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REFINED FULLY EXPLICIT A POSTERIORI RESIDUAL-BASED
ERROR CONTROL*
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Abstract. The explicit residual-based a posteriori error estimator for elliptic partial differential
equations is reliable up to the multiplication of some generic constant which needs to be involved
for full error control. The present mathematical literature takes this constant from the stability
and approximation properties of Clément-type quasi-interpolation operators and so results in an
overestimation of the error which is bigger than for implicit and more expensive a posterori error
estimators. This paper propagates a paradigm shift to start with an equilibration error estimator
technique followed by its efficiency analysis. The outcome is a refined residual-based a posteriori error
estimate with explicit constants which leads to slightly sharper error control than the work of Veeser
and Verfirth in 2009. A first application to guaranteed explicit error estimation for two-dimensional
nonconforming and a generalization to higher-order finite element methods conclude the paper.
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1. Introduction. Explicit a posteriori error estimators [BS94, Ver96, Bra07] are
an important and sufficient tool for adaptive finite element methods in the numerical
treatment of elliptic second-order partial differential equations, since they allow cheap
calculation of refinement indicators and of some quantity 7 that is equivalent to the
energy error ||e|| up to reliability and efficiency constants Cpe and Ceg. That is,

Cesin < le]| == HveHLP(Q) < Cran.

The proof for the reliability of the explicit residual-based a posteriori error estimator 7
usually involves Clement-type quasi-interpolation operators [C1é75, SZ90, CF00] and
is nowadays explained even in textbooks [Bra07] on the finite element method.

The finite element method discretizes some domain Q@ < R" (n = 2,3) with
closed Dirichlet boundary I' b and Neumann boundary I'y := dQ\I'p by some regular
triangulation 7 and computes some discrete flux o, € Py(7;R™) for given data f €
LP(Q) and g € L? (I'y). The central object of estimation is then some residual
[Car05, VV09, CEHL12] of the form

Res(v) = L fvdz + L guds — L on-Vode  YveV :=W,P(Q)
N
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with 1 < p < oo and its conjugate p’ such that 1/p + 1/p’ = 1. The dual norm
[[Res|[[« := sup,ein\ 0y Res(v)/[[[v]]| is equivalent to the energy error [|e]| for well-posed
problems.

The new approach in this paper utilizes equilibrated fluxes that allow a split in
the form

(1.1) IRes|l« < [If +divall« + [lva(g — - »)ll« + I div(g — on)]l«

for any ¢ € HpI(div,Q) ={q € LPI(Q;R”H divgq € LPI(Q)} with ¢ - v € LP(T'y) to
permit

A (g —a-v)ll« == sup J (9 —q-v)vds/|v]].
veV\{0} JT

The three terms on the right-hand side of (1.1) no longer enjoy any Galerkin orthogo-
nality in the sense that they vanish for nodal basis functions as test functions. Instead
the additional fluxes allow for an immediate application of Poincaré and Friedrichs
inequalities to derive an a posteriori error estimate in one strike. This circumvents the
usage of the approximation and stability estimates for some quasi interpolant with
multiplicative constants. The proposed paradigm shift is the estimate in one direct
approach without explicit quasi interpolation.

The special design of some equilibrated Raviart—Thomas element ¢ € RT(7*) and
some approximations f* € Py(T*) of f and ¢g* € Py(E*(I'y)) of g with divg+ f* =0
in Q and ¢ -v = g* along I'y on the dual mesh 7* allows the control of the first two
terms of (1.1) by

If +divalle < Cu(T)||hr(f = f*)HL:D’(Q) Sosc(f, T) = |[hr(f - fT)HLP’(Q)’
(g = 4 )l < CoEXAD YT (g = 4]y < 051 )
= thr/pl(g _95)HLP’(Q)'

Here, fr € Py(T) denotes the piecewise integral mean of f, g € Po(E(I'~v)) denotes
the piecewise integral mean on the Neumann sides £(T'y), and hy € Py(T) is the
local element diameter. Our main result, Theorem 3.1 below, controls the last term
of (1.1) by the novel explicit residual-based a posteriori error estimator

1/p'
Il div(g = o)l < n:= <Z (e1(2)n(2) + e2(2)n(€(2)))" )
zeN
with n(z) := diam(w;)Hcpi/p,(f — fu.) ’Lp,(wz) and
1/p'
nEE) = N 1MV o vils|

Ee&(z)

Here, f,. is the integral mean of f over the node patch w, if z is a free node, and
fw. = 0 for nodes on the Dirichlet boundary. Hence, for constant f the quantity 7(z)
vanishes for free nodes z € M.

This makes this paper the first attempt to quantify the reliability constant in
the refined explicit residual-based a posteriori error estimator [CV99] which involves
patch-oriented data oscillations rather than the (possibly much larger) volume
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contribution of the form mesh-size times source function. This opens the door to
explicit bounds for reliability constants for averaging schemes [CB02] as well, which
are extremely popular in the applied computational sciences. Moreover, this is a two-
fold improvement compared to the result of Veeser and Verfiirth in [VV09] and gives
rise to further developments. First, the error estimator no longer contains the volume
contribution mesh-size times the source term and solely utilizes data oscillation terms.
Hence for a large global constant f, the novel upper bounds might be far superior.
Second, the multiplicative constants are significantly improved as illustrated in the
subsequent benchmark example. The upper bound of [VV09] reads

1/p’

lIRes|l. < (Z (cp(ws)n(z) + cpwz)u(s(z)))p')

zeN
with p(z) := diam(wz)H(pi/p f||Lp,(wz) and hy = @.de/§, p.de in

1/p'

Spi/pl [on - ’/]EH;’ (E)

W(E(2)) == diam(w,) [ Y (hg)' ™"

Eec&(z)

As a small example, uniform cross refinement of the L-shaped domain Q =
(=1, 1)%\((0,1) x (=1,0)) with right-isosceles triangles of area |T| = h?/2 and a diag-
onal parallel to the main diagonal results in five different patches depicted in Figure 3
in section 5. Calculations for n = p = 2 and I'p = 0 in section 6 below allow the
simplified guaranteed upper bound

1/2
[[Res||. < 0.31831|h7(f — f*)||L2(Q) +0.6366 <2 77(2)2>
2eN

1/2
+2.3952 <Z | ||[on 'VE]EHi?(E)) :

Ee&

The interchange of notation on the local geometry leads to a possibly unfair com-
parison. However, the results of [VV09] plus some straightforward computation yield
the aformentioned estimate with some volume term with f* = 0 and the constant in
front of this standard edge-jump term is 17.3721 (or even 38.0007 if patch (E) from
Figure 3 is included) instead of 2.3952.

The remaining parts of the paper are organized as follows. Section 2 explains the
design of the equilibrated fluxes used for the derivation of the novel explicit residual-
based error estimator in section 3. Section 4 proves the main result, Theorem 3.1
from section 3. Section 5 shows that our main result implies the explicit bounds from
[VV09] with even better constants for some benchmark example. Section 6 compares
three guaranteed upper error bounds for some Poisson model problem. Section 7
applies the results to the nonconforming finite element method. Section 8 concludes
the paper with an extension to higher-order finite element approximations.

2. Modified equilibrated fluxes. This section explains the design of the equi-
librated fluxes via some Raviart-Thomas function ¢ € RTo(7*) on the dual mesh
T*. Consider a regular triangulation 7 of @ € R™ (n = 2,3) into n-dimensional
simplices with sides £, nodes A, and free nodes M. For n = 2 dimensions, 7 con-
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Fia. 1. Triangulation T (thick lines) and its dual T* (thin lines) plus node patches w} (light
gray) forn = 2.

sists of triangles and &£ consists of edges, while in n = 3 dimensions, 7 consists of
tetrahedra and &£ consists of faces. The boundary consists of Dirichlet sides £(I'p)
and Neumann sides £(I'w) such that (Jpegr,) £ = I'n. The set N(T) contains the
n + 1 vertices of the simplex T' € T, while £(T') contains the n + 1 sides along its
boundary 0T and N(E) consists of the n vertices of the side F € £. All elements
that share the same vertex z € N form the set T(z) := {T € T |z € N(T)}. Similarly,
T(E):={T € T|E€&(T)} contains all clements that share the same side E € £ and
E(z) :={E € £|z € N(E)} contains all sides that have z in common. Furthermore,
there are the neighborhoods w, := int (| J7(2)) of z € N and wg := int (| T (E)) of
E € &. Finally, let P, (T') denote the polynomials of degree < k on T' € T and

Po(T) :={vn € L*(Q) VT € T, wp|r € Pe(T)}.
The lowest-order space of Raviart—Thomas functions on 7 reads

RTo(T)
={qe H(div,Q)|VT' e T3ae Py(T;R"™ ™MV e T, q(z) = any1z + (a1, ..., an)}

The dual mesh 7* is well established in the finite volume methodology and con-
nects each center mid(7") of an element T' € 7 with the side midpoints mid(£(7")) (and
the edge midpoints for n = 3) and nodes N'(T') and so divides each element T € T into
(n+1)! subelements of volume |T'| /(n+1)! and every side E € € into n! many subsides
of volume |E| /n!. Figure 1 displays some triangulation 7 and its dual mesh 7 for the
L-shaped domain, while Figure 2 illustrates the partition 7*(T) := {T* € T*|T < T}
on some triangle T e T for n = 2.

Consider some node z € N(7T) and its nodal basis function ¢} with the fine patch
w? := {ps > 0} of the dual mesh T* and its neighboring elements 7*(z) := {T™* €
T*|z e N*(T*)}. Since o, € Po(T;R™) is continuous along dw} n T for any T € T,
the condition ¢ - v = oy, - v € Py(E*(0w})) is well-defined on the exterior boundary
sides £*(0w}) of w}.

The suggested design employs an interpolation f* € Py(T*) of f € LP'(Q) de-
fined by

e = (n+ 1)J fo.dz/|T| for the n! many T* € T*
T
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o Pji1

P
F1G. 2. The two fine triangles Tt € T* inside T € T with N(T) n N*(T*) = {z} for n = 2
dimensions. -
with N*(T*

) 0
in Figure 2.) Similarly, in the case of Neumann data g € L ('), define g* €
Py(E*(T'n)) by

N(T) = {z}. (The two triangles T} in case n = 2 are depicted

g |gr = nf gp.dz/|E| for the (n — 1)! many E* € &*
E

with N*(E*) n J\/(E) = {z}. This suffices to define the set
Q(T*(2)) :={m € RIH(T*(2)) | divrn + f* =0inw} & 7 - v
=0y, - v along 0w;\0Q & 7, - v = g* along dw} N T'n}.
Remark 2.1. By design, any ¢ with ¢l.: € Q(T*(2)) is in RT(T™*) c H(div,).
The patchwise minimization computes
(2.1) Ohlwr = argmingcq 7+ (2)) |7 - O’hHLp/(w;).

This leads to some equilibration error estimator similar to the Luce-Wohlmuth error
estimator [LWO04] and very close to the recent suggestions of [Vohll]. Our design
mainly differs in the choice of the divergence to allow for a very easy estimation of
IS+ divglle = [lLf = [l

THEOREM 2.2. If Res(v.) = 0 for all z € M, the affine space Q(T*(z)) is
nonempty. Furthermore, the constants

Cp(T)
= g’lggvewlvfgg\Po(T) ||U — UTHLP’(T)/HhTVUHLP’(T) where vy 1= ]ivdx,
Cp(E('N))
o |E| diam(wg) » p—1 e
= e (EEEE) (0 1 T o))
Cn
= (L+ (n + )7 (L (p) /T (p + )7
satisfy
7 =71l < cpmHhT(f — iy < ColTICr 05e(£. 7).
i (g = ")l < ColE@NIEL (9= 4| 1) < ColETN))Crnr 05¢(g. ETw)).
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Remark 2.3. The first constant C,,(7") is the Poincaré constant on convex triangles
or tetrahedra and known results in [AD04] show C1(7) < 1/2 and C,(T) < 1.
Operator interpolation arguments as in [BL76, BS94] then allow the bound C,(T) <
(1/2)'/P < 1 for all p € [1,00]. For p = 2 = n, [LS10] recently showed the refined
result Co(T) < 1/41,1 with the first positive root ji 1 of the Bessel function J;.

Remark 2.4. For n = 2 there is an elementwise design similar to [LW04, BS08].
For interior nodes there is one additional degree of freedom, because Curly} €
RTy(T*(2)) is divergence-free.

Proof. Existence of q. The search for g|,» € Q(T*(z)) for a free node z € M
describes some Neumann problem and requires the equilibration condition of the
constraints, namely,

(2.2) J g*ds —I—J op-vds =— | fe.dr= —J frdzx.
owrnl'y owi\I'n W w}

This property is well-known and proved, e.g., in [Voh11, Lemma 3.8]. An integration
by parts, divo, = 0 on every T € T*, and {, p.ds = |E| /n, yield for the piecewise
constant o, that

f g*ds + J, o, - vds
owrnl'y owi\I'n

:f g —op - vds + Z J op - vds — Z f[ah-uE]Eds
winl'n E

TeT*(z) Eee* (2)\(*(I'w))

[ ememas— ¥ | oo veleds
0w,y Ee&(2)\(E(Tn))

= f gp.ds — f op - V.dz.
Tn Q

Hence, (2.2) is equivalent to Res(p,) = 0. For Dirichlet nodes z € N(I'p), w} has
at least one unconstrained Dirichlet side and the equilibration condition (2.2) is not
necessary.

Proof of upper bound for || f — f*||«. With |T' nw}| = |T| /(n+1) and the partition
of unity property, it holds that

R R

zeN(T)

This orthogonality and elementwise Holder and Poincaré inequalities with Poincaré
constant Cp,(T) result in

| 7= ryde = [ (5= 1)@ = vr)de < CuTIAr(F = £) ] o el
Q Q

A triangle inequality yields
1/p’

1F = Nporiry S U= Frllpwriy + | 2 1 = £l

2eN(T)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/17/15 to 141.20.210.43. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

REFINED EXPLICIT RESIDUAL-BASED ERROR CONTROL 1715

Elementary calculations with ||¢. =n!|T|T(p)/T(p+n)and |T nwi| =1|T|/

(n + 1) show

HLP(T

v’ .

R A (Tl § O O TR ey N AP
= (n + 1)1+p'||(f _ fT)(szZ;’l(T) |T|17p/

||iP(T)Hf o fTHip’(T) |T|7p,/p

= (0 + D) @I E)/T o+ )PP\ = Sl 0

< (n+1)

The summation over all n + 1 many nodes z € N(T') concludes the proof

S = Pl ey < 0+ DX @I/ +0) 7 | £ = 2] 0,

2eN(T)

Proof of |lg —g* I+ < Cp(E(T'N) ||h1/p (9— g*)HLp,(FN). Consider some Neumann

boundary E € £(I'y) and some test function v € V. Since {.(g — g*)ds = 0, one can
subtract an arbitrary constant vg € Py(E) such that

| 0= <= ol = vy

The trace identity on the element wg = T = conv{E, p} (the proof is a simple inte-
gration by parts plus elementary geometric calculations) shows

B, 5] _P)-V((o -

v — ’UEHLP(E) wg] WE(U UE)de+n|wE| wE(x P)-V((v—uvg)P)dx
< B Bl .
< L=y + ek e[V = 01

The chain rule and the Poincaré inequality Hv

Cp(T(E))diam(wE)HVUHLP(wE) show

UEHLP(WE) S

V(W =v)") | 1oy = [P0 = 00) 90|,

<pll(v - vg)PlP’ ¥ (0p) HVUHLP ()

< pCp(T( ))p/p diam(wp) p/p HVUHLP (wg)"

A sum over all F € £(I'y) and a Cauchy inequality conclude the proof. The proof of
the remaining inequality ||h¥P (g — g*)HLp,(FN) < Cp_10sc(g, (T y)) Tuns as the one
above for f*, just with one dimension less. |

3. Explicit residual-based a posteriori error estimator. This section es-
tablishes the reliability of the explicit residual-based error estimator for the Poisson
model problem with explicit reliablity constants. Since the seminal work [Ver96], it
is well-known that the upper bound is efficient. Moreover, the estimates from Theo-
rems 2.2 and 3.1 lead to a sharp control of the residual which improves other results
in the literature [CF00, VV09] without the use of any quasi-interpolation operator.
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The new proposed guaranteed upper bound has the form

31)  [Res|ls < Cp(D[hr(f = )| 1o ) + Co(ETN))]

1/p'
+ (Z (c1(2)n(2) + ca(2)n(E(2)))" )
zeN

with constants Cp,(7T), Cp(E(I'n)) from Theorem 2.2, ¢1(z), c2(z) from Theorem 3.1,
and

th/p (9 - g*)HLP'(FN)

and

n(z) := diam(w;)H(pl/p’ f—fo.) ’Lpf(w )

WEGP = 3 BT o o vplslf)
Ec&(z)

The jump [0}, - vg]E of oy over some side F € £ is defined by

(onlr. —onlr,) -vr. for E=0T_ n 0T, € £(),

Op V—g for E € E(Tw),
[Uh . VE]E =

op -V —g* for E e &*(I'n),

0 for E € E(Tp).

The Poincaré—Friedrichs constants play a dominant role in the subsequent
theorem,

Cpr(p,w?)
sup{||f||Lp(w:) eV & ||VfHLP(w;) =1} for z e N(I'p),
sup {||f - fw: fdxHLp(w;) feV & HVfHLp(w;) =1} for ze M:= NN (T'p).

Throughout this section, the piecewise constant function mid(7) € Py(T;R™) reads
mid(7)|7r := mid(T) for T € T and

fu. = fdz/|w.|dz for ze N(Tp) and f,, :=0 for z € M.

Wz

Section 2 introduces the design of o} € RTo(7™) with o].: € Q(T*(2)) for all
z € N and all those allow a quantified estimate through the main result of this paper.
THEOREM 3.1. Any oy € RTo(T™*) with o}|w: € Q(T*(2)) for all z € N satisfies

’

| divioy —on)ll? < Y, (e1(2)n(z) + e2(2)n(E(2)" -

2eN

With F(z) = {F € &()|F < U(ER)\ETD))}, the constants are ci(z)<
Cprr(p,wy)/diam(w?) <1 and

nl/p’ ol/p

2(2) < Cany ) 117D
. % 1/p'
' 1—p' H * _mld(T)HLp’(w;)
x| Cer(p,wl)” lwi| " + — <1
|wp|
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4. Proof of Theorem 3.1.
Proof. Given any v € V, set the integral mean v,y = §_, vdz/|w}| of v over w

in case of a free node z € M and vyr = 0 in case of a Dirichlet boundary node
ze N(I'p). Since (o} —op)-v =0 along O0w;\01), an integration by parts shows

[ o= veds = [ (o —on)-To = )i

*
wz

= —J (v = vyr) divoyde — J (v —vpr)[on - vr]rds

Feer(z)VF

+J, (v —vwr) (o}, —on) - vds =: T + 1T + 11
wrnl'p

Since v = v, = 0 along dw} N d'p, the third expression Il = 0 vanishes. Since
§,. (v —vus)dz = 0 in case of z € N(2), one can add f,, in the first expression I.

Then, the Poincaré or Friedrichs inequality yields

(4.1)

I:= —J (v = vye )(div oy + fo.)dzr < Cpr(p,wy) H divoy + fo.

L (w?)

For each (of the n! many) T* € T*(z) with N(T)nN*(T*) = {z} (depicted in Figure 2
for n = 2), divoy, + f* = 0 leads to

’

’ ’ ’ ’ p
[ div sy + Foou [ ot ey = 1 = Faos [ ot ey = (0 + DT/ 1TV L(f — fu.)pudr
(n+1)” _ ’
< ey 7 ey, ol (f = fo )l )
Since ngz/pHLp =|T'|/(n + 1), this proves
(4.2) 1£* = Fo [ ey S —||¢1/P (f = fo )l

Since each T € T (z) contains n! many T* € T*(z),

Z[),,p’(w;) < 2 Hspi/p/(f_fw/z)

TeT ()

||f* - fwz

ip'(T) :L Pz |f - fwzlp d.

The combination of the previous four estimates leads to

< Cpr(p,w ||<P1/p (f = fo.)

Similar to (4.2), for every F € £*(I'y) n £*(z) and E € E(I'y) with F € E, it holds
that

|LP'(wz) V”Hm(w;)'

||g*_0h'7/F||:2p’(F) ﬁ“@l/p —Uh-l/E)HZ;pf(E).

For any non-Neumann side F' € £*(z), elementary calculations show

|F||[oh-uF]F|”'=( ol lon- vl e[} )
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Since [oh - vp]F = 0 on every side F € £*(2)\F(z), the second term reduces to

Z J (v = v )on - vP]Fds = —

J [on - vE]F(v — v )ds
FnlJE&(z)

Fe&*(z) Fe&*(z)
< Z (|F|n/((n71)17) [on - ’/F]F|) <|F|1n/((n1)p') ][ (v — vw;)ds )
FeF(z) F
1/p'
|E|l n—1) o
S Z (nl)n/(n=1) Hﬁp Uh'VE]EHLP’(E)
Ec&(z)
1/p

P

% Z |F|;D—P”/(:D'(n—1)) ‘]i(v — Uw:)ds

FeF(z)

For any F' € F, the side patch wj, consists of one or two neighboring elements
T* = conv{F,mid(T")} € 7*, where mid(T") is the midpoint of the simplex T' € T
with T* € T. The trace identity for any T* = conv{F,mid(T)}, reads, for any
we WHP(w?),

1 1 1 .
7] JF wds = T ) wdzx + W o (z —mid(7)) - Vwdz.

Their weighted summation leads to

(4.3) |w;|J, wds =J wdx + lf (x — mid(7)(x)) - Vwdz.
|F| F Wk n wh
A Hélder inequality X -V < || X[V, with X := (Cpp(p, ) wk |1/”'*1,
||o—mid(7')HLp,( )/ (n lwi])) and Y := HwHLP(w*)/CPF p,w HVwHLp in R?
proves
p el 1 ' p
] < (ol b o =m0 runM))
| o _mid(T)Hi/p’(w) "
< | Cor(p,wh)? wil'™ —
' |wil”
ol | o
Corp )P + Vool 7 s

The sum over all F' € F(z) and a Poincaré or Friedrichs inequality for w = v — v,
lead to

, P
2 |F|P*:Dn/(17 (n—1)) '7[ (v — 'Uw;)ds
FeF(z) F
—pn/(p'(n—1))
<2HVv||Lp(w* ?ﬁ(ﬁ)wlp pn/(p
. o p/p’
1-p' [ _mld(T)HLp’(w;)
X CPF(p7 );D |w | + S
P |wp|
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The previous estimates prove that II is bounded by

1/p'
||V’UHLP(w;) Ezg“(l )|E|l/(n1) H[Uh - VE]E||§p’(E)
ec(z
nl/r'9l/p

1=/ (n=1)
X Gy AR IF

. / 1/p'
[ _mld(T)Hip’(w;,)

* |P'
F

x| Cpr(p,w)? [wh|' " + ;
nP' |w

A Hoélder inequality concludes the proof. 0

5. A new proof of the explicit Veeser—Verfiirth upper bounds. This
section shows how to retain the explicit upper bounds from [VV09] with even improved
constants in benchmark examples. To express our results in the notation from [VV09],

consider p(z) := diam(wz)||g0i/p/fHLp,(wz) and
1/p'

Spi/pl [on - U]EHZI),,P’(E)

WE(2)) = diam(w.) [ D) (hf)' "

Ec&(z)

with hi = SWE @.dz/§, .dx =y, |wg|/|E| with 7o = 2/3 and 73 = 3/4. These are
the two main contributions for the explicit Veeser—Verfiirth upper bound

1/p’
(5.1) [[Res||« < (Z (eplw:)n(z) + C;D(UZ),U(‘S(Z)))p>

zeEN

with constants ¢,(w.) and ¢,(0) to compare with.
PROPOSITION 5.1. It holds that

1/p
1Resll« < Col|hr(f = £ Lo ) + (Z (c1(2)ma(2)u(2) + 02(2)m2(2)u(5(2)))p>

zeN

with the multipliers 1/2 < my(z) := diam(w})/diam(w,) < 1 and

— El/(n—l) 1y\p'—17/ 1 pr 1/;0’.
ma(:)i= | max - (IE| (hi)" !/ diam(w.)")

Proof. Follow the proof of section 4 with f, =0 for every z € N to obtain

lldivioh —on)lF < 3 (ea(2)n(=) + ca(=)n(E(2))
zeN

!

with n(z) := diam(w;)||<pi/p,fHLp,(wz) and

1/p'

nE€) = | 3 BNV on - vels| ]
Ee&(z)

Then, it is easy to check that n(z) < m1(2)u(z) and n(€(z)) < ma(z)u(E(2)). O

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/17/15 to 141.20.210.43. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1720 C. CARSTENSEN AND C. MERDON

(D) (E)

Fic. 3. Standard node patches (A) to (E) (up to rotations and reflections) from the uniform
triangulation of the unit square and their dual node patches (light gray). Boundary edges along
02 in patches (A) to (C) are shaded.

This section concludes with a few comments on and comparisons of the new upper
bounds and the Veeser—Verfiirth upper bounds.

Remark 5.2 (ma(z) < 0.5774 for n = 2 = p). Elementary geometry for regular
triangulations into triangles allows for |wg| < |E| diam(w,)/2 and hence for

< E|/(3di INY? <0.5774.
ma(2) Eeg(mz)%g(m(l /(3 diam(w.)))

Remark 5.3 (anisotropic meshes for n = 2 = p). The proofs in this paper em-
ploy the isotropic Poincaré or Friedrichs inequalities for the usual (and that means
isotropic) Sobolev norm. Hence it cannot be expected that the resulting error esti-
mator is robust with respect to anisotropic meshes like those of the cross refinement
of uniform axi-parallel rectangles in two dimensions with a mesh-size d and % in the
first and second components, respectively, for h « d and large aspect ratio k := d/h.
The geometry leads to ma(z) < x~1/2, which tends to zero as the aspect ratio x tends
to 00. One possible interpretation is that the novel upper bound is more robust than
the Veeser—Verfiirth bound in the edge-jump term.

Ezample 5.4 (two-dimensional L-shaped domain example). This example illus-
trates that the new estimate is indeed comparable to or even sharper than the relia-
bility constants of [CF00, VV09].

Uniform cross refinements of the L-shaped domain = (—1,1)%\([0, 1] x [-1,0])
with right-isosceles triangles of area |T| = h?/2 and a diagonal parallel to the main
diagonal result in five different patches depicted in Figure 3. Table 1 lists computed
values of ¢1(z), ca(z), the multipliers mq(z), ma(z), and their products for patches
(A)—(E) from Figure 3 as well as ca2(w,) and cz(0,) from [VV09]. The Poincaré
and Friedrichs constants from section 3 for the patches (A)—(D) read Cpr(2,w,) =
diam(w,)/m, while for patch (E) we use Cpr(2,w,) = v/2diam(w,)/w. Furthermore,
we use Co(T) = 1/41,1 and Co(E(T'n)) = 0.96478.

The competition with [VV09] leads to the comparison of mi(z)c1(2) < 0.17272 in
this paper with ca2(w,) = 1/7 = 0.31831 from [VV09] and ma(z)c2(z) < 0.6¢2(0,) with
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TABLE 1. Constants for standard patches (A) to (E) (with Dirichlet boundary edges) from
Figure 3.

Patch c1(z) ca(z) m1(z) ma(z) | mi(z)ci(z) | ma(z)ea(z) || co(wz) | ca(oz)
(A) 0.31831 - 0.50000 - 0.15915 - 0.77909 -
(B) 0.31831 | 1.03037 | 0.54263 | 0.36515 0.17272 0.37624 0.96636 | 1.63786
(©) 0.31831 | 0.71021 | 0.52705 | 0.57735 0.16776 0.41004 0.96995 | 2.40030
(D) 0.31831 | 1.23192 | 0.52705 | 0.28868 0.16776 0.35562 0.31831 | 0.64409
(E) 0.45016 | 1.69368 | 0.52705 | 0.28868 0.23725 0.48892 1.42544 | 2.23921

TABLE 2. Constants for standard patches (A)—(C) and (E) from Figure 3 for Neumann boundary
edges.

Patch | ci1(2) ca(z) m1(z) ma(z) | mi(2)e1(z) | ma(2)ea(2) || c2(wz) | ca2(oz)
(A) 0.31831 | 0.90347 | 0.50000 | 0.40825 0.15915 0.36884 0.31831 | 0.79187
(B) 0.31831 | 1.49945 | 0.54263 | 0.36515 0.17272 0.54752 0.31831 | 0.68634
(©) 0.31831 | 1.06480 | 0.52705 | 0.57735 0.16776 0.61476 0.31831 | 1.21486
(E) 0.45016 | 2.42118 | 0.52705 | 0.28868 0.23725 0.69894 0.45016 | 0.83988

c2(w;) and c2(o,) from [VV09]. In conclusion, the analysis leads to an improvement
of [VV09] by at least 40%. For patches with Neumann boundary the numbers are
displayed in Table 2. Also in this case, the improvement is still significant. A further
comparison is possible with [CF99] and computer-based constants.

6. Comparison of guaranteed upper bounds. This section compares the
three guaranteed upper bounds

mw = Op(T)HhT(f - f*)HLP’(Q) + CP(E(FN))Hh%ZPI(Q - g*)HLP'(Q)
+ ||U;1 - UhHLP’(Q) from (2.1),

mwent = Cp(T |7 (F = )|y + CoE @R (0 = )| 1o

1/’
+ <Z (cr(z)n(z) + CZ(Z)W(S(Z)))p> from (3.1),
2eEN
1/p'
NRVV 1= (Z (cp(ws)p(2) + cp(crz)u(f,’(z)))p> from (5.1).
zeN

While the last two estimates are fully explicit and easy to compute, the first one is a
very sharp but is also a more expensive a posteriori error estimator.

Table 3 shows their values and efficiency indices compared to the exact energy er-
ror [|u—upl| = [|Res||« for the L-shaped domain in some Poisson model problem with
constant right-hand side f = 1 and discrete flux o5, = V uy, of the Pj-conforming finite
element solution uy € P1(T) n C(€2) on the uniform cross refinements 7 discussed at
the end of section 5. The exact solution is unknown; however, the Galerkin orthogo-
nality allows us to compute the energy error by ||u — us||? = [|u[|? — [|ux||?* and with
[lul|?> = 0.214075802680976 (calculated with higher-order finite element methods).
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TABLE 3. Ezact energy error ||e|| and guaranteed upper bounds niw, nrcm, and nryv for the
L-shaped domain example and uniform cross refinement.

ndof | lell mw | mw/llell | mrom | mmost/llell | vy | mrvv/lell
5 2.84e—01 3.74e—01 1.32 9.33e—01 3.28 4.20e+00 14.8
33 1.58e—01 2.10e—01 1.33 6.19e—01 3.91 1.97e+00 12.5
161 8.62e—02 1.17e—01 1.36 3.66e—01 4.24 9.97e—01 11.6
705 4.76e—02 6.62e—02 1.39 2.09e—01 4.39 5.37e—01 11.3
2945 2.69e—02 3.83e—02 1.42 1.19e—01 4.44 3.06e—01 11.4
12033 1.56e—02 2.26e—02 1.45 6.93e—02 4.44 1.81e—01 11.6
48641 9.23e—03 1.36e—02 1.48 4.09e—02 4.43 1.10e—01 11.9
195585 5.57e—03 | 8.33e—03 1.50 2.46e—02 4.41 6.78e—02 12.2
784385 3.41e—03 | 5.15e—03 1.51 1.50e—02 4.40 4.21e—02 12.4

The comparison of the efficiency indices of all three estimators of Table 3 re-
veals some behavior like nryv < 2.517roM, TroM < 37Lw, and ow < 15H|6H| The
comparison favors nroy on coarse meshes.

7. Fully explicit error control for two-dimensional nonconforming FEM.
This section discusses an application to the error in the nonconforming finite element
method which involves the set of Crouzeix—Raviart functions

CRY(T) := {v e Pi(T)|v is continuous in mid(€)},
CRg(T) := {v e CRY(T) [v(mid(£(69))) = 0}.

The nonconforming FEM for the Poisson model problem with right-hand side f €
L?(Q2) and Dirichlet data up € H'(8Q) for a simply-connected, bounded polygonal
Lipschitz domain Q < R? seeks ucg € CR(7) with ucg(mid(E)) = f upds for all
E € £(092) and

J VNC UCR * VNC ’UCRdCC = f fUCRdCC Y VUCR € CR(I)(T)
Q Q
where V¢ is the piecewise gradient. The error analysis in [CMx1] shows
llu —ucr|| < p* + sup {Resnc(v)* |v e H'Y(Q; R¥) with I CurlvHL2(Q) =1}

with p:= || f7/2 (e —mid(T))HLQ(Q) +osc(f,T)/ji,1 for n = 2 and the nonconforming
residual

(7.1) Resnc(v) := ﬁﬂ v (Vup) - vds

—J, Ve ucr + Curlvdzx YveV .= Hl(Q;Rk)
Q
with £ = 1 for n = 2 and k = 3 for n = 3 and Dirichlet data up along I'p = 0.

This form is in agreement with the definition of the Curlv € L2?(€;R") for some
v e H'(;RF) defined by

Curlv := (0,—1;1,0) Vv for n = 2 and Curlv :=V x v for n = 3.
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TABLE 4. Ezact energy error ||e||nc and guaranteed upper bounds niw, nrcem, and nryv for
the nonconforming Crouzeiz—Raviart FEM in the L-shaped domain example with uniform cross
refinement.

ndof llell LW nuw/|lell NRCM nrom/|lell NRVV nrvv/llell
28 2.85e—01 | 4.60e—01 1.62 1.32e+00 4.64 1.85e+00 6.48
128 1.89e—01 2.93e—-01 1.55 8.89e—01 4.69 1.30e+00 6.87
544 1.23e—01 1.85e—01 1.51 5.76e—01 4.69 8.63e—01 7.03
2240 7.87e—02 | 1.17e—01 1.49 3.68e—01 4.68 5.59e¢—01 7.11
9088 5.01e—02 | 7.38e—02 1.47 2.34e—-01 4.68 3.58e—01 7.15
36608 3.17e—02 | 4.65e—02 1.47 1.48¢—01 4.68 2.28e—01 7.17
146944 | 2.01e—02 | 2.93e—02 1.46 9.38e—02 4.68 1.44e—01 7.19

The tangential component ~¢(v) of some vector v € R"™ with respect to some normal
vector v reads

v-(—v(2),v(1)) ifn=2,
W)::{ (—v(2), /(1)

VXV ifn=3.

For the two-dimensional case the residual (7.1) easily transforms into
(7.2)
Resnc (U) = f

(Oup/0s)vds — f Curlyc ucr - Vvdx VoeV:= HY(Q)
o0 Q

and equals the standard residual with f = 0, Neumann data g := dup/ds, and discrete
flux op := Curlyc ucr. Thus, Theorem 3.1 gives a computable upper bound for

o 1. Rk ; —
IResnc ||« := sup {Resnc(v) |v € H'(Q; R*) with || CurlvHLz(Q) =1}
THEOREM 7.1. It holds that

lIResncll? < D) e(2)n(€(=)* with n(E(2))*
zeN

= 2 |E|HSDi/Q[CUﬂNC’UCR'VE]EHiQ(E)~
Ee&(z)

Proof. Apply Theorem 3.1 to the transformed residual (7.2). O

Table 4 shows the results for some model example, again on the L-shaped domain,
with known exact solution u(r,p) = r%3sin(2¢/3) in polar coordinates, right-hand
side f = 0, and nonhomogeneous boundary data up. The Luce—Wohlmuth error
estimator nrw in this example (with f = 0, g = dup/0ds, and o, = Curlyc ucr in
(2.1)) reads

nLw = OQ(E(FN))||h¥2(aUD/aS - (0uD/0s)*)HL2(Q) + || = Curlxe UCR||L2(Q).

The improvement of nrcy compared to nryy is less striking but still significant.
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Remark 7.2. In three dimensions H Dv||L2( # || CurlvHLQ(Q) does not allow

Q)
an immediate application of Theorem 3.1. The decomposition in three dimensions
(even for a Lipschitz domain with connected boundary) involves a further stability
constant which needs to be computed and the untransformed residual (7.1) requires

novel equilibrated fluxes beyond the design in section 2.

8. Extension to higher-order approximations. This sections extends
Theorem 3.1 to discrete stresses o5, € Pi(7;R") from higher-order approximations
that satisfy property (2.2) as the higher-order finite element approximations from
[HSV12, section 7.2.2]. Given f* € P,(T*) and g* € P,(£*(I'n)) with f — f* L P(T)
in L?(T), g — g* L Py(E) in L*(E), and

(8.1) fo.dr — fdr=0 VzeN,

*
Wy w?

there exists o) € RTy(7*(z)) such that for all z € NV,

Thlwz € Q(T™(2))
= {1 € RT\(T*(2)) | divrs
+f*=0inw} & 7 - v =0y, - v along w:\0N & 7, - v = g* along dw’ N T'n}.

The guaranteed explicit upper bound consists of the contributions

and

n(z) := diam(w}) fglzigR | f*+diven — fu. L7 (w2)

nE Y = 3 FM Y fon - vele|f
Fe&*(z)

THEOREM 8.1. Any o} € RT}(T*) with o € Q(T*(2)) for all z € N satisfies

’

lldiv(oy, — on)llZ < ) (er(z)n(2) + es(2)n(€*(2)))" -
2eN

The constants are bounded by c¢1(z) < Cpr(p,w})/dilam(w?) < 1 and, with F(z) as

before,

i___ 1 .

03(2) < Frg}a:(}i) |F|P p/(n—1) /|wF|1/p
* * 4 . 1

X (Crr(p,w?)” + Cop(p, w2 p/n || @ = mid(T)| ()7 < 1.

Proof. The proof follows that of Theorem 3.1 and starts with an integration by
parts, i.e.,

f (CT;.(L —O'h) - Voudx = J, (0’;; —gh) . V(’U _Uw;)dx

*
z wz

= J, (v = Ve ) (f* + divoy)dr — Z J, (v —vos)[on - vr]rds
w3 Feex ()Y F

+ J (v —vwr)(op, —on) - vds =: T+ I 4TI
owinT'p
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The third term vanishes and the first term is estimated by

f (v = Vo ) (f* + divoy)da

< OPF(pa wz) fljilélR Hf +divoy, — fwz LP (w?) V’UHLp(w;)'
The arguments about the estimation of quantity I have to be modified as follows
and lead to the constant c3(z). Since [0, - vp]r = 0 on every edge F' € £*(z)\F, the

second term reduces to
Im:= — Z f (v —vwr)[on - vr]rpds = —
Feex(z) Y F

S Z Ilon VF]FHLP(F)HU  Vwz
FeF(z)

f [on - vr]F(v — v,1 )ds
FeF(z) Y FrUE()

Lv' (F)

1/p'
<| D] [F1Y D |- VF]FHZP’(F)
FeF(z)
1/p
% Z |F|—P/(P'("—1)) HU — U
FeF(z)

P
Lr(F)

The weighted trace identity with w = |v — Vs P leads to (4.3) and the sum over all

F € F(z) reads

* 1
Z |WF|J' wds=f wdg;+_J, (x — mid(T)) - Vwdzx.
o FL e w Mt Ju

FeF(

The weak derivate of the modulus function and the chain rule show |Vw| =

plv— v Pt |V v] and elementary calculations lead to

p/p’
Lp(w?)

Vol our) S Pllv = vz Vol o sy

H vaLl(w;) <p” |U — Vwz ! HLP’(w;)

The previous estimate and a Poincaré or Friedrichs inequality yield

|wE|
Z |—F€|HU  Vwz ip(F)
FeF(z)
<lv = v i?(w:) +1/n]e _mid(T)HL“’O(w:) vaLl(w;)

S (CPF(p"";)p + Cpr(p,w?)"p/n || o - mid(T)Hmm;)) IV 0l )
This leads to

Z |F|—;D/(:D’("—1)) HU — Ve
FeF(z) ’

X (CPF(paW:)p + CPF(paW:)p/plp/n || d _mid(T)HLx‘(w;)) || V’l}”ip(w;).

1—p/(p'(n—1 *
Loy < e [FIPE0T
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Hence, 1T is bounded by

R P O R

% (Cor(p,w2)? + Cor(p.w2)”? 2| o — mid(T)]

1/p
L*(wy )) '
This concludes the proof. 0
Remark 8.2. The term 7(z) clearly is efficient by a triangle inequality

n(z) < diam(w:)Hf* _ f||Lp’(w;) + diam(w;)Hf + div UhHLp,(w:).

Since f — f* L Py(T) in L?(T) for all T € T, the sum of diam(wg)Hf* - fHLp’(m)
over all z € NV is of higher order for piecewise smooth f. The second term on the
right-hand side amounts to ||h7-( f+div th)H v ()’ which is a standard contribution
in a posteriori error analysis and well-known to be efficient up to data oscillations.

Remark 8.3 (design of f* for & = 1 in two dimensions). Let K; := winT
denote the union of the two triangles in 7*(T') with vertex P; (e.g., K1 = Ty v T¢
in Figure 4) and let ¢; for j = 1,2, 3 denote the nodal basis functions on the triangle
T e T. Since the affine functions P;(K;) are linear independent, there exists exactly
one 1/); € Pl(KJ) with

f @k¢;d$ = 5jk-

J

Since @1 + @2 + 3 = 1, the sum over £k = 1,2,3 in the previous identity shows
SKA Yijdr = 1. Altogether, the extension of ¢ by zero defines a function ¢} €
J

Pl({Kl, Kg, K3}) with

f (pk’l,/);dili = 5jk = f ¢jdl‘
T Ky

Based on those duality relations, one designs a function f* := Z?:l(ST fojdx)yy
on the triangle T' with f* — f L P (T) in L*(T) for the given f € L?(T) and the
additional property that

frdx = J [rojdx = J fojdx.
K, T T

(The second identity follows from the aforementioned orthogonality.) The sum over all
triangles in a patch of some node z guarantees Swz fo.de = Sw* f*dx. In conclusion,
the design of the function f* follows for k = 1. ’

Remark 8.4 (design of f* for k = 2 in two dimensions). Let A1,..., Ag denote a
nodal basis of P»(T) dual to the point evaluations at the three vertices of the triangle
Py, Py, P; and the three edge midpoints mid(F; ), mid(Es), mid(Es) of the three edges
Ey, ..., B3 of the triangle in Figure 4. For every T* € T*(T') let 17. , € P2(T™) denote
the polynomial with

J Ve pAjde = 05, for jk=1,...,6
T*
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o Py

Py

F1G. 4. Enumeration of the vertices and edges in a triangle T € T and its subtriangles T* €

T(T).

extended by zero to some 7. , € Po(7*(T')). The partition of unity property of the
Aj shows (., 97. ydx = 1. With the coefficients a; := {. fA;dx, f* is defined via

2f* = 041(‘/’"};,1 + ¢”}6*71) + 042(¢”}2*72 + 1/’”};,2) + 053(‘/’"};,3 + ¢”frg73)
+aa(Vrp g + 0T a) + a5 (V7 5 + U7y 5) + 26 (V7 6 + VT 6)-

Then, it holds that

f f*/\1d$ = (11/2 f ¢;~*71/\1d$ +J, 1/)5«*)1)\1d$ =] = J, f/\ldx
T T ! T O ° T

Analog direct calculations show f*—f L Py(T)in L*(T). Since @1 = A\ +(As+X6)/2,
it holds that

J frdr = a1 + (4 +ag)/2 = J FAL 4+ (Ma + Xg)/2)dr = J forda.
Ty OTY T T

Analogous formulas hold for w}p, N T as well. Their sum proves (8.1).
Similar designs of f* exist for higher polynomial degrees k > 3.
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