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MIXED FINITE ELEMENT METHOD FOR A DEGENERATE
CONVEX VARIATIONAL PROBLEM FROM TOPOLOGY
OPTIMIZATION*

CARSTEN CARSTENSEN', DAVID GUNTHER!, AND HELLA RABUSS

Abstract. The optimal design task of this paper seeks the distribution of two materials of
prescribed amounts for maximal torsion stiffness of an infinite bar of a given cross section. This
example of relaxation in topology optimization leads to a degenerate convex minimization problem
E(v) := [o 0 (IVv])dx— [, fvdxfor v € V := H}() with possibly multiple primal solutions u,
but with unique stress o := ¢ (|Vu|)sign Vu. The mixed finite element method is motivated by

the smoothness of the stress variable o € HIIOC(Q; Rz), while the primal variables are uncontrollable

and possibly nonunique. The corresponding nonlinear mixed finite element method is introduced,
analyzed, and implemented. The striking result of this paper is a sharp a posteriori error estimation
in the dual formulation, while the a posteriori error analysis in the primal problem suffers from the
reliability-efficiency gap. An empirical comparison of that primal formulation with the new mixed
discretization schemes is intended for uniform and adaptive mesh refinements.
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1. Introduction. This paper appears to be the first attempt to utilize mixed
finite element methods (MFEMs) for degenerate minimization problems in the calcu-
lus of variations. The usage of MFEMs [5] in relaxed formulations for macroscopic
simulations in computational microstructures [3, 7, 9, 24] is motivated by the prop-
erties of the primal and dual variables. The primal variables (e.g., a deformation or
displacement) may be nonunique [17] or less regular, while the dual (e.g., a flux or
stress) variable is unique and locally smooth [6]. Hence a mixed scheme, which relies
on smooth dual variables, might enjoy superior convergence properties.

The model problem is motivated by an optimal design problem, where a given
domain € C R? has to be filled with two materials of different elastic shear stiffnesses
with energy

(1.1) E (v) := /Q<p0 (|VU|)dX—/QfU dx forveV:=Hy(9Q)

for a given right-hand side f € L?(2) and the energy density function pg € C°([0, 00); R)
of section 2.

The model has been analyzed in [18, 11, 22, 23] and computed in [19, 20, 21,
6]. Recently, a convergent adaptive finite element method in its primal form was
introduced in [4].
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While the solutions of the primal and dual problem coincide in the continuous
case, this does not need to be true for discrete calculations in general. In the dual
formulation, we avoid the difficulties arising from the fact that the gradient of the
energy density functional ¢f is not strongly monotone. This may lead to multiple
primal variables u, while there is a unique stress-type variable o := ¢, (|Vul) sign Vu
[6, 8, 4]. In contrast to the continuous differentiability of ¢f), its conjugate function g
is solely Lipschitz continuous. To overcome the lack of differentiability we approximate
g by its Yosida regularization ¢} .

The proposed mixed formulation is based on the following dual formulation: Seek
(u,0) € L3(Q) x H(div, ) with

(D) dive+ f=0 and Vue€d®j(o) inQ.

The discretization is based on piecewise polynomial subspaces RTp (7) C H(div, Q)
and Py (T) C L*(Q) named after Raviart and Thomas and introduced in section 3.
For £ > 0 piecewise constant with respect to 7, the discrete regularized dual problem
reads as follows: Seek (ucn,0en) € Pi(T) x RT (T) such that for all (vy, ) €
Pi (T) x RTy (T) it holds that

(Do) (7h, DOZ (0cn)) 2 () + (ten, divTh) 12y = 0,
h .
€ (vh7dlva€h)L2(Q) + (f, vh)L2(Q) = O.

The main theorems in section 3 verify that poor a priori error estimates are caused
by the lack of smoothness, while efficient and reliable a posteriori error estimates are
derived. Numerical simulations show that the convergence of the adaptive scheme
is improved in the presence of geometric singularities such as nonconvex corners.
Furthermore, compared to the primal formulation as considered in [4], the experiments
of section 6 of the regularized dual mixed form reveal reduced convergence rates but
no efficiency-reliability gap.

The remaining parts of the paper are organized as follows. Section 2 covers
a preliminary analysis of the model problem and its energy density function. The
regularized and discrete mixed formulation of the problem is introduced in section
3, followed by the investigation of the existence and uniqueness of the exact and
discrete solutions in section 4. Section 5 presents a thorough a priori and a posteriori
error analysis. The adaptive mesh-refining algorithm and some numerical experiments
conclude the paper in section 6.

In this paper we follow the standard notation for the Lebesgue L?(Q2), L?(Q;R?)
and Sobolev H'(Q), H'(Q;R?) spaces; H(div, ) denotes the Hilbert space of L>-
functions with square-integrable divergence. The L?(Q) scalar product is abbreviated
by (.,.)2(q), while (-,-) denotes the scalar product in R™.

2. Preliminaries.

2.1. An optimal design problem. The task is to seek the distribution of
two materials of a fixed volume fraction in the cross section of an infinite bar given
by the domain Q C R? for maximal torsion stiffness. The focus of this paper lies
on the analysis and numerical studies of the variational problem, while the precise
mathematical modeling may divert from the emphasis of this paper. For details on
the mathematical modeling the reader is referred to [4, section 2] and the references
given in section 1.
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Let 0 < t; < to and the reciprocal shear stiffness 0 < p; < ps < oo with
tipe = pite, and let 0 < € < 1 represent the ratio of amounts of the two materials,
] = €19, Q2] = Q — |], and 1 = /21 /2. The Lagrange parameter A € R is
fixed for a specific geometry 2 and the choice of £ [4, 14, 17, 18, 19, 20, 21].

In the relaxed formulation of the model from [19, 20, 21], the right-hand side

f =1 is constant and the locally Lipschitz continuous energy density function g :
[0,00) — R reads as

Lz g2 for 0 <t <ty
@o (t) = A (1 — pa) + { tape (t— %) for t1 <t < ty,
BLg2 4 L2 (4 — 1) for ta < t.

Thus, the primal formulation is the minimization of E in (1.1). There exist min-
imizers of E which are not necessarily unique. For f € L2(Q), the stress field
o = ¢, (|[Vul)sign Vu is unique and locally smooth, i.e., o € HL_(Q;R?), while
f € H(Q) (excluded in this work) implies o € H (2, R?); cf. [6].

2.2. Dual functional and Yosida regularization. Direct calculations lead to
the dual function ¢ of ¢ and its Yosida regularization ¢} as stated in the following
lemma. We use the standard notation of convex analysis [25].

LEMMA 2.1. The dual (or conjugate) function of of po reads as

t2
= fort < tius,
) = =\ 1— u2) + 242 2 2
# () Sl = o) Pl Bl2 - for tyus < t.

2;1.1 2

It is piecewise polynomial and globally convez, and it is Lipschitz continuous on com-
pact subsets but not differentiable at t = t1us = prts.

For fired e > 0 and all t > 0, the Yosida regularization ¢k of ¢f is defined by
©f (t) == inf.er(p* (2) + 5= |t — z|?) and equals

2
) | for0st<hi(edpm),
©f (1) = =N (1 — po) + § 213 + 2% |t1/£2 - t2| for tips + ety <t < tyus + ets,
2
2(;Lt1+s) - Mth2 + tl% fOT’ to (Ml + E) < t.

Let C, := #i% + %% Then, the difference of ¢ and ¢k is bounded in the sense
that

* 1 * *
0 <sup (50) ~ 95 - 5z It 5 ) =) - 20 < Gt <O D

The function ¢} is differentiable, and hence the subgradient 9 (a) = {(¢%) (a)}
is a singleton, while ¢f is not smooth and 9¢{(t1u2) = [t1,t2] is a compact interval.
The differentials ¢, dp?, and (¢})" are depicted in the following sketch.
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2.3. Remarks on ¢, > and ®., ®.. The energy density function
. :R" >R, D (F):=p(|F]) forall FeR"

its dual, and its regularized dual function enjoy the following properties.
(i) ®. and ®f. For any € > 0 the function @, := . (|-|) satisfies

D®.(F) =¢.(|F|)sign I for all F € R"

with the unit ball B(0,1) := {x € R" | |z| <1} and

B i =
sign F 1= (0,1) if |F| . 0,
F/|F| otherwise.

Notice that ¢2(0) =0 and ¢ (0) = ¢o(0) = 0 imply

For € > 0 and all F € R", the dual of ®. = ¢.(]-|) reads as
OI(F) =L (|F|) for all F € R"
and
D& (F) = (92)' () sign F.
For e =0, ®f := ¢§(|-]) satisfies
0D, (F) =0¢5(|F|)sign F' for all F € R™.

(ii) Convezity control for ®y. The function ®q allows convexity control in the
sense that for all a, b € R", A € 9®y(a), and for all B € dPy(b), it holds that

L A-BP<(A-Ba-1n.
M2

(iii) Strong monotonicity of 0®%. The subgradient 0P} is strongly monotone in
the sense that, with C\ := ps + ¢ and € > 0, it holds that

pz|a —b)* < Oy la—b)* < (00F (a) — ODF (b) ,a—b)  for all a,b € R”.
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(iv) Strong convezity of ®*. For all £ > 0, the strong monotonicity of 9®* and
the definition of the subdifferential lead to

2p |a — B> < 20\ |a — b|* < (08 (a),a — b) — ®F (a) + B (b)

for all a,b € R™; cf. [16, Thm. D2.6.1]. Hence, ®*; is strongly convex.
(v) Lipschitz continuity of (¢f)’. For all € > 0, ¢} is continuously differentiable
and

u2t+€ for t <ti(u2 +¢),
(¥2)'(t) = FTIM for t1pe + ety <t < t1uo + eto,
mt-i-s for to(p1 +¢) <t

is Lipschitz continuous with Lipschitz constant Lip(Dp¥) = 1/e.
(vi) Discontinuity of 09f. The subgradient 09 is piecewise Lipschitz continuous
and jumps at |z| = p1ta. However, the following estimate holds:

|09 (a) — 95 ()] < 6 (a,b) +|a— bl /m

for all a, b € R™ with

5 (a.b) to —t; if min{lal, |b|} < t1pe < max{lal,|b|},
a,b) = X
0 otherwise.

This estimate can be extended to ®} and € > 0 in the sense that
|0®7 (a) — 0% (b)] < dc(a,b) + |a— bl /(u1 +¢)
< dc(a,b) +]a—0bl/m
for all a, b € R™ with

P if 3t € typ0 + €[t1, t2] such that
b= (a,b) :== 20 min {|a|, |b|} <t < max{|al, |b|},
0 otherwise.

3. Mixed formulation and its discretizations.

3.1. Motivation for mixed formulation. The direct method of calculus of
variations yields the existence of a minimizer u of E in V := H} (Q) with

(3.1) E () = /Q (0 (Vo)) — fv) dx.

The exact stress o = [ (|Vul) sign (Vu) satisfies the equilibrium dive + f = 0 in
Q as the strong form of the Euler-Lagrange equations. Given any right-hand side
f € L?(Q) and the convex C!-functional ®q : R™ — R, the pair (u, o) € V x H(div, )
solves the primal mixed formulation

(P) divoe+ f=0 and o=D®;(Vu) in Q.
By duality of convex functions it holds, for all «, a € R", that

a € 0%y(a) & a € 00 ().
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This allows the reformulation
o =D®y(Vu) & Vu € 09;(0).

Consequently, (P) reads in terms of the conjugated functional as
(D) dive+ f=0 and Vue€d®j(o) in Q.

3.2. Regularized mixed formulation. For a C'-regularization ¢} of ¢} with
0 — @} as € — 0, the regularized problem of (D) reads as follows: Given any € > 0
piecewise constant on T, seek (ue,0.) € V x H(div, Q) with

dive.+f=0 and Vu,=D®I(o.) in

The corresponding weak mixed formulation (D.) reads as follows: Seek (ue,o:) €
L?(Q) x H(div,Q) such that for all (v,7) € L?>(Q) x H(div, ) it holds that

(7, D®Z (0c)) 2(q) + (ue, divT) f2g) =0,

(De) :
('U, le UE)LQ(Q) + (f, U)LQ(Q) = 0.

3.3. Discrete formulation. Given a shape-regular triangulation 7 into trian-

gles T of £ which covers 2 = Upe7T exactly, let £ denote the set of edges E of T
and £ (Q) the set of interior edges. For any k =0,1,2,..., set

Py (T') := {polynomials on T' of total degree <k},

P (T) ={veL*Q)| vy €Py(T) forall T € T},

Si (T) := {v € P (T) | v globally continuous in Q},
0(T):

w5, @) = { (o) (220 4 (j)} ppnp € P |

p2 (7,9)

Let [p|lg := ]9|T+ — ply denote the jump of the piecewise polynomial p € RT}, (T')
across an interior edge F = 9T N dT_ shared by the two neighboring triangles T
and T_. The Raviart—Thomas finite element space is defined as

RTy, (T) :={p € H(div,Q) | p|; € RT (T) forall T € T}

ply € RT}, (T) forall T € T, }

= L*(Q
{pe ) Pl -ve=0o0n E for all E € £(Q)

For piecewise constant € > 0 on 7T, the discrete formulation of (D) reads as
follows: Seek (ueh,0en) € Pr(T) x RIy (T) such that for all (v, 7) € Pr(T) %
RTy, (T) it holds that

(Do) (7h, DOZ (0cn)) 2 () + (ten, divTh) 12y = 0,
h .
: (vn, div oen) o) + (fsvn) 20y = 0.
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4. Existence of exact and discrete solutions. For the discrete form of the
original primal problem (P) in section 3.1, the discrete primal stress

of =D&y (Vu})) € Py (T;R?)

is a piecewise constant solution and existence of uf € Py (T) NV and the uniqueness
of o are clarified in [4]. In contrast to the continuous case, the primal and dual
solutions of the discrete problem do not necessarily coincide and the first step is to
prove existence of a discrete solution (up, o) of the discrete form of the dual problem
(D).

Let f, := uf € Pe (T) C L?(Q) be the piecewise polynomial L?(2) projection
of f with respect to 7 of degree at most k > 0, and define

QUf,T):=4{mn € RT)(T) | fn +divr, =0in Q},
Q(f):={r€ Hdiv,Q) | f +divr =0}.

Since f = 1 = f, in the optimal design problem (1.1), it holds that Q(1,7) =
RT, (T) N Q).

Furthermore, let x¢(s,7) denote the indicator function (cf. [15]) of the convex
subset Q(f,T) C RT} (T); i.e., for , € RT, (T),

0 for 7, € Q(f,T),

+o00  otherwise.

XQ(f,T) (Tn) == {

THEOREM 4.1 (existence and uniqueness). Let € > 0 be piecewise constant with
respect to T. There exists a unique mazimizer o. of EX (1) := — [ ¢Z(|7]) dx, i.e.,

Bi(r) < Bi(o.) for all T € Q()).
There exists a unique discrete maximizer oy, of Ef in Q(f,T), i.e.,
(4.1) Ej(mh) < Ej(on)  forallm, € Q(f, T),
and for all € > 0 there exists a unique mazimizer oz, of EX in Q(f,T), i.e.,

—EX(oen) < —EX(mh) + XQ(LT)(Th) for all 7, € RTy (T) .

Furthermore, for e > 0 piecewise constant with respect to T there exists some ugp,
such that (uep,oep) solves (Dep). The Lagrange multiplier uey, is unique for € > 0.

Proof. The divergence operator div : H(div, ) — L?() is linear and bounded.
Hence, Q(f) is a closed affine subspace. Since ®Z is a strongly convex function of
quadratic growth on H(div,T) for all T € 7, —E? is strongly convex via

EX(r)=-) [ ®I(r)dx

TeT /T

in H(div,Q) and there exists a unique maximizer o. of E¥ in Q(f). Furthermore,
the intersection Q(f,T) := RT (T) N Q(f) is a closed affine and finite-dimensional
subspace and therefore convex and there exists a unique minimizer o) of —Ej in

QU T).
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Similar arguments prove that o, minimizes —E* in Q(f, 7). Hence, [15, Theorem
2.32] verifies that

0 € O(—EZ(0en)) + Ixq(y,7)(0cn)-

This proves the existence and uniqueness of a discrete maximizer of E* for all ¢ > 0.
Furthermore, there exists some &, € O(—E? (0z1)) with —&, € Oxq(f,7)(0cn). The
latter reads as

(=&n, 7 — UEh)LQ(Q) <0 foralTeQ(f,T).
Since 20, — 7 € Q(f,T) for all 7 € Q(f,T), the reverse inequality
(€00 — )2y < 0
holds as well. Thus,
Enlrz@Q(0,7), ie, Q(0,7) C kerép.

It is well known that the bilinear form b : RT}, (T) x P (T) — R given by
b(q,v) := / vdivgdx forall g€ RTy (T), v e Pr(T)
Q

fulfills the inf-sup condition. Therefore the operator B and its dual B*,
B:Q(0,T)" = P (T)", q b(g,-);
B* ka (T) — (Q(O,T)l)* B Vp b(','Uh)|Q(077*)L 5

with Q(0,7)% = RTy (T)/Q(0,T), are isomorphisms [1]. For any &, € Q(0,7)*
there exists a unique Riesz representation u.j, € Py (T) with

(60 T) 2y = B (uen)(m) for all 7, € Q. T)™

This implies that (o.p, uep) solves the problem (D.y,). While &, and thus u., are
unique for € > 0; &, and thus uj; may be nonunique for € = 0. o

5. Error analysis. This section is devoted to the error analysis of (D) by
means of the lowest-order Raviart—Thomas finite element space RT} (T) for k = 0.

5.1. A priori regularization error analysis.
THEOREM 5.1. For € > 0 piecewise constant with respect to T and for Crey :=
Cy./(4p2) and Cy, > 0 from Lemma 2.1, it holds that

HO’ — CTEHLz(Q) < Cﬂ?g H\/EUEHLz(Q)
< Chrey H\/EUHB(Q) + Creg H\/E(U o UE)HW(Q) '

For sufficiently small mazimal e = ||e||, > 0, it holds that

HO’ — UEHLz(Q) < (@] (1) ||\/go||L2(Q) !
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Proof. Subsection 2.3(iv) ensures strong convexity of D®* on all T € T, which
implies strong convexity on €2, i.e.,

IN

22 |0 = 0|2 (D@Z(Ua)aff—%)m(nﬁ/g(@i (o) = @ (0¢)) dx,

IN

24 10 = 02 gy < — (O(0), 7 — 02) ey + / (@5 (02) — @ (0)) dx.

Hence, the preceding inequalities hold for all elements of the sets D®? (0.), 0P(0)
such as Vu, = D®* (0.) and Vu € 0%} (o). An integration by parts shows that
(Vu,0 = 02) 120y = (Vue,0 = 02) 121y = 0. This implies that

dps |lo = oel|72 0 S/Q(@Z (o) = @5 (0) + g (0¢) — @2 (o)) dx

< / (@5 (02) — B (02)) dx.

Recall that the Yosida regularization ¢} (t) of ¢{(t) from Lemma 2.1 with C,, > 0
allows for the upper bounds

0 < o(t)" — ¢i(t) < Cuet® forall t >0, with C, > 0,

0< /Q(@z;(r) — 037 dx < Gy [|[VEr|Zag  for all T € LAURY).
Therefore,
25" [|o — Ocll L2y < Ci'* Vo 20
< G Vol oy + G2 IVE@ = 00| 2 -
Thus, for sufficiently small €., it holds that

1
lo—ocllp2q) < — Veo )
ellL2(Q) 2M;/QCM 172 _ a}f || ||L2(Q)

5.2. A priori error analysis of spatial discretization. Let 0, denote the
subset of all z in Q where either |op,(z)| < t1us < |o(z)| or |o(2)] < t1us < |op(2)]:

Qp, = {z € Q| min{|o (z),|on (x)|} < trpe < max{|o (z)],]on (z)]}}.

Similarly, €).; denotes the subset of  of microstructure region for the regularized
dual energy density function, i.e.,

3t € tipg + €[t1, t2] such that
Qep =<2 e . .
min {|oe ()], [oen (2)[} <t < max{|oc (z)|, |oen (2)[}
The subsequent a priori error estimate leads to an estimate
(5.1) loe — Ush”m(g) S H'Y?
for the dual solution o. € H'(2;R?) and maximal mesh size H := maxre7 hr,
hr = |T|l/ ?. For sufficient conditions for the H'-regularity of the exact dual solution

o see [6].
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THEOREM 5.2. Let f € L?(Q) be piecewise constant with respect to T, and let
o. € HY(;R?) be the exact dual solution of (D.). Then, the discrete solution o.p, of
(Den) on T for e > 0 satisfies

loe = oenll 2y S H + HY?[Qen] .

Before the proof of Theorem 5.2 concludes this section, some remarks are in order.

The numerical investigations in [18] are motivated by the following question: Does
microstructure arise in this example in the sense that {|o| = t1 2} has a positive area?
This zone of nontrivial Young measure solutions has been observed in the numerical
simulations [4, 18] even though its area is usually very small. If the numerical ap-
proximation of this area is accurate, then || > 0 and one cannot expect a higher
convergence rate than that given in (5.1). Our numerical experiments shall investigate
this as well as the preasymptotic behavior for small [Q.5] /] < 1.

Proof of Theorem 5.2. Let Ip : H'(Q;R?) — RTy (T) be Fortin’s interpolation
operator [2, section IT1.3.3] with respect to 7 and be defined by

/(O’E—IFO'E)'VEdSZO for all E € €.
E

Furthermore, let IIj, : L2(2) — Py (T) denote the L? projection. Besides the com-
muting diagram property divIgo. = I, div o., the following estimates [2, section
I11.3.3] or [1, section III.5] hold on T" € T

(5.2) 1L oe = 0cll 2y S hr loe| ) -

The strong monotonicity of ®* of subsection 2.3(iii) on each T' € T yields

(5.3) pa oz — oenllpz gy < (DPX (02) — D (004) 00 — 0en) 20y

Since e, Iro. € Q(f) = Q(f,T) and D®:(0.) = Vue, the L2-orthogonalities
D®(0.) L2 lF(0c — 0cn) and uep L2y div(oen, — IFo.) hold. Hence, (5.2)-(5.3)
prove

H2 ||O'5 - Ush”i2(g)) < (D@: (Ush) Apoe — Us)Lz(Q) - (ushadiv (Us —1Ip 05))L2(Q) .

Furthermore, since div(Ipo. — 0.) = f — fr = 0 for piecewise constant f and 0 =
(uen, div(oe — IFoc)) 2(q), the following estimate holds:

ua ||oe — U€h||iz(9)) < (D7 (0en) . Ir 0c — 02) 120y + (un, div (Ip 0c — 02)) 12(q)
= (D® (0cn) — DO (02) , Ip 0c — 02) 12(q) -

Cauchy—Schwarz’s inequality, subsection 2.3(vi), and the estimates of Fortin’s inter-
polation with Cy > 0 lead to

2 * *
p2l|oe — Ush||L2(Q) < ||D®Z (oecn) — DO; (Us)||L2(Q) LFoe — Us||L2(Q)
< (162 (@e0en) L2y + /1 o = oenll oy ) CrH 1ol i -
With Q. from the beginning of this subsection and subsection 2.3(vi) in the sense of

1< (Uaaaah)nm(ﬂ) < |Qen| (b2 — 1) S 1,
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one concludes that

p2 loe = oenlf2iq) < HCr (ta — t1) [Qenl loe| 1 g
+ HCr /1 ||o= — Ush||L2(Q) |Us|H1(Q) :

Young’s inequality proves the assertion

HUs - Ush||2Lz(Q) ,S H |Qsh| |UE|H1(Q) + H? |Us|§{1(g) ,S H|Qsh| + H?. O

5.3. A posteriori error analysis.

THEOREM 5.3. For the eract and discrete solutions o. € H'(Q;R?) and oy, €
RT, (T) of (D.) and (Dv.p), € > 0 with piecewise constant right-hand side f € L*(2)
with respect to T, and for C := Co(1l + Cregr/Eoo) and for positive constants Crey of
Theorem 5.1 and C¢ of Clément’s interpolation, it holds that

o — Ush||L2(Q)
(5.4) < Chreg H\/EUEhHH(Q) +1/p2 min [DPZ (|oenl) — Vol 120

< Chreg H\/EUE’IHH(Q) +C/u2 (Z Hh}j@ [DP? (oen)] - TE} o)

(5.5) EcE

+ ) [|hr curl DP; (agh)nLQ(T)) .
TeT

Proof. The triangle inequality and the estimates of Theorem 5.1 reveal that

lo = oenll2(q) < llo = oellp2(q) +1loe = Tenll L2 (o
< Orcg H\/EUEHLz(Q) + ||U€ - U€h||L2(Q)
< Cug Vom0 + 10+ CusD) 02 — 020y

Furthermore, the inequality of subsection 2.3(iii) leads for € > 0 to
p2 loe = oenl72iq) < (DPF (02) — DRI (0ch) , 0 — 02h) 12(q -
Since Vu, = D®Z (0.), the right-hand side equals
(Vue — D®; (och) , 0. — UEh)LQ(Q) .
An integration by parts with u. € V shows that this equals
(ue,div (oen — 06))L2(Q) — (D@ (02p) , 00 — UEh)L2(Q) :

Since div (o — 0cn) = f — fn = 0 for piecewise constant f, the first term vanishes.
The same argument for any v € V results in

p [|oe = oenllfaq) < (Vo —=D®: (0en) , 02 = 0eh) 120

< |ID®Z (oen) — vU||L2(Q) o — Ush||L2(Q) :
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Hence,
p2 l|oe — Uah||L2(Q) < {}%1‘1} D (en) — vU||L2(Q) .

Define ¢ := argmin, ¢y [D®Z (0er) — V| 12(q) so that & € V satisfies
(5.6) (V0,Vw) o) = (DL (02n) , Vw)r2(q) forallw e V.
The Helmholtz decomposition [12] of D®? (0.;) in « € V and 3 € H(Q)/R reads as
(5.7) D®? (0.p) = Va+ Curl 3
with an orthogonal split (Va, Curl 3)72(q) = 0. Hence,

pz lloe = oenll 2y < D2 (0en) = VOl 12 (q) = [[Curl Bl| p2(q) -

For z € N define w, := {T € T | z € T} as the patch to the node z. Define the
nodal function ¢, € S; (T) by ¢.(z) := 1 for z € N and ¢.(y) =0 for y € N'\ {z}.

Let J : HY(Q) — S; (T) be the Clément-interpolation operator and J3 be the
interpolator of 8 given by [2]

J(B) =Y B.g. with B. :=

zeN

lw.| ! [, Bdx forall 2 € N'\ 09,
0 for all z € N N oQ.

Thus, Curl J3 € Po (T) N H(div,Q) C RTy (T) and for 3 € HY(Q) the following
estimates hold [10]:

197 (D)l + 117 (5 = T Bl oy + [ (8= 7 (9))]

e SIVBI L2 -

Let [JB]-v denote the jump of JS in the normal direction across (and [JB]-7 in the
tangential direction along) the edges in €. Hence, |[Curl J3] - v|; = |[JB] - T|¢ = 0.

Since Curl JBLVH{ (Q) and (D@ (021),qn) = (—uen,divgp) hold for all g, €
RTy (T), the orthogonal split Curl fL Curl Jg is verified:

(Curl B, Curl JB) 12 = (DPZ (02n) — Va, Curl JB) 12
= = (Uen, div Curl JB) 2oy = 0.

Let Cc > 0 be a constant from Clément’s interpolation error estimates. The orthog-



534 CARSTEN CARSTENSEN, DAVID GUNTHER, AND HELLA RABUS

onality Curl 81 Curl JS yields

|Curl BlZ2 ) = (DD (oen) = Ve, Curl (8 = JB)) 2
= Z (— (curl DO (0cp), 8 — JB)H(T)

TeT
+ (D@ (0ecn) - 7, 8 — Jﬂ)Lz(aT))
< Z ”hT CUIID(I); (UEh)||L2(T) ||h;1 (ﬂ - Jﬁ)HLz(T)

TeT
1/2 " ) -1/2 (5
2 HhE [D®Z (ocn)] TE‘ L2(B) HhE (8 Jﬁ)‘ L2(E)
Ec&
< OC (Z HhT CllI'lD(I): (Ush)“i&(T)
TeT

+ 3 2 D®: (0] 7|
Ec&

, 1/2
) VB 2 -

L2(E)

Finally, VBl p2(q) = [|Curl B[[;2(q) shows the assertion. 0

Remark 5.4. Given the definition of ¢f from the variational formulation of the
optimal design example in section 2.1 and its regularization ¢}, one observes that
D®?(o.p) is a Raviart—-Thomas element shape function in the interior of each material
Qy and Qg, where curl D®?(o.p) = 0.

Hence, the elements T in a neighborhood of the contact zone of the two materials
exclusively contribute to Z'TeT [lhr curl DO} (O'Eh)HiQ(T) and the jump term in (5.5)
may dominate the error estimator.

Remark 5.5. The right-hand side in (5.4)—(5.5) is expected to be sharp in the
sense that the arguments are known to lead to efficient error control in many appli-
cations of MFEMs. Standard techniques for an efficiency proof, however, encounter
the nonsmoothness of D®} as € \, 0.

6. Numerical experiments. This section is devoted to numerical experiments
for the degenerate variational problem in its dual discrete mixed formulation (D)
based on the Raviart—-Thomas FEM in comparison to the discrete solutions of (P) in
[4] with the P;-FEM on the domains of Figure 6.1: the square, the L-shaped domain,
and the octagon. In all of these examples the loads and the boundary conditions are
given by f =1 and up = 0. The material distribution is set to £ = 0.5; thus both
materials fill half of the domain, with the material parameters p; =1 < pg = 2.

6.1. Preliminary remarks. In the variational formulation of the primal prob-
lem the Lagrange multiplier for the material distribution is A; cf. [4] for a motivation
and the computation of the optimal values shown in Figure 6.1.

However, an approximation of the exact primal and conjugated energy seems
very discerning. The arduousness lies in the fact that extrapolation is significant
only on uniform meshes, while for uniformly refined meshes the contact zone of both
materials in the cross section is not adequately resolved. Thus, only a low number
of digits appears trustworthy. This leads to objectionable effects in the convergence
graphs of the approximation of the energy error. The extrapolation of sequences of
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(a) Square, f =1
Q:=[-1,17
E, = -0.01538148 X = 0.0084

(b) L-shaped domain, f =1
Q:=[-1,11*\ ((0,1] x (0, 1))
E4 =0.096310294 ) = 0.0143

(c) Octagon with v:=1/(2++2), f=1 O

Q:= conv {(£1,4+7), (£, £1), (£1, F7), (7, F1)}
E4 =0.1368258 \ = 0.0284

Fi1G. 6.1. Domains of the four numerical benchmarks, their extrapolated energies Ea (rounded
off ), and their optimal .

the dual energy
E? = / o= (Jop|)dx fore >0
Q

on uniform meshes based on the dual mixed formulation (D) appears unreliable.
The listed extrapolated energies E4 have been calculated by some Aitken extrapo-
lation algorithm on uniform refined meshes, generated by the S; conforming FEM
based on the discrete form of the primal problem (P) as in [4].

The analysis of section 5 motivates the following two estimators ny and ng for
e > 0:

(6.1) i i= | min_ D (0en) = Vola(r)
2
=Y | et s,
Eeg L*(E)
(6.2) i =g + 3 Il carl DO (o) 7o)
TeT

Since the exact solution is not available, the convergence behavior of the estimators
(6.1) and (6.2) is compared for adaptive and uniform mesh refinement.
The following algorithm solves (D.j) and decreases ¢ locally for an accurate
computation.
ALGORITHM 6.1. Input: shape regular triangulation To, initial value (u-0,0c0),
reqularization parameters a and [3, tolerance 0 < Tol. Set ny := oo, £ :=1.
WHILE 1,1 > Tol DO (i)-(v):
(i) Create new triangulation Ty corresponding to the estimated error ng.
(ii) Prolongate (uep—1,0-0-1) to Tp to get an initial value (ugz, ogé).
(iii) Update reqularization parameter €, = ah?, TeT,.
(iv) Compute solution (ue¢,0:¢) of (Den) with the Gauss—Newton method provided
in fsolve of MATLAB and initial value (u?,,c2,).
(v) Calculate estimated error ng of the solution oce, and set £ = £+ 1.
Output: Approzimation of the solution of (Dgp).
Remark 6.2. The estimates [0 — 0c||12(q) S Vel p2(q) and [0 — oenllf2(q) S

H'/? from Theorems 5.1 and 5.2 suggest ¢ = O(h). To find appropriate values of a
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1

0.8 0.8

0.6 0.6
0.4

0.2

0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Fic. 6.2. Left: Volume fraction for the two materials (blue and red) for adaptive refinement
for the square generated by Algorithm 6.1 and ngr. Right: The region of microstructure as the
approzimated mized zone where both materials are present (black).

and f in the ansatz |, := ah?, Algorithm 6.1 has run for various choices of o and
[ on the test setting on the unit square 2 with the exact solution

(6.3) Uz, y) =zy(l—2a)(1-y).
The error estimators ny and 7)g, the exact stress errors |0 — ocpl|2(q), and the
square root of the energy error 8y := |E(oz) — Eal| have been evaluated for various

parameters and have led to the conjecture that o = 8 = 1 is a proper choice for the
regularization parameter € = hp in Algorithm 6.1.

6.2. Optimal design on different domains. To analyze the quality of results
produced by Algorithm 6.1, it is applied to the examples introduced in Figure 6.1.
For each domain, the exact energy is approximated by an Aitken extrapolation of the
discrete energy; this extrapolated energy E4 is given in Figure 6.1.

For each domain, the subsequent figures show the approximated optimal volume
fraction

0 for 0 < |Vuep| < tq,
(|Vuen| —t1)/(ta — t1)  for t1 < |Vuey| <t
for to < |Vuep|

of each material indicated by regions colored red and blue on the left-hand side and
the region of microstructure where both materials are present in black on the right-
hand side. The estimated errors 1y, ng and square root of the energy error for
sequences of uniform and adaptively generated triangulations are plotted depending
on the number of degrees of freedom (ndof). Furthermore a subsequence of the ng-
adaptively generated grids is shown. For the square domain those results are presented
in Figures 6.2—6.4, for the L-shaped domain in Figures 6.5-6.8, for the octagon domain
in Figures 6.9-6.12, and for all benchmark domains in Figures 6.13-6.14.
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o 8; 1 ,nR—adaptive
o SI 1/2, nR—adaptive
4+ g nH—adaptive

. 8: 2

12
—e—sl

SA-My nH—adaptive
SR T-R.
e SI , uniform

12
%BI

S uniform

_A-My, uniform

nH—adaptive

s nH—adaptive

, uniform

2 3 4 5

10 10 ndof

Fic. 6.3. Convergence history; error estimators and extrapolated energy error for the square.

0.8r 0.8
0.6f 0.6f AN
0.4f 0.41
0.2 0.25
% 02 04 06 08 1 % 02 0.4 06 0.8 1
(a) 72, ndof=24 (b) T7, ndof=903
1 1
0.8 08
0.6 06 vaval
0.4} 0.4 <<
0.2 0.2
% 0.2 0.4 06 0.8 1 % 02 0.4 06 0.8 1

(¢) To, ndof=4479

(d) Tia, ndof=39621

F1a. 6.4. Sequence of meshes generated by Algorithm 6.1 and ng for the square.
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-1

-1 0.5 0 0.5 1 -1

-0.5 0 05 1

Fic. 6.5. Volume fraction for uniform refinement for the L-shaped domain generated by Algo-
rithm 6.1 and nr (left) and its microstructure (right).

o9 ' ‘,nR—adaptive

1/2 .
o SI ,nR—adaptlve

e nR,nR—adaptive

_%- 5; 1/2,11H—adaptive
1/2

-0-9)

-A-MyM,—adaptive
f12
e SI ,uniform

12
- 6I

+nR,uniform
_a-M,,uniform

n H—adaptive

,uniform

2
10 10 ndof 10 10

F1G. 6.6. Convergence history; error estimators and extrapolated energy error for the L-shaped

domain.

1 1

05 05
0 0

-05 -05
-1 : : -1
-1 -0.5 0 05 1 -1 -05 0 05 1

(a) T3, ndof=13105 (b) Ti5, ndof=38632

F1a. 6.7. Subsequence of meshes of the L-shaped domain generated by Algorithm 6.1 and ng.
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0.5

-1 -05 0 05 1 -05 0 05 1
(a) Tio, ndof=18142 (b) Ti2, ndof=77543

F1a. 6.8. Subsequence of meshes of the L-shaped domain generated by Algorithm 6.1 and ng .

1 1
0.5 05
0 0
05 05
o 05 0 05 1 _1-1 05 0 05 1

F1a. 6.9. Volume fraction for uniform refinement for the octagon generated by Algorithm 6.1
and NR.

o9 ! Mg-adaptive

1/2 "
-o-5| ,nR—adaptlve 10 —

e nR,nR—adaptive
_5_8; 1/2,nH—adaptive
K 1/2,nH—adaptive
_A_nH,nH—adaptive
—5—5; ”2,uniform

—e—8| 1/2,uniform 10~

+nR,uniform
_A_nH,uniform

-3|

10 ndof 10" 10

F1G. 6.10. Convergence history; error estimators and extrapolated energy error for the octagon.



540 CARSTEN CARSTENSEN, DAVID GUNTHER, AND HELLA RABUS

1 1
05 05
. . == :
2
-0.5 -0.5
-1 : : ‘ ‘ -1 : : : ‘
-1 -05 0 05 1 -1 -05 0 05 1
(a) 77, ndof=1166 (b) Ti1, ndof=8733

F1a. 6.11. Subsequence of meshes generated by Algorithm 6.1 and nr for the octagon.

1 1
05 05
0 0
K
-05 -05
-1 ; : ; ‘ -1 : : : ‘
-1 05 0 05 1 -1 05 0 05 1
(a) T7, ndof=7352 (b) T9, ndof=26214

F1a. 6.12. Subsequence of meshes generated by Algorithm 6.1 and ng for the octagon.

10 B —a-Ny adaptive on square
, adaptive on octagon

3/8

- | -4 -y, adaptive on L-shaped domain

, uniform on square

| —o—",, uniform on octagon

3 Ny uniform on L-shaped domain

10

I L N e R | e S R | L P S

10° 10*  ndof 10°

F1G. 6.13. Convergence history of ng for adaptive and uniform refinement on all benchmark
domains.
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o Mg adaptive on square

3/8 3 i S . N, adaptive on octagon
e N adaptive on L-shaped domain

10

T
—_

. uniform on square
o"Ngr uniform on octagon
Mg uniform on L-shaped domain

-3
10 o i ; IR T

10° 10" ndof 10°

Fic. 6.14. Convergence history nr for adaptive and uniform refinement on all benchmark
domains.

|--"yy> uniform
k . adaptive

PN i uniform

o Mg adaptive

-2
107 : : ‘ 1
2 3 4 5 sff -05 0 05 1

10 10° qof 10 10

(a) Convergence history for uniform and adaptive  (b) Volume fraction for the L-shaped domain.
refinement for the error estimators.

Fic. 6.15. L-shaped domain for a material distribution of & = 0.8.
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The error estimators and square root of extrapolated energy errors § 4} 2= |E(oep)
—FE4|'/? and 5;1/2 .= |E*(0.) — E4|"? are plotted in a double logarithmic scaling
depending on the ndof.

With the L-shaped domain and adaptive refinement the rate of convergence
compared to uniform refinement is improved significantly. Apparently, the area
{z € Q| t1 < |Vuep(z)| < ta}, where both materials are present, seems to be very
small.

If the parameter £, which influences the volume fraction of each material, is chosen
in a way such that the contact zone is just a boundary, i.e., there is no subdomain
where both materials are present, the error estimators show optimal convergence; cf.
Figure 6.15 for the L-shaped domain and £ = 0.8.
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