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1. Introduction

The biharmonic equation is the simplest and most classical fourth-order model in the computational mechanics of struc-
tures which has recently gained tremendous attention for the numerical simulation of implicit partial differential equa-
tions [1-3]. Since conforming finite element methods require C! conformity, the nonconforming approximation is highly
popular in practice and its most prominent version is the Morley finite element method [4-6] with the space M (T;) of
piecewise quadratic shape functions on regular triangulations into triangles which are continuous at the nodes and have a
vanishing integral of the jumps of the normal derivatives over interior edges, see Fig. 1.

The analysis of this paper is carried out for clamped boundary conditions where the space of admissible functions is the
space Hé(Q) of H? functions whose values and normal derivatives vanish along the boundary. The a priori error analysis
makes use of a certain interpolation operator Iy, and its additional properties and has recently been weakened in the reg-
ularity assumptions on the exact solutions in [7] where its quasi-optimality up to extra volume contributions is derived
for weak solutions in HS(.Q). The a posteriori error control is well developed in [8,9] with explicit residual-based error
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Fig. 1. Morley finite element.

estimators which may drive an automatic mesh-refining algorithm [10,11]. On each triangle T, the local error estimator
contribution consists of a volume term plus tangential jumps of the discrete Hessian along the edges of T,

(1) = W3 f 22y + Y helllDRcuelete 2 g, -
Ee&(T)

The optimality proof follows the paradigm in [12] which has been extended and generalized in [13,14] to various kinds of
second-order elliptic PDEs and in particular in [ 15-20] for nonconforming P, finite element schemes sometimes named after
Crouzeix-Raviart. The key argument for optimality is the discrete reliability

e — tesmlle < Carern?(Te \ Team)- (1.1)

It states that the energy difference of two solutions u, and u,, related to triangulations J, and T, from two different
levels of the adaptive algorithm can be controlled by the error estimator contributions of the triangles in Ty \ T¢4,m with a
constant Cy.e that does not depend on m.

There is a proof for (1.1) by a transfer operator in [11]. The main idea therein is to modify the function u, only on the tri-
angles 7, \ T;4m. It employs the canonical interpolation of the quasi-interpolation by the conforming Hsieh-Clough-Tocher
finite element in the region that consists of all refined triangles which have a positive distance from the unrefined region 7,N
T¢+m and some mixture in the layer between this region and 7; \ T;.+n,. However, in the published version of [ 11, Lemma 5.9],
it is unclear whether the intermediate interpolation operator in that layer is uniformly bounded with respect to m for some
very special configurations. Although that small detail was fixed with a minor variation of the transfer operator in the ver-
sion of [21], this paper generalizes the usage of discrete Helmholtz decompositions [15,17,22] from second-order problems
to fourth-order problems: Any piecewise constant symmetric tensor field o, allows a stable decomposition into a discrete
Hessian of a Morley FEM function ¢y € M(7;) and the symmetric part of a Curl of a piecewise affine H! vector field .
This property allows for an immediate proof of the aforementioned discrete reliability (1.1) and so for an optimality proof
of the associated adaptive finite element method. This provides a simple alternative to the analysis in [11] and may have
many future applications. A similar discrete Helmholtz decomposition was employed in [23] in the context of mixed finite
element schemes for fourth-order problems.

The remaining parts of this paper are as follows. Section 2 introduces the adaptive Morley FEM along with the necessary
notation on regular triangulations and function spaces. Section 3 states and proves the discrete Helmholtz decomposition
and its variants. Section 4 establishes the discrete reliability. Section 5 presents the optimality result based on the concept of
nonlinear approximation classes. Section 6 outlines a simple Matlab implementation of the Morley FEM. Section 7 presents
numerical tests for several nonconvex domains and different bulk parameters.

Throughout the paper standard notation on Lebesgue and Sobolev spaces is employed. The integral mean is denoted by
£ H~'and H2(£2) denote the dual spaces of H(} (£2) and HS(Q). The space of smooth tensor fields with compact support in
02 is denoted by D(£2; R?*?). The dot denotes the product of two one-dimensional lists of the same length while the colon
denotes the Euclidean product of matrices, e.g,a-b=a'b € Rfora,b € R*>andA : B = ZJZ 1 AjkBjk for 2 x 2 matrices
A, B. The notation a < b abbreviates a < Cb for a positive generic constant C that may depend on the domain £2 but not on
the mesh-size. The notation a & b stands for a < b < a. The measure | - | is context-sensitive and refers to the number of
elements of some finite set or the length of an edge or the area of some domain and not just the modulus of a real number
or the Euclidean length of a vector.

2. Preliminaries

This section presents the adaptive Morley FEM and departs with necessary notation on regular triangulations.

2.1. Triangulations and function spaces

Let 2 C R? be a bounded polygonal Lipschitz domain with outer unit normal v. Let T, be a regular triangulation of £2,
with edges &, and vertices N,. The interior (resp. boundary) edges are denoted by &,(£2) (resp. £,(d£2)). Analogously let
N¢(§2) denote the interior vertices and N,(052) denote the vertices on the boundary. The set of edges of a triangle T € T,
reads &(T), the set of vertices of T is denoted by N(T). For any T € T, let hy = |T|"/? and define the piecewise constant



C. Carstensen et al. / Computers and Mathematics with Applications 68 (2014) 2167-2181 2169

mesh-size function hy by hy|r := hr. The length of an edge E € &, is denoted by hg. For any interior edge E € £,(£2), there
exist two adjacent triangles T and T_ such that E = 9T NaT_ (see Fig. 2). Let ve = (vg(1); ve(2)) denote the fixed normal
vector of E that points from T, to T_. For E € &,(0£2), let vg denote the outward unit normal vector of §2. The tangential
vector of an edge E is denoted by 7z := (—vg(2); ve(1)). Given any (possibly vector-valued) function v, define the jump and
the average of v of across E by

(vl == vlr, —vlr_ and (v)g = (v|r, +vl|r_)/2 alongE.

For a boundary edge E € &,(0§2) N &(T,), define [v]g := v|g and (v)g = v|g.
For any T € Ty, the space of polynomial functions of degree k is denoted by Py(T). The space of piecewise polynomials
reads

Pe(T) = {v € [2(2) | VT € T, vt € Pu(T)}.

Let S € R?*? denote the space of symmetric 2 x 2 matrices. Square-integrable functions with values in R?, R**? and S
are denoted by [%(£2; R?), [*(£2; R**?) and L?(£2; S), respectively. The spaces of piecewise vector-valued or tensor-valued
polynomials Py (T¢; R?), P(T;; R2*2) and Py (T;; S) are defined analogously. Real-valued (resp. vector-valued) L? functions
with vanishing integral mean over £2 are denoted by Lé(.Q) (resp. Lﬁ(.Q; R?)). The space of vector fields whose components
are H'(£2) functions is denoted by H!(£2; R?). For v € H!(£2; R?), the Curl reads

o —81)1/8?(2 8v1/8x]
Curlv := <—8v2/8x2 81)2/3?(1 ’

The symmetric and the deviatoric part of a 2 x 2 matrix are defined as symA := (A+A")/2 and devA := A—1/2 tr(A) 122.
The piecewise action of the differential operators V and D? is denoted by Vyc and Dﬁc. The L? projection onto piecewise
constants with respect to T, is denoted by Iy 5, = Il .

2.2. Morley finite element discretization of the biharmonic equation
Given f € L?(£2), the biharmonic problem seeks u € H2(§2) with
ou
Au=f in2 and u= - =0 ondsf.
v

Its weak form utilizes the Hilbert space V = HS(Q), namely the closure of D(§2) with respect to the H?> norm, and the
bilinear form

a(v, w) = / D*v:D*wdx forallv,weV
2
with induced norm || - || := a(-, -)'/?. The weak formulation seeks u € V such that
a(u,v) = / fvdx forallv e V =H(R2). (2.1)
2

The Morley finite element space reads

M(Ty) == [v € P,(T,) | v is continuous at the interior vertices and vanishes at the vertices of 9£2;

Vncv is continuous at the interior edges’ midpoints and vanishes at the midpoints of the edges of 92 ]

The discrete version of the energy scalar product reads

anc(v, w) = / Dicv: Dicwdx forallv, w € V + M(T;)
2

with induced discrete energy norm || - f|nc := anc(-, -)*/2. The Morley finite element discretization of (2.1) seeks u; € M(T;)
such that
anc(ug, vg) = / fvedx forall v, € M(Ty). (2.2)
2

2.3. Explicit residual-based error estimator

For any T € T, the explicit residual-based error estimator 7, := 1,(7;) consists of the contributions
(1) = I3f 22y + Y hel[DRcueletelZg, forany T e 7o,
Ec&(T)

nf(J{) = Z nf(T) for any subset X C T;.
Tex
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Fig. 2. Adjacent triangles T_ and T, that share the edge E = 9T_ N 9T,..

/N AN A A

Fig. 3. Possible refinements of a triangle T in one level within the NVB. The thick lines indicate the refinement edges of the sub-triangles as in [24,25].

The global error estimator 1, is known [8,9] to be reliable and efficient in the sense that there exist constants Ce; & 1 & Cet
such that

-1 2 2 2 2
Crat It — uellye < np < Cegellu — uellye + osc”(f, Te) (2.3)
where the oscillations read

s, %) =3 Hh% (f - frfdx)

Tex

for any subset X C 7.

2
L2(T)

2.4. Adaptive mesh-refinement

Let Ty be some (coarse) initial triangulation of §2. The set of regular triangulations created from T, by the Newest-Vertex-
Bisection (NVB) [24,25] is referred to as set of admissible triangulations and denoted by T.
The adaptive algorithm is driven by this computable error estimator and runs the following loop

Input. Initial triangulation Ty, bulk parameter 0 < 6 < 1.
for{ =0,1,2,...do
Solve. Compute discrete solution u, € M(7;) of (2.2) with respect to T,.
Estimate. Compute local contributions of the error estimator (n% (T))Tew‘
Mark. The Dorfler marking chooses a minimal subset M, € T, such that

Oz (Te) < n2(Mp).
Refine. Compute the closure of M, and generate a new triangulation 7, using the refinement rules of Fig. 3. end do
Output. Sequences of triangulations (7;), and finite element solutions (u),.

3. Discrete Helmholtz decompositions
This section is devoted to the proof of some discrete and continuous Helmholtz-type decompositions. Define
H'(2:R%) = {v e H'(2; R?)| f vdx = 0and / divvdx = o}
2 2
and X(7,) := Py(T; R?) N H'(2; R?).

Theorem 3.1 (Discrete Helmholtz Decomposition for Piecewise Constant Symmetric Tensor Fields). Let §2 be simply connected.
Given a piecewise constant symmetric tensor field o, € Py(T¢; S), there exist unique ¢, € M(T,) and Yy € X(T,) such that

oy = Dc¢e + sym Curl . (3.1)
The functions ¢y, V¢, oy from (3.1) satisfy, with the constant Cyqgevaiv from Lemma 3.3, that
ligeline + lICurl ¥ ll12( o) < max{1, 3Cirdevdiv} lloell12(e)- (32)

The proof is based on an analogue of Korn's inequality. Recall the following well-known result, which is some straight-
forward modification of [26, Proposition 3.1 in Section IV.3].

Lemma 3.2 (Tr-Dev-Div Lemma). There exists a constant 0 < Ciqevaiv < 00 such that any p € L*(2; R**?) with [, tr(o) dx =
0 satisfies

loll2(:r2x2y < Ctrdevdiv(”devp||L2(Q;R2><2) + ||divp”H*1(Q;R2))' g
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Lemma 3.3 (Korn-Type Inequality). Any v € H'(£2; R?) satisfies
ICurl v||;2(o) < 3Cirdevaiv ISym Curl v ;2.
Proof. Direct calculations in the 2D case reveal
ICurlv||;2qy = [IDvlj2¢p) and [Isym Curlv||;2 o) = [[devDv||;2(g). (3.3)

Since f_Q divvdx = 0, p := Dv in Lemma 3.2 leads to

||DU||L2(9) = Ctrdevdiv(||deVDU”L2(9) + “AU”H—l(Q))' (34)

For the estimate of || Av||y-1(o). let @ = (¢1; ¢2) € H}(£2; R?) with [|Dg||;2(o, = 1. A direct calculation proves
©2 0\ _
D¢ + Curl ( ) ) = 2devsym Dg.
—¥1

This and the orthogonality of Dv and Curl (—¢,; ¢1) lead to

/Dv:Dtpdx:/Dv: D¢ + Curl #2 dx=2/Dv:devsymD(pdx.
2 Q 4 2

Since (devA) : B=A: (devB) for A, B € R?>*?, this equals
2/ devDv : symDg dx < 2|/devDv||;2(q)-. (3.5)
2

Altogether, this shows
lAV|l-1(0) < 2|ldevDu||;2(q)-
The combination with (3.3)-(3.4) concludes the proof. O
Proof of Theorem 3.1. Since the contributions on the right-hand side of (3.1) are L?>-orthogonal, it suffices to verify that
dim(Po(T¢; S)) = dim(D3(M(T¢))) + dim(sym Curl (X (7¢))). (3.6)
Lemma 3.3 implies that the kernel spaces of Curl and sym Curl coincide. Therefore
dim(sym Curl (X(7¢))) = dim(Curl (X(7¢))) = dim(D(X(T¢))).
Since
X(T0) = (P(Te: B?) O Hy(2; B2)) /span { (5) , (?) , q}
for the function q(¢) = & — fg x dx, the dimension of D(X(7;)) equals 2|N¢| — 3. Obviously dim(Py(7¢; S)) = 3|T¢| and
dim(DﬁIc(M(frg))) = |N¢(£2)| + |€¢(£2)|. Hence, the proof of (3.6) follows from the well-known Euler formulae
INel + 1Tl = 1+ [€¢] and 2|T¢| + 1= |N¢| + [£¢(£2)].
The proof of the stability (3.2) follows from the orthogonality of the decomposition and Lemma 3.3. O

The following discrete decompositions for general piecewise constant tensor fields are direct consequences of Theo-
rem 3.1.

Corollary 3.4 (Discrete Helmholtz Decomposition for Piecewise Constant Tensor Fields I). Let $2 be simply connected. Given a
piecewise constant tensor field o, € Py(T;; R?*?), there exist unique ¢, € M(Ty), ¥, € X(T¢) and py € Po(T,) such that

0
oy = D¢ + sym Curl ¥, + <_)0( %z)

and

lligeline + ICurl Yrell 2oy + lloelli22y S lloellizg)-

Proof. This follows from the orthogonality of the decomposition and the observation that dim (P (7;; R?*?)) — dim(Py(T¢;
S) =17l O

Corollary 3.5 (Discrete Helmholtz Decomposition for Piecewise Constant Tensor Fields II). Let $2 be simply connected. Given a
piecewise constant tensor field o, € Po(T¢; R**?), there exist ¢ € M(Ty), Yo € P1(T¢; R?) N H'(2; R?) N L2(£2; R?) and
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pe € Po(T¢) NLZ($2) such that

0 p
oy = D12\1C¢Z + Curl '(ﬁ( + <_,0£ 0)
and

ligeline + ICurl el 2oy + loellize) S lloellizg)-

Proof. The fact that, forany ¥ € H'(£2; R?),

Curl 9 = sym Curl ¢ + (—d(i)vﬂ d“(/)ﬁ) and (_01 (1)) = Curlq (3.7)

for the function q(§) := & — f, xdx and Corollary 3.4 imply the assertion. O

The decomposition of Corollary 3.5 is a discrete analogue of [8, Lemma 1]. It allows for an alternative proof of that result.
Recall that £2 is simply connected.

Theorem 3.6 (Lemma 1 of [8]). Given any o € L?(£2; R**?), there exist ¢ € H3(£2), ¥ € H'(2; R?) N[3(2; R?*) and p €
L2($2) such that

_n2 0 »
a_Ddb—l—Curlw—i-(_p 0
and
ID*B 20y + ICurl ¥ ll 2y + 0120 < llolli2(0)-

Proof. Let (7, | £ € N) denote a sequence of uniformly refined triangulations of £2 and let oy := I 0. Corollary 3.4 yields

0
oy = D3c¢e + sym Curl v, + (—,045 /())€> .

The stability of the decomposition shows that there exists a subsequence (not relabeled here for simplicity) such that, for
{ — o0,

Dicoe — A, symCurlyy — B,  pg — p inL2(2; R¥?) or [*(2). (3.8)

Letm > n > £.The fact that sym Curl ¥y, € Po(Tpin; R?*?) C Py(Tepm; R?*?) and the orthogonality of the decomposition
prove

/ o :symCurl Yy, dx = f Op4m - Sym Curl ¥y, dx
2 2

= f sym Curl ¥y 1, : sym Curl Yo, dx.
2

Hence,

[Isym Curl (Yrg4m — 1//@+n)||zz(9) = / o :symCurl (Yyim — Yopn)dx — 0 asm,n — oo.
2

This and analogous arguments for the remaining contributions show that the convergence in (3.8) is indeed strongly in
[2(£2) or [?(£2; R?*?). Therefore, B = sym Curl v for some y» € H'(£2; R?) and p € L?(£2). For the proof that A = D?¢ for
some ¢ € HS(Q), let ¢ : 2 — R?*? be a smooth test function. The integration by parts reveals, for any ¢ € N, that

/Dﬁcff’zi‘ﬂd":Z(
2

Eegy

/[VNc¢e]E <vpp ds — /[¢[]EdiV(p - Vg ds) + / ¢y : divdiv @ dx,
2

E E

where the divergence of a vector field is understood row-wise. For any edge E € &, the Poincaré and Friedrichs inequalities
and the trace inequality prove that

1/2 2 3/2 2
ITVncoelellze < by 2 ID2chellzwy and  [gelellze < e > ID2chell2wp)-

Hence, the jump contributions vanish in the limit £ — oo. The Friedrichs inequality shows ¢, — ¢ € L?(£2) and so

/A:(pdx: lim/Dﬁcng:(pdx: lim/fmdivdiwpdx:/¢divdiv<pdx.
o - Jo -0 Jo o
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Therefore, A = D¢ and ¢ € HZ(£2). This establishes the decomposition

o = D*¢ + sym Curl ¥ + <_0/~) '8)

and
ID*ll2@) + ICurl ¥l 2 ) + 15122 < lloll2(e)-
Define the functions ¥ € H'(£2; R?) N L3(£2; R?) and p € L3(£2) via

V() = T (E) + fﬂ B dx (g - fﬂxdx) and p=p— fﬂ B dx — div .
The observation (3.7) proves the asserted decomposition. The stability follows from the triangle inequality. O

4. Discrete reliability

This section is devoted to the proof of discrete reliability via the discrete Helmholtz-type decomposition of Section 3.
This is an alternative approach to [11, Lemma 5.5].

Theorem 4.1 (Discrete Reliability). There exists a constant Cqre; = 1 such that any admissible refinement Ty, € Tof 7, € T
and the respective discrete solutions u, € M(T;) and gy, € M(Tom) Satisfy

2 2
e — ul+m|”Nc < Carete(Te \ Teqrm)”

Proof. The discrete Helmholtz decomposition from Theorem 3.1 leads to ¢y+m € M(Ty1m) and Yyrm € X (To4m) such that

Dic(Ugsm — Ug) = DRcrrm + sym Curl Y.

The orthogonality of the decomposition proves

Ntterm — uellie = ancWerm — e, Pem) — / Dicue : Curl Yo dx. (4.1)
I

The Morley interpolation operator Iy : M(T¢4m) — M(T¢) is defined via

(Ieverm)(2) = vem(z) foranyz € Ny and any veym € M(Teqm)

olyv v
/ﬂ ds = / ZH s for any E € &, and any vy € M(Tyym)
E OVg E Ovg

and satisfies the following approximation and stability property [11] forany T € T,

172 (1 = T vesmllizery + 117 Ve (D = 1) vermll2ery + IDRclevesmllizey S IDRcVesmllzq)- (42)
A piecewise integration by parts proves the projection property
Mo (D3¢ = Dcly. (4.3)

The projection property of the Morley interpolation operator (4.3) and the approximation and stability property (4.2) prove
for the first term of (4.1) that

anc (Uerm — Ug, Geym) = / F = I)permdx < ||h§f||L2(u(n\cr@+m)) I Pe-+mlln-
2

Let ¥, € P;(T;) NH'(£2) denote the Scott-Zhang quasi-interpolation [27] of ¥, with the property that ;| = Ve for
alledgesE € &, N&ym. Since Curl ¥, and Dﬁcug are L?-orthogonal, an integration by parts shows for the second term of (4.1)

/ NCul Curl Yrpymdx = /([DNCUZ]ETE) (Yerm — Vo) ds.
2

Ecé\egym

Cauchy and trace inequalities and the approximation and stability properties of the Scott-Zhang quasi-interpolation prove
that this is bounded by

12
(Z ZhEH[DNcUz]ETEHLz(E)) IDYesmlli2(0)-

TeT\Tpm Ec&(T)

The combination of the foregoing estimates and the stability (3.2) conclude the proof. O
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5. Optimal convergence rates

This section outlines the proof of Theorem 5.1 (Theorem 6.2 from [11]) and follows the standard arguments from [13,25],
cf. also [14] for a more general paradigm of optimality of adaptive algorithms. This outline is added for completeness and a
convenient reading to underline the role of discrete reliability.

5.1. Approximation classes and optimality result

Let, forany N € N,
T(N) ={T € T||T] — [To| <N}
and define the seminorm

1/2
(@ Pl = supN°_inf (1 = Ton)D?ullh g, +0s(f, 7))
NeN TET(N)

and the approximation class

As = {W.f) €V x 2(@)] U, f)la < 00}
An alternative approximation class reads

Ay = {.f) €V x [*(2)| A’u=finH?(£2) and |(u, f)| o, < 00}
for the seminorm

1/2
|(u, f)]a = supN° ( inf flu — ugllfc + osc(f, T))
NeN TET(N)

where uy is the Morley FEM solution of (2.2) with respect to T and the right-hand side f.
The best-approximation results of [7, Lemma 2.1] show that

lu = usliye < 11 = Mo)DPullly ) + 05C(f, 7).

Therefore the approximation classes are equivalent in the sense that
(u, A%u) € A; ifandonlyif (u, A%u) € AL
The optimality result is stated in the following theorem.
Theorem 5.1 (Optimal Convergence Rates). Let §2 be simply connected. For any (u, A%u) € A, the adaptive algorithm of Sec-

tion 2.4 computes sequences of triangulations (T,), and discrete Morley FEM solutions (u,), with optimal rate of convergence in
the sense that for sufficiently small < 1 there exists a constant Cope ~ 1 such that

(7el = I‘Tol)s\/lllu — ulIRe + 052 (f, Te) < Coptl (u, A%u)|y,.

The proof follows in Section 5.2 and employs the following two results of [11].

Theorem 5.2 (Quasi-Orthogonality, Lemma 3.4 of [11]). Let T¢+m € T be some admissible refinement of T, € T. The discrete
solutions u, € M(T,) and ugm € M(T¢m) satisfy for a constant Cyo ~ 1 that

2 2
lanc (U — Ugim, Ugym — Ue)| < Cgo E ”hTfHLZ(T)”DNc(u - u(3+m)||L2(T)- O
TeT\To4m

Theorem 5.3 (Contraction Property, Theorem 4.5 of [11]). There exist constants 0 < p < 1and0 < B, y < oo such that for T,
and its one-level refinement T, created by AFEM, the quantity

&2 = llu — w3 + BIRFI% o) + vi?
contracts in the sense that

1 < p& forallt =0,1,2,.... O

5.2. Proof of optimality

This subsection outlines the optimality proof of [11]. Let, for any ¢ € N, eé = flu —u, |||§C + osc?(f, T¢). The optimality
proof makes use of the following consequence of the quasi-orthogonality (Theorem 5.2) and the efficiency of the error
estimator. There exists a constant C =~ 1 such that for 7, and any refinement J;,, € T there holds

€ m < Cej. (5.1)
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Lemma 5.4 (Lemma 6.1 of [11]). For any £ € N the number of marked triangles is controlled as

Vel S 1, OIS e

Proof. Let0 < o < land €? := C”oeeﬁ. Since (u, f) € A, there exists an optimal triangulation T, € T with Morley finite
element solution u, € M(7,) such that

1 —
|Tel = 10| < I(U,f)lf6 Y and lu = ucllie + 0s(f, 7o) < €% (5.2)

Let 7, denote the overlay of 7, and 7, defined as the smallest common refinement of 7, and 7, and let u, denote the discrete
FEM solution with respect to 7,. The estimate (5.1) proves

lu — wll2c + 0sc*(f, 7.) < Ce* = ael.
The quasi-orthogonality from Theorem 5.2 followed by the Young inequality prove

(1 05)2
2

|2aNC(u — Uy, U — Ug)| =<

)
7 +2C, 1_0677@(%,7{ \ 7).

The foregoing two displayed estimates together with the definition of € and the discrete reliability from Theorem 4.1 prove
(1—a)e; < Jlug — wllje + 2anc(u — ., u, — ) + 05c*(f, Tp) — 0sc*(f, T.)

1—-a) o
> f —+ (1 + chzlom + Cdrel) 77?(7[ \‘I*)-

Thus, the efficiency n7 < Cegre? leads to

On;(Te) < np(Te \ To)

forf < (1 —a)?/ (2Ceff((l —a)(1 4 Cgret) + 20{C§0)). Hence, 7; \ 7, satisfies the bulk criterion. The minimality of M, and
the properties of the overlay prove

[Mel < 1Tl = [Tel = |Tel = |Tol.
This and (5.2) conclude the proof. O

Proof of Theorem 5.1. The contraction from Theorem 5.3 and the reliability and efficiency (2.3) prove for any k € N with
k < £ that

k
e S& S e

The overhead control |T;| — |To| < Zf:

1 -1
AR S Z|M,| <lwplye /szpw /s

j=1

1 1V;| from [24], Lemma 5.4 and (5.1) therefore lead to

Since the geometric sum on the right-hand side is uniformly bounded, the equivalence of |(u, )[4, and |(u, f)|4, concludes
the proof. O

6. Numerical realization

This section introduces a Matlab program to compute the Morley FEM solution of A%u = f with clamped boundary
conditions in the spirit of [28].

6.1. Shape functions

The three vertices of the triangle T are denoted by P;, P, P; and the edges opposite are denoted by E1, E», E3 as depicted
in Fig. 4. Each edge E; is equipped with a global sign oj € {£1} such that vg, = ojvr. Let @1, ¢, @3 denote the barycentric
coordinates on T. The six local basis functions [29] read

Vi = ¢ + 20191 — Vi1 - Vo Y ol — 1D/ [Varl,
k7 (6.1)
Y34 = 0jpi(p; — 1)/|Vgy| forj=1,2,3
and satisfy (with the Kronecker §) that forallj, k = 1,2, 3

a
Vi(P) = %ﬂ (mid(Ey)) = & and  Y34(P) = l(mld(Ek)) =0.
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Ps

E, E;

P] P2
E;

Fig. 4. Local enumeration of vertices and edges.
6.2. Local stiffness matrix

The second derivatives of 1, ¥, V3 read

Vi1 Vi ) 0%+
3y [3<ﬂj+1 3<Pj1:| IVgi]? Xy
ax0xe | Ox ax, 5 _y Vi1 - Vo 091
Vo1 0xy
With the matrices

091/0x1  0¢1/0x;
G= i k=1,2,3"

3¢y /0% 3¢2/3X2:| and M:=G'G= (Vg Vo)
dp3/0x1  0@3/0x;
the first three rows of the Hessians H(1:3, :) are computed as a result of the lines 16-19 in the program displayed in
Section 6.5. The second derivatives of ¥4, ¥s, ¥g read
P Yirs _ 205 3¢ By
axdxe |V dx, 9%,

forj=1,2,3; k,£=1,2.
The Hessians H(4:6, : ) are computed by line 19 in Section 6.5. This leads to the local stiffness matrix

STIMA(T) := </ D*y; : D’y dx) = |T|Hdiag(1,2, DH'.
T jk=1,....6

6.3. Right-hand side

For any T, the contribution to the right-hand side vector is computed with the quadrature formula which is exact for
piecewise constant f,

1< _ .
/fz//]- dx =3 > f(mid(E) y;(mid(E)).
T j=1

The evaluation of i/, . . ., Y3 at the quadrature points is realized in line 21 while 4, . . ., ¥ are evaluated in line 22 of the
program in Section 6.5. The resulting matrix

,,,,,

is used in line 23 to perform the quadrature

V1 7| [f(midEn)
[] s | a="507 | rmiday |
" (mid(E3))

6.4. Data structures

The triangulation 7 is described by the matrices c4n € RN'*? and n4e e R!I*3 where the jth row of c4n contains
the coordinates of the vertex z; while the jth row of n4e gives the global numbers of the vertices of the triangle T;. The
rows of n4sCb € RIE@2)Ix2 contain the numbers of the two endpoints of the boundary edges. The global edge enumeration
nés is computed from the input in line 4. For the edge E; = conv{z, z,}, the entry reads n4s(j, :) = [k,£]. The three edge
numbers of each triangle are described by the rows of s4e. If the nodes with global numbers j, k are the endpoints of the
edge number ¢, then sparse matrix s4n has the entry s4n(j, k) =¢ and zero otherwise. Finally, each row of e4s € RI¢/*?
gives the numbers of the triangles T, T_ shared by an edge E. For edges on the boundary, the second entry is zero.
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ERN

Fig. 5. L-shaped domain, domain with 1/8 cusp and domain with 1/16 cusp.

6.5. Matlab program

The assembly and overall setting of the program is rather standard [28,30] and not further discussed in this paper because
the complete script fits into 30 lines of Matlab. Given the geometry c4n, n4e, the boundary datan4sCb and the load function
f as input as described in Section 6.4, the following function computes the Morley FEM approximation of the biharmonic
problem.

function x = MorleyFEM(c4n,n4e,n4sCb,f)

1
2 allSides = [n4e(:,[2 3]); nde(:,[3 11); nde(:,[1 21)1];

3 [7,ind,back] = unique(sort(allSides,2),’rows’);

4 n4s = allSides(ind,:); s4e = reshape(back,size(nde));

5 s4n = sparse(n4s(:,1),n4s(:,2),1:size(nds,1),size(c4n,1),size(c4n,1));

6 s4n = s4n + s4n’; ElemNrs = repmat (l:size(nde,1),1,3);

7 allElem4s (ind)=accumarray (back,ElemNrs) ;

8 ed4s = [ElemNrs(ind)’, allElem4s(ind)’-ElemNrs(ind)’];

9 A = sparse(size(c4n,1)+size(n4s,1) ,size(c4n,1)+size(nds,1));

10 b=zeros(size(A,1),1); x=b; 1=[2,3,3,1,1,2];

11 for el = 1 : size(nde,1) 7 loop over all triangles

12 L=[nde(el,:),size(cd4n,1)+sde(el,:)];

13 area = det([1,1,1;c4n(L(1:3),:)°1)/2; sg=[1;1;1]-2%(e4ds(sde(el,:),2)==el);
14 G = [1,1,1;c4n(L(1:3),:)°] \ [0,0;eye(2)]; M = GxG’; z=diag (M) ;

15 R = repmat ([M(2,3);M(3,1);M(1,2)]1,1,2)./[=2([2,3,1]1),2z([3,1,2])];

16 H=[reshape (G([I,3+I,3+I]1)*...

17 (kron(eye(9),[0,2;2,0]) -2*diag(repmat (reshape(R’,1,6),1,3)))*...

18 blkdiag(G(2:3),G([3,1]1),G(1:2),G6G(2:3),G([3,11),G(1:2),G(5:6),...

19 G([6,4]),G(4:5))°,3,3);2xdiag(sg./sqrt(z))*G(:,[1,2,2]) .xG(:,[1,1,2]1)];
20 A(L,L) = A(L,L)+ areaxHxdiag([1,2,1])*H’;

21 Q=[.5+([0,R([2,3],2)’;R(1,2),0,R(3,2);R(3,[2,1]),0]+diag(sum(R,2)))/4,...
22 repmat (sg’./sqrt(z)’,3,1) .x(ones (3) -eye(3))/9];

23 b(L)=b(L)+area/3 *Q’*(f((c4n(L(1:3),:)+c4n(L([2,3,1]1),:))/2)); end

24 CbSides = s4n((n4sCb(:,1)-1)*size(cd4n,1)+ndsCb(:,2));

25 dof = setdiff (1:size(A,1),[unique(n4sCb);size(c4n,1)+CbSides]);

26 x(dof) = A(dof,dof)\b(dof);

The solution can be plotted with the following lines

X=c4n(:,1)’; Y=c4n(:,2)°’; Xcrd=X(nde)’; Ycrd=Y(nde)’;
Z=x(n4e)’; C=sum(Z,1)/3; figure; patch(Xcrd,Ycrd,Z,C); view(-37.5,30);

Remark 6.1. The update of the sparse matrix in each loop iteration can be replaced by building the stiffness matrix directly
from an array of local stiffness matrices and proper index sets as described in [31].

7. Numerical examples

This section presents numerical tests on the performance of the adaptive Morley FEM and illustrates the optimal con-
vergence rates as well as the superiority of adaptive over uniform mesh-refinement.

7.1. Realization

The computational tests are carried out for the three nonconvex domains of Fig. 5. The convergence history plots compare
the convergence rates for bulk parameters & = 0.1, ..., 0.9 with uniform mesh-refinement.

The error quantities in the convergence history plots are plotted against the degrees of freedom. Besides », and ||u—u¢||nc,
the averaging error estimator of [32] is plotted for comparison. Define the piecewise affine H' tensor field oy, ¢ by

Oav,e(2) = Dicuydx foranyz e N
wz

for the nodal patch w, = U{T € 7; | z € T}. The reliability
llu — ueline S ||D§c”£ - Gav,ZHLZ(Q) + ||h123f||L2(_Q)

is proven in [32].
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Fig. 6. Convergence history of the error and estimators for the L-shaped domain with # = 0.5, ..., 0.9 and uniform mesh-refinement.
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Fig. 7. Convergence history of the error and estimators for the L-shaped domain with = 0.1, ..., 0.6.
7.2. L-shaped domain

Consider the L-shaped domain 2 = (-1, 1)? \ ([0, 1] x [—1, 0]) with o := 0.5444837 and w := 37 /2. The exact
singular solution from [33, p. 107] reads in polar coordinates as

u(r,0) = (r*cos?@ — 1)* (r*sin 0 — 1)*r' ™ g, ,(0) (7.1)

for

1
. Do) —
p— sin((a — 1w) P

Zu0(®) = ( sin((o + 1)w)> (cos((e — 1)6) — cos((ex + 1)6))

a4+ 1

1
- ( 7 sin((e — Do) — sin((a + 1)9)) (cos((@ — D) — cos(( + Dw)).
o —

Figs. 6-7 show the convergence history of the error estimators and the exact error for uniform and adaptive meshes. The
convergence rates for uniform mesh-refinement as well as for large values of 6 is sub-optimal. The choice of 6 < 0.5 leads
to the optimal convergence rate starting from the first loop in the adaptive algorithm. The averaging error estimator is very
accurate in the sense that both the reliability and efficiency constants seem to be close to 1.
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Fig. 8. Convergence history of the error and estimators for the 1/8 cusp domain with # = 0.5, ..., 0.9 and uniform mesh-refinement.
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Fig.9. Convergence history of the error and estimators for the 1/8 cusp domain withf = 0.1, ..., 0.6.

7.3. Domain with 1/8 cusp

On 2 = (-1, 1)?\conv{(0, 0), (1, —1), (1, 0)}, the exact solution from [33, p. 107] is defined via (7.1) for the parameters
o = 0.50500969 and w = 77 /4. Figs. 8-9 show the convergence history of the error estimators and the exact error for
uniform and adaptive meshes. The choice of & < 0.5 yields optimal convergence rates while larger values of 6 or uniform
refinement lead to sub-optimal convergence rates.

7.4. Domain with 1/16 cusp

On 2 = (-1, 1)*\conv{(0, 0), (1, —0.5), (1, 0)}, the exact solution [33, p. 107] is given via (7.1) for the parameters o :=
0.50060833 and w := 157 /8. Figs. 10-11 show the convergence history of the error estimators and the exact error for uni-
form and adaptive meshes. As in the previous examples, the averaging error estimator yields a very accurate approximation
of the true energy error.

Figs. 12-13 display the adaptive meshes for different values of 6. The adaptive mesh-refinement mainly concentrates on
the re-entrant corner. In contrast to second-order problems, one can observe some additional refinement layers at the flat
parts of the boundary.
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Fig. 10. Convergence history of the error and estimators for the 1/16 cusp domain with & = 0.5, ..., 0.9 and uniform mesh-refinement.
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Fig. 11. Convergence history of the error and estimators for the 1/16 cusp domain with6 = 0.1, ..., 0.6.

XXX

X

Fig. 12. Adaptive meshes for the 1/16 cusp example. Left: 0 = 0.1; level 23; 3582 degrees of freedom. Right: 6§ = 0.5; level 8; 5267 degrees of freedom.



C. Carstensen et al. / Computers and Mathematics with Applications 68 (2014) 2167-2181 2181

XXX

Fig. 13. Adaptive meshes for the 1/16 cusp example. Left: & = 0.8; level 5; 3628 degrees of freedom; Right: & = 0.9; level 5; 5393 degrees of freedom.
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