGENCE IN CONVEX MINIMIZATION 4571

(where DL is the derivative of L with respect to the second argument), and
Je(v;w) == J(v;w) + ae(v, w).

The Euler-Lagrange equations of (1.1)—(1.2) consist in finding v € A and uy € Ay
with

(1.3) /S(Vu):Vvdx—i—J(u;v):O for allv € V,
Q
(1.4) / S(Vug) : Vogdx + Jo(ug;ve) =0 for all vy € V4.
Q

For the convexity conditions of section 2, the main result of this paper is Theo-
rem 4.4, which states that a unique continuous solution u € ANW?2P (7o) N H3/2+(Q)
(with € > 0) satisfies

(1.5) lu = well 3 0y S He:

The remainder of this paper is devoted to the proof of (1.5) and is organized as
follows: Section 2 presents the general framework and lists all the regularity that is
demanded of the continuous problem. Section 3 discusses the general error estimate
of [3, Theorem 2.1]. Finally, section 4 presents the proof of the main result.

Here and throughout this paper, we employ standard notation on Lebesgue and
Sobolev spaces, and we will often abbreviate spaces of vector- or matrix-valued func-
tions, whenever the dimensionality is clear, e.g.,

|U|W11P(Q) = HVUHLP(Q) = HVUHLP(Q;RMX") for v e WHP(Q) = WHP(Q; R™).
Furthermore,
WP (T R™) == {v: Q= R:olp € W*P(T;R™) forall T € T;}

and H?(Ty;; R™) = W22(T; R™).
In the following, “a < b” abbreviates a < Cb with a constant C' > 0 independent
of £, and “a ~ b” abbreviates a < b < a.

2. Prerequisites and assumptions. In this section we will state some assump-
tions on the given triangulations and functions which will be needed in the following
proofs.

2.1. Triangulations. Let (7;)sen, be a family of regular triangulations of € in
the sense of Ciarlet [7]. For each triangulation 7;, we denote the set of its edges or
faces with Fy, as well as its subsets F* = (J{F € F,: F C 0Q} and F3* = Fo\ FO

For a given F' € ]—"ZQ, we denote the patch of F with wp = Urer, T. We further define
FCT
hp = diam(T) and hp := diam(F') for T € T; and F € Fy, so H; = maxper,(hr).

We assume the family (77)en, to be shape-regular in the sense that hp =~ hp for all
TeTy, FeF,with FCT.

The initial triangulation 7j is assumed to be fine enough, and it is also assumed
that up € W2P(Ty) satisfies up|r € H?(F) for each F € F§.

The nodal interpolation operator I, : C(Q) — S*(7¢) on S'(T;) is defined by
Iw(z) = v(2) for all v € C(Q) and z € Ny (e.g., ups = Lyup).
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4572 WOLFGANG BOIGER AND CARSTEN CARSTENSEN

The trace inequality (a consequence of [1, Theorem 1.6.6]) reads as follows: For
any v € HY(Q) and T € T; with F C T,

2 -
Py S 10y (1990 e + b Nolaca )
2 - 2
S he |Vllzeery + et lollzz iy -
The following estimates can be found in [1, Theorem 4.4.4]. Let T be a triangle

or tetrahedron with diameter hr = diam(T), and for ¢t > 1, let v € W2¥(T) with
v = 0 on each node of T'; then

(2.1) lollpecry + b 10l pery < 53 V%] o -

2.2. Assumptions on the energy density. This subsection presents the as-
sumptions on the energy density W**.

The following assumption is similar to [3, (H1)] with the Frobenius matrix norm
|| induced by the scalar product “:” in R™*™.

Assumption 1 (convexity control). There are a,r,s > 0 with 1 < r < 2 and
s+ r 4+ p < rp such that, for all X,Y € R™*" it holds that
(22)  [S(X) = SO < a1+ X + V") (S(X) = S(V)) : (X = V).

Since S = DW** is the derivative of the energy density function W** : R"™*" —
R, condition (2.2) follows from

[S(X) = SY)" < a(L+]X]"+[V]") (W™ (X) = W™ () - S(Y) : (X -Y)).
Assumption 2 (growth conditions).
IXPP—1<W™(X) <1+ X[ forall X € R™*™,

There is a fixed ¢ with 0 < g < p such that the lower-order term satisfies

/QL(CC,U(!E)) dz

S 1+l foralve A

The partial derivatives 0¢, L(z, &) of the integrand are Carathéodory functions in the
sense of [8, Definition 3.5] (i.e., J¢, L(x,-) is continuous for almost every = € €2, and
O¢, L(-,€) is measurable for every { € R™), the Jacobian DL(x,&; ) € R™ with respect
to the second argument of L satisfies for every £ € R™, and almost every x € )

IDL(x, &) < (=) +[€P~,

with an ¢ € L*' (Q), where p’ is the conjugate exponent of p, 1/p+1/p/ = 1.
COROLLARY 2.1. The set of minimizers of the continuous and discrete problems
(1.1) and (1.2) are the set of solutions of the corresponding Euler—Lagrange equations
(1.3) and (1.4).
Proof. This is a consequence of the last paragraph in Assumption 2 and [8,
Theorem 3.37]. O
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STRONG CONVERGENCE IN CONVEX MINIMIZATION 4573

2.3. Stabilization via jumps of gradients. As described in the introduction,
we implement a stabilization function ay : H*(Tg; R™) x H%(Tg;R™) — R. In this
paper, we will study a class of stabilization functions which penalize jumps of gradients
and which are defined by

(2.3) ag(v,w) == Z pF/F[VU] : [Vw] ds,

FeFf

where pp 1= Hé1+7/hp for F € Fy, and —1 < v < 3. These stabilization functions are
modifications of [3, equation (6.1)].

With this, we define J; := J +ay on H?(T;; R™) x H?(T;; R™). Furthermore, we
define a seminorm by |7 = a(-, -).

Here and throughout the paper we assume there exist u € A N W?2P(Tp; R™) N
H3/?T¢(Q; R™) (with ¢ > 0) and u; € A such that ¢ := S(Vu) and op := S(Vuy)
satisfy (1.3)—(1.4), which reads

/0 :Vude + J(u;v) =0 forallveV,

(2.4) @

/ oe: Vugda + Je(ug;ve) =0 for all vy € V4.
Q

We denote ey := u — up and 9y := o — oy.

2.4. Assumptions on low-order terms. The following assumptions on the
derivative J of the low-order term are similar to [3, (H4)—(H5)], where u, o and g, oy
are defined as in the preceding subsection. Only one of these alternative assumptions
needs to be satisfied for the main theorem to be applicable.

Assumption 3. There exist 0 < m < M < oo such that

Be = m el < T (used) = J(ues o),
J(u;v) = J(ug;v) < M leell 2y [0l 12y for allv e WhP(Q;R™).
Furthermore, we define ¢ :=r/(r — 1).

Assumption 4. There exist M > 0, a constant vector 2 € R? |z| = 1, and a
constant C, > 0 such that

Be =0 < J(u;ep) — J(ue; er),
J(usv) = J(ugv) < Mlleell 2o [Vl p2q) forallve WhP(Q;R™),

IN

(2.5) |z - Ve[”ig(g) < CZ/Q(Sg : Vesde.

Furthermore, we define ¢ := 2.

2.5. Example: Scalar two-well problem. Let Xi, Xy € R? with X; # X,
and define the energy density

W:R2 SR, X — X — X7 |X — Xu?.

The space of admissible functions is here given by A := Wol ’4(9) + up with a fixed
function up € WH*(Q) with uploq € H?(0Q). Let W** be the convex hull of W;
then the (convexified) energy function E : A — R is

E(U):/S2W**(V/U)dx+)\”f_v||i2(ﬂ)_/ngdx7
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4574 WOLFGANG BOIGER AND CARSTEN CARSTENSEN

where f,g € L*(Q) are fixed functions and A > 0 is some fixed constant. Here the
derivative J of the lower-order term reads as follows: J(v;w) = [, (2A(v — f) — g) wdz.

The minimization of E in A can be discretized according to (1.2), with the sta-
bilization function (2.3) for v = 1; that is

a¢(v,w) := Z I}j—i/F[VU] : [Vw] ds.

FeFy

According to [4, Corollary 1], for any X,V € R? and YV} = (X2 — X1)/2 and
Yy = (X2 + X1)/2,

S(V) = S(X) < 16max {1, 11" + 2%}
x (14 X7+ Y1) (S(V) = S(X)) - (v = X).
The result [4, Corollary 1] also shows
X' =1 <W(X) <1+ X" forall X € R

This is inherited by W**.
Young’s and Friedrichs’ inequalities yield

2
ST+ [ollze e

Mf = olfaiey = [ avas
ST [vlZaq) ST+ Wlaq forallve A,

where ||“[[12(q) < [l 14 (q) is @ consequence of Holder’s inequality.
With ¢(z) = [2Xf(z) + g(2)] + supg~ (2X — [¢]*) we also have

IDL(x,€& )| = [2A(€ — f(2)) — g(x)] < ((=) + [¢]*.

Hence the problem at hand fulfills Assumptions 1 and 2.

By applying a Cauchy—Schwarz inequality to the definition of J, it follows that
the continuous solution u of (1.3) and the discrete solutions wu, of (1.4) satisfy, for all
v e Whi(Q),

Alju — U[Hiz(ﬂ) < J(uyu —ug) — J(ue; u — up),
J(u50) = J(ug; 0) < M — el gy Mol oy

This proves Assumptions 3 (for A > 0) or 4 (for A = 0), the latter up to condition (2.5),
which is shown in the proof of [3, Lemma 9.1] for the problem at hand. Together with
the preceding results, this proves all the assumptions necessary in order to apply
Theorem 4.4.

THEOREM 2.2. There exists at most one minimum u € ANW2P(To)NH3/2+2(Q)
(with € > 0). Such a solution u satisfies ||u — UgH?{l(Q) = O(H,).

3. A general error estimate. This section generalizes [3] from quasi-uniform
triangulations to general shape-regular triangulations with proper weights.
LEMMA 3.1. Let v € W2(Ty) for some 1 <t < oo. Then, wy, = v — Iv satisfies

||w€HLt(Q) + Hy ||Vwé||Lt(Q) S Hé2 ||V%’U||Lt(g) .
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STRONG CONVERGENCE IN CONVEX MINIMIZATION 4575

Proof. The estimates in (2.1) with VZw, = Vv lead to

el = 3 el S D0 W3 NV0l%0 ) S HE VR[S0 »

T€eT, TET:
HVWHtLt(Q) = Z ||Vw€||tLt(T) S Z Wy HvsztLt(T) < Hj HV%UHtLt(Q) : O
TeT, TeT,

LEMMA 3.2. Let v € H*(Ty). Then, wy = v — Iyv satisfies
2 1 2
|wely S Hy ™ ||V§v||L2(Q) :
Proof. The trace inequality, (2.1), and hp =~ hp yield

1IVwellZa ey S Vel [ + [ Vwelr- |72

S he [Viwe ) + bt Vel

(wr)

bt [V,

wp)

S e |[Viwe 3

wF) wr)

2
~ hrp HV%HL%W) :

Recall that wr denotes the patch of F' € ]—"ZQ, i.e., the union set of the two triangles
(or tetrahedra) having the common edge (or face) F. The definition of |-|, then gives

fwel; = 3 prlVedliam S 32 prbelVivlpag,) S H[Vivlag - O
FeFs FeFy

LEMMA 3.3. The discrete solutions are bounded in WP, ||W||W1,p(9) <1.

Proof (see [5, Lemma 4.1]). With Assumption 2, the triangle inequality, and
Lemmas 3.1 and 3.2, we have for wy = up — up,s,

E(u¢) < Eg(ug) < E¢(upe)
1
= / W**(VUD,Z(x)) dx +/ L(ﬂ:, uD,g(x)) dx + 5 |uD)g|?
Q Q

2
S+ |UD,@|€V1,;:(Q) + |UD,Z|?/V1,;:(Q) + |UD,E|z

2
S+ |UD|€V1@(Q) + |wé|€V1wP(Q) + |UD|€/VLP(Q) + |we|%v1,p(9) + [wely
S1+HP +HY +H7 <1

On the other hand, Assumption 2 also yields
Buy) = / W (Vue(2)) da +/ L(w, ue(x)) da
Q Q

2 |u€|€vl,p(ﬂ) - |W|%v1,p(ﬂ) -1

Hence there exists an ¢-independent constant C' > 0 such that
|u£|€VlyP(Q) - |u£|l‘1/‘/1,p(ﬂ) -1 S C.

Since p > q, |w|W1,p(Q) is bounded by the positive root of 27 — 2?7 —1— C = 0.
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4576 WOLFGANG BOIGER AND CARSTEN CARSTENSEN

The boundedness of |ue|W1,p(Q) and Friedrichs’ inequality also lead to the bound-
edness of [[ue| 1 q)- O

Remark 3.4. Similar arguments can be used to prove the boundedness of any
exact solution u, i.e., SUp, sives (1.1) lully1.0(q) < 00. However, since we fix some
solution u throughout the arguments, the analysis focuses on the behavior of constants
as £ — oo.

The following result is essentially [3, Lemma 4.1] with the same outline of the
proof but somehow different constants.

LEMMA 3.5. Assumptions 1 and 2 yield

H‘M‘Zp’(g) < C1/ 0¢ : Vegdu,
Q

where p' is the conjugate exponent of p, 1/p+ 1/p' =1, and ¢y is given by

s

o =3%alQy r ! (|Q| + [ulfy ) + |ue|§V11p(Q))p ,
which is bounded with respect to £.
Proof. The proof follows that of [4, Theorem 2]. Define ¢ := 1 + s/p. Applying
the tth root to (2.2) shows
8¢/ < &Mt (14 [Vul® + [Vuel) Y (80 Veo) "

Integrating and applying Holder’s inequality with exponents ¢’ and ¢ (with 1/t+1/t' =
1) results in

16617 ) < @ / (1+ |Vul® + |[Vue')* (80 : Ver)'t da
Q

, 1/t 1/t
< allt </ (1+ [Vul* + |Vu) /! dx) </ 8¢ : Vey dx) .
Q Q

Here r/t > 1 is enforced by Assumption 1. With tp = st’ and [l o 0y < |Q|ﬁ7
[l /¢ (o (a consequence of Holder’s inequality), this yields

5

H&g”zp/(m < |Q|ﬁ7ta </ (1 + |Vul® + |Vue|®) p/s dx) / dr : Veyda.
Assumption 1 implies p > s. The LP/*-norm on the right-hand side is estimated by
applying another Holder’s inequality with exponents p/(p — s) and p/s in R3, i.e

L+ [Vul]® + [Vu,|” = <[1 L], [1,[Vul®, [Vue|*])
<3% (1 + |Vul? + |Vug|p)% )

Therefore

P
s

/Q (90l + [Vurl)E de <355 (19 + [ulfyno oy + ety ) -

Combining the last inequalities yields the claimed inequality. The constant c; is
bounded due to Lemma 3.3. o
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STRONG CONVERGENCE IN CONVEX MINIMIZATION 4577

LEMMA 3.6 (see [3, Lemma 4.3]). Let v’ > 0 be such that 1/r+ 1/r" = 1; then
Assumptions 1 and 2 yield with co = (2”0?71) /7’ for every vy € Vp,

2/ 8o : V(e —uv)de <r! / 00 : Vegdr + co|ep — w|£{,1,p(9) .
Q Q

The preceding lemma is proven in [3, Lemma 4.3].
LEMMA 3.7 (see [3, Lemma 4.2]). Assumption 3 or 4 implies for every vy € Vg,

1
/55:Vegdx+—|eg|§+ﬁe
Q 2
1
S/5éiv(ee—vé)deerleéHp(Q) ||€fz—W||L2(Q>+§|€é—w|?~
Q

The proof of the preceding lemma is analogous to the proof of [3, Lemma 4.2].
THEOREM 3.8 (see [3, Theorem 2.1]). With the conjugate exponent p' of p,
Assumptions 1 and 2 together with Assumption 3 or 4 imply for every vy € Vp,

(1- 7‘_1)/ 5t Veedz + ¢ [0ellhar g + leel? + 28
Q

-1 2
< ez le = velyToeh + 2M [lecl| ooy lee = vel pagqy + lee = vil?
All terms on the left-hand side are nonnegative. The constants c1,c2 > 0 (as given in

Lemmas 3.5 and 3.6) are bounded with respect to €.
Proof. This follows from the preceding lemmas. d

4. Convergence results. In the following we assume that Assumptions 1 and 2
hold. Further, we assume Assumption 3 or 4 to be true and that 5, and { are defined
accordingly. Furthermore, we will denote vy, = Iyey and wy = ey — vy.

Based on the two cases for 8¢ and ¢, our next step is proving the L2-convergence
of uy.

LEMMA 4.1 (L2-convergence). Assumption 3 implies

2 2 : r
leellz2q) + lec < Hf for& = mln{l—i—’y S 1}.

Proof. Theorem 3.8 and Young’s inequality lead to

2
2 2 —1 2 M 2 2
2m|leclZaq) + leel; < ez lweli g +mlleelZagay + = lwelgagy + lwel;

We can apply the estimates provided by Lemmas 3.1 and 3.2 (with v = ey) after
subtracting m Heg||2L2(Q)7 which concludes the proof. O
LEMMA 4.2 (L?-convergence). Assumption 4 implies

leelZzqy + leels S Hy  for& :=min{l+~y, 2}.

Proof. As vy = 0 on the boundary 02, a one-dimensional Friedrichs inequality
shows [lvell2(q) S 12 Vel p2(q), with z given in Assumption 4. This assumption
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4578 WOLFGANG BOIGER AND CARSTEN CARSTENSEN

then yields

2 2 2
leellze) S llwellz2(qy + lvellzzo
2 2
S llwellpzq) + 112 - Voellzo g

2 2 2

S llwellz2) + 112 - Veellpa o) + 112 - Vel (o)
2 2

Slhwell ey + IVwela + [ 6 Ve

We estimate the last term with Theorem 3.8, which gives us

2 2 2 r/(r—1 2
leell? 20y S lwell? ) + IVwel 22 + el + lleell 2oy lwell 2oy + wel;
We absorb [|ec|[;2(q) with the left-hand side, which leaves another ||wg||iz(9). All
remaining terms can be estimated with Lemmas 3.1 and 3.2 (with v = e;). Observing
r/(r —1) > 2 proves the estimate on [le|[;2(q). Using this and the above estimates

in Theorem 3.8 again, together with Young’s inequality, we obtain

2 —1 2 2 2
leel; S lweli oo + lleell oy + llwell 72 gy + el

which leads to the claimed estimate on |eg|,. 0

COROLLARY 4.3 (uniqueness of the continuous solution). The solution u given
by (2.4) is unique.

Proof. With Lemma 4.1 or 4.2, respectively, the discrete solutions u, L? converge
to the continuous solution u for H; — 0. This holds for all continuous solutions u,
but the limit is unique. ad

The following main result implies the H! error estimate ||u — el iy = (’)(Ht}m)
for vy =1.

THEOREM 4.4 (H'-convergence). Either Assumption 3 or Assumption 4 implies

1 1
Vel S Y forg=min {257, ¢~ 1571,

Proof. An integration by parts yields

HVeg||2Lg(Q): Z / Vey: Veydx
TeT, ’ T

- Z (/aT(Veg-l/)egds—/TegAegdac)

TeTe

= /89(V6g V)egds — /Q er Apegda
+ Z /F([Veg]-u)egds

FeFf
=: A+ B+C.

Estimate on A. Since ey = up — Iyup on the boundary 992, we may apply (2.1)
to each edge or face F' € ]—'fﬂ, which leads to

leell L2py S hi HvzedFHL?(F) = h Hv2uD|F||L2(F) '
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Here V2up|r denotes the (n — 1)-dimensional Hessian of up on the face or edge F.
We approximate the normal derivative Ve, - v with the strong trace inequality. With
F C T, this yields
2 2 -
HVee . V||L2(F) S ||Veg||L2(F) S ||Veg||L2(T) (HVEzHLz(T) + th ‘|V2UHL2(T)) .

Summing up all F' € .7-'@8 © and applying several Cauchy inequalities proves

JAIS Y lleel e IVee - vl 2y

FeFpe

Z h ||v2uD|F||L2(F) ||Veg||1L/22(T) (||ve£||1/2T) + hp'/? |V2u ||1L/22(T))
FerP®
FCTEeT,

< H [ Viuploal| 12 g, IVeell L2y

1/2

|VZUD|BQ||L2(BQ ||V6’12||1/2Q) HV2 HL2 ON

+ H3/2 |

Estimate on B. Since u; € 8'(7y), it holds that VZe, = VZu. Therefore

= ‘/ e Ayudx
Q

Estimate on C. With pr and a Cauchy inequality,

Cl=| X [ (ofed-) (o 7%er) as

FeF

1B = | | e/ Avesda S lleell pzgq)
Q

< N N T
= Z Hp ] L2(F) Pr L2(F)
< Z PF || ve[ V||L2 (F) Z pF ||e£||L2(F
FeFg FeFg
_ 2
= ledl, Z Ppl ||€£||L2(F)-
FeFd

The trace inequality yields

S it ledamS Yo o5t (he IVedlan + 25 o) )

FeFg FeFf
< max (pF hr) Z ||Veg||L2(wF
FeF,
FeFd
,1 — 2

+ max (pp hF Z ||€é||L2(wF)

FEF, o

FeFs§

- 2 —1- 2
SHT ||V€€||L2(Q) +H, ||€€||L2(Q) :

By combining the preceding estimates and absorbing [[Vee|| 2 (g, and ||V€g||1L/22(Q), we
obtain

1-
||V€é||L2 @ SH{ A+ H] + lleell 2 + Hy led; + Hy ||€é||L2(Q) leel, -
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Assumption 3 and Lemma 4.1 imply [|Ver| ;2 < H§/2 with

. r 1+~ r 1+~ r
= 4,2 — 1-— .
¢ mln{ T 2tr—=1)7 2 T r—1 2 ’7"—1+ 7
Since —1—;“ <1-—~ and j;r—l < 2as well as 555 = (G 1—§Y)+(1—J§Y)), this

representation of £ leads to the theorem.
Assumption 4 implies that the term -~ is replaced with 2, due to Lemma 4.2,
which concludes the proof. O
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CORRECTION TO “ON THE STRONG CONVERGENCE OF
GRADIENTS IN STABILIZED DEGENERATE CONVEX
MINIMIZATION PROBLEMS”

Because of a production error, section 4 in “On the Strong Convergence of Gra-
dients in Stabilized Degenerate Convex Minimization Problems” by Wolfgang Boiger
and Carsten Carstensen is incorrect. The correct version is as follows.

4. Convergence results. In the following we assume that Assumptions 1 and 2
hold. Further, we assume Assumption 3 or 4 to be true and that 5, and ¢ are defined
accordingly. Furthermore, we will denote vy = Iyey and wy = ey — vy.

Based on the two cases for 8, and ¢, our next step is proving the L2-convergence
of Uyp.

LEMMA 4.1 (L2-convergence). Assumption 3 implies

2 2 . r
||€é||L2(Q)+|€é|g§H§ for &= mm{l—f—'y 5 m}
Proof. Theorem 3.8 and Young’s inequality lead to

2
2 2 r/(r—1 2 2 2
2m He€||L2(Q) + leel, < c2 |w€|v[é(1,p(9)) +m HWHH(Q) + m ||w€HL2(Q) + |wely -

We can apply the estimates provided by Lemmas 3.1 and 3.2 (with v = ey) after
subtracting m H64H2L2(Q), which concludes the proof. [
LEMMA 4.2 (L?-convergence). Assumption 4 implies

2 2 :
leel 72y + lecl; S Hp  for & :=min{l+7~, 2}.

Proof. As vy = 0 on the boundary 92, a one-dimensional Friedrichs inequality
shows [vell12q) S [12- Vel 12, with z given in Assumption 4. This assumption
then yields

2 2 2
leellzzio) S llwellzz(q) + llvell 2
2 2
S llwellze @) + 112 - Voellzz

2 2 2
S llwellz2) + 112 - Veellpa ) + 112 - Vel 72 (g
< ey + Vel 2y + /Q 5 Ver.

We estimate the last term with Theorem 3.8, which gives us

2 2 2 —1 2
leel? 2y S Nwell 7z + Vel 2y + [welif 7o) + lleell L2y llwell 2qy + lwel;

We absorb |le¢|[;2(q) With the left-hand side, which leaves another ||ng%2(Q). All
remaining terms can be estimated with Lemmas 3.1 and 3.2 (with v = e;). Observing

r/(r —1) = 2 proves the estimate on |[e¢[|;»(q). Using this and the above estimates
in Theorem 3.8 again, together with Young’s inequality, we obtain

2 r/(r—1 2 2 2
leels < Twel i) + lleell 2oy + llwell 32y + lwel

1



2 ERRATUM

which leads to the claimed estimate on |eg|,. O

COROLLARY 4.3 (uniqueness of the continuous solution). The solution u given
by (2.4) is unique.

Proof. With Lemma 4.1 or 4.2, respectively, the discrete solutions u, L? converge
to the continuous solution u for Hy — 0. This holds for all continuous solutions u,
but the limit is unique. d

The following main result implies the H! error estimate ||u — el g1y = O(Hél/Q)
for v = 1.

THEOREM 4.4 (H'-convergence). With & from Lemma 4.1 (respectively, Lemma
4.2), Assumption 3 or Assumption 4 implies

. [E € 1+y
HveéHm(Q)gHZ forn—m1n{17§_T .

Proof. An integration by parts yields

HVegHQLQ(Q): Z /TVeg : Vesdx
TeT:

=> (/BT(veg-y)e@ds—/Temegdx)

TeT:

:/m(veg -v)erds —/Qez Agegdz
Y /F ([Ver - v)er ds

FeFg
=: A+ B+C.

FEstimate of A. Since ey = up — Iyup on the boundary 92, we may apply (2.1)
to each edge or face F' € ]:e‘m, which leads to

leell zary S W5 [V2eel || oy = BE Vbl P || o -
Here V2up|r denotes the (n — 1)-dimensional Hessian of up on the face or edge F.
We approximate the normal derivative Ve, - v with the strong trace inequality. With
F C T, this yields With F' C T, this yields
2 2 _
[Vee - V||L2(F) < HveeHL%F) S ||V€€HL2(T) (HVQUHLQ(T) + th |W€e||L2(T)> :

The sum over all F' € ]-'ém and several Cauchy inequalities prove

Al S Z He£HL2(F) Ve - V”L?(F)

FeFp®
Y h%||V2uD|F||L2(F)||V€e||1L/22(T)(||V2“||2/22(T)+h;1/2|\veé||1L/22(T>)
FeFPe
FCTeT,

SH?/Q HVgquQ HL2(BQ) ||V@€||L2(Q)

+ HZQ Hv?quQHm(aQ) Hvel||2/22(9) ||V2u||2/22(9) ‘



ERRATUM 3

Estimate of B. Since uy € S*(T), it holds Vie;, = VZu. Therefore

= ‘/ e Ayudx
Q

Estimate of C. With pp and a Cauchy inequality,

Cl=| 3 [ (s¥ved-) (57%er) as

|B| = ‘/ egAzegd{E
Q

< ||€£||L2(Q)-

FeF
< 3 [lred vl e e
szzﬂ L2(F) L2(F)
< Z pr [|[Ved - VHL2 (F) Z P HWHH(F
FeF FeFp

— 2
= lee|, Z Ppl ||€é||L2(F)-

FeFd
The trace inequality yields

_ 2 _ 2 - 2
> et ledams Yo prt (he IVedlla, + b ledlae) )
FeFg FeFf

< max (pF hF Z ||V64HL2(wp)
Fer FeFd

—1
+ mas (i) Y ledlacny
FE.FQ

1— 2 1— 2
SHT HV@éHLz(Q) +H, 7 el zaqo -

By combining the preceding estimates and absorbing [[Veg|| 2 (g, and ||Veg|\}:/22(m, we
obtain

1-
||V€£HL2(Q) S H + H + |lecll 2y + Hy " ledd; + H, HeZHLZ(Q) lee, -

Lemma 4.1 or 4.2 (with a different £) implies [[Ve|[;2q) < H, with
o 188 17 & 149
n=min{ -, -, >, >+ —" 2 — —— 1.
'3’ Ch

2 2 4
Since § < &2 < 4 < 2
theorem. 0

»Mm

and —H‘TV < 1_77 this representation of 7 leads to the
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