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GUARANTEED LOWER BOUNDS FOR EIGENVALUES

CARSTEN CARSTENSEN AND JOSCHA GEDICKE

ABSTRACT. This paper introduces fully computable two-sided bounds on the
eigenvalues of the Laplace operator on arbitrarily coarse meshes based on
some approximation of the corresponding eigenfunction in the nonconforming
Crouzeix-Raviart finite element space plus some postprocessing. The efficiency
of the guaranteed error bounds involves the global mesh-size and is proven for
the large class of graded meshes. Numerical examples demonstrate the reliabil-
ity of the guaranteed error control even with an inexact solve of the algebraic
eigenvalue problem. This motivates an adaptive algorithm which monitors the
discretisation error, the maximal mesh-size, and the algebraic eigenvalue error.
The accuracy of the guaranteed eigenvalue bounds is surprisingly high with
efficiency indices as small as 1.4.

1. INTRODUCTION

The well-established Rayleigh-Ritz principle for the algebraic as well as for the
continuous eigenvalues of the Laplacian,

(1.1) —Au=Au for u e V\{0} := Hj(2)\{0},
immediately results in upper bounds of the eigenvalues by Rayleigh quotients
(1.2) M < R(v) = [ol2/[v]]?  for any v € V\{0}.

Standard notation on Lebesgue and Sobolev spaces and norms is adopted through-
out this paper and, for brevity, |-|| := [|-||r2(q) denotes the L? norm and ||| :=
[Vllz2@) = |"|mi(q) denote the H' semi-norm for the entire bounded polygo-
nal Lipschitz domain Q. Although A; in (L2) denotes the first exact eigenvalue
of ([LI)), the well-established min-max principle applies to the higher eigenvalues
0 < A <X < A3 <....Since upper bounds are easily obtained by conforming
discretisations via (2, the computation of lower bounds is of high interest and
we solely mention the milestones [For55[Wei56L[AD04] for asymptotic lower bounds
in the sense that they provide guaranteed bounds under the assumption that the
global mesh-size is sufficiently small. Unfortunately, the minimal mesh-size re-
quired to deduce some guaranteed lower eigenvalue bound is not quantified in the
current literature—so nobody knows whether some mesh allows some guaranteed
bound or not. This paper establishes guaranteed lower bounds even for very coarse
triangulations like those of Figure [l for the unit square Q = (0,1)? with only two
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2606 C. CARSTENSEN AND J. GEDICKE

FIGURE 1.1. Criss (left), criss-cross (middle) and union-jack
(right) triangulations of the unit square in 2, 4, and 8 congruent
triangles.

triangles. For the three meshes of Figure [[LT] clearly in the pre-asymptotic range
of convergence, Theorem [3.1] of this paper provides the guaranteed bounds

(1.3) 23371 < A <32, 4.2594 <\ <24, and 6.6182 < )\ < 22.0397

for the first exact eigenvalue \; = 272 = 19.7392 despite the coarse discretisation
with just 1, 4, or 8 degrees of freedom in a Crouzeix-Raviart nonconforming finite
element discretisation (CR-NCFEM); cf. Examples B and [310 below for more
details.

To the best knowledge of the authors, any other a posteriori error control requires
some (unquantified) sufficiently small global mesh-size [CGII,[DDP12,[DPRO3];
for an a priori error analysis see [BO9I1LISEF73]. The asymptotic convergence of
the conforming FEM is presented in [CG11LI[GMZ09,[GG09] and the asymptotic
quasi-optimal convergence and complexity in [CG12bl[DRSZ08,[DXZ08]. Recently,
[HHL11] proves asymptotic lower bounds of several nonconforming FEM and higher
order elliptic operators. The main results of this paper are by no means restricted
to the present case and work for 3D as well as for biharmonic eigenvalue problems
[CG12al.

To describe the main results of this paper, let 7 be an arbitrarily coarse shape-
regular triangulation of the polygonal domain € into triangles with set £ of edges
and let

CRY(T) := {v € P,(T) | v is continuous at mid(€) and v = 0 at mid(E(9N))}

denote the Crouzeix-Raviart nonconforming FEM spaces for the piecewise first-
order polynomials P(T) := {v € L?(Q) | VT € T, v|y is affine}. The degrees of
freedom for a triangle are depicted in Figure Suppose that (:\CRJ, Ucr) €
R x C’R(l)('T) is some computed approximation of the smallest exact eigenvalue \;
of the associated algebraic eigenvalue problem with the stiffness matrix A, the
(diagonal) mass matrix B, and the algebraic residual r := Alicr,1 — S\CR,lBﬁCR,l
for the algebraic eigenvector ticg,1. Suppose that the first approximated discrete
eigenvalue S\CRJ is closer to the first discrete eigenvalue Acg,1 than to the second
discrete eigenvalue (which has to be guaranteed by algebraic eigenvalue analysis)
and that |[r||g-1 < Acr1. The numerical experiments of Section Bl show that for
the simple first eigenvalue the algebraic separation condition is not critical, but
a cluster of eigenvalues may lead to difficulties with this separation condition on
the level of the algebraic eigensolve. The first main result, in Theorem [3.1] below,
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GUARANTEED LOWER BOUNDS FOR EIGENVALUES 2607

FIGURE 1.2. Crouzeix-Raviart finite element.
implies

Acr1 — [rlB-1 _
— <M < R(Zemtcr,)-
L+ r2(Acp — [rllg-1)H?

Since 5\03,1 is the nearest approximation to Acg 1, the algebraic residual r yields
an upper bound for the discrete eigenvalue error in Lemma Moreover, H :=
maxper diam(7T) denotes the maximal mesh-size and Z¢ys denotes the interpolation
operator of Section Bl which ensures Zepyticor,1 # 0 to define the Rayleigh quotient.
The explicit constant x reads x2 := (1/8 + 31_12) < 0.1932 for the first positive root
ji1 of the Bessel function of the first kind.

Note that the nonconforming eigenvalue for the first two meshes of Figure [Tl
reads A¢r,1 = 24 and is larger than the solution A = 272, This novel observation
shows that the nonconforming eigenvalue by itself does not always provide some
lower bound for arbitrarily coarse meshes in contrast to the lower bound given in
this paper. The asymptotic a posteriori error control of [AD04] does not provide
those error bounds.

The second main result, Theorem [£.]] guarantees efficiency in the sense that the
difference of the upper and lower bound is bounded by the error for the large class
of graded meshes.

The lower bound is generalised to higher eigenvalues under some explicit given
mesh-size restriction plus the aforementioned separation condition. Together with
a conforming approximation for an upper bound, the bounds for the higher eigen-
values are also efficient.

The efficiency for graded meshes motivates the development of an adaptive al-
gorithm that balances the finite element error and the global mesh-size H in order
to reduce the difference of the upper and lower eigenvalue bounds.

The remaining parts of this paper are organised as follows. Section[2presents the
model problem (L)) and the necessary notation. Section[3 proves the explicit lower
and upper bounds for the smallest eigenvalue based on the nonconforming discrete
eigenvalue as well as on its approximation. The efficiency of the resulting a posteri-
ori error estimator follows in Sectionll Section Blestablishes some bounds for higher
eigenvalues and their efficiency. Section [6] presents some adaptive algorithm which
monitors the discretisation error, the maximal mesh-size, and the algebraic eigen-
value error and verifies the theoretical results in some numerical experiments. An
empirical comparison of conforming and nonconforming discretisations is included
as well. Since the consistent mass matrix is diagonal, nonconforming discretisations
are of particular attraction in practise.

Throughout this paper, A < B abbreviates the inequality A < CB for some
constant C' that does not depend on the mesh-sizes but only on some lower bound
of the minimal interior angle in 7.
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2608 C. CARSTENSEN AND J. GEDICKE

2. NOTATION AND PRELIMINARIES

The weak formulation of the model problem (L) looks for the eigenpair (A, u) €
R x V with b(u,u) = 1 and

a(u,v) = Xb(u,v) for all v € V := H}(Q).

Here and throughout this paper, the scalar products a(-,-) and b(-, ) read
a(u,v) = / Vu-Vvdr and b(u,v):= / wvdx for all u,v eV
Q Q

and induce the norms ||-|| := a(-,-)2 on V and ||-|| := b(-, )*/2 = ||-|| 2 on L*(2).

The eigenvalue problem is symmetric and positive definite and there exist count-
ably many positive eigenvalues with no finite accumulation point [BO91]. The
eigenvalues can be ordered

0</\1</\2§>\3§...

and there exist some orthonormal basis (u1, us,us,...) of corresponding eigenvec-
tors. Section Blfocuses on the computation of the first eigenvalue A\; which is simple
[Eva00Q, Section 6.5, Theorem 2|. The min-max principle reduces for the smallest
eigenvalue to
A1 = min R(v) with the Rayleigh quotient R(v) := a(v,v)/b(v,v).
veV\{0}

Let 7 be a regular triangulation in the sense of Ciarlet of the bounded 2D
Lipschitz domain € into at least two triangles such that all T € T are closed
triangles with positive area |T| and two distinct intersecting triangles Th,T> € T
share either one common edge or one common node. Let £ denote the set of all
edges (£(92) of interior edges) of the triangulation 7, let mid(F) be the midpoint
and hg the length of an edge E € £. Let hy := diam(T'), H := maxpe7 hy and
hy € Py(T) piecewise defined as hr|r = hr. Let []g := (-)|7, — (-)|7_ denote the
jump across an interior edge E € £(Q) with E=T, NT_, Ty € T, and [']g := (*)
for E C 99Q. Let N denote the set of all nodes (M () of interior nodes) in the
triangulation 7.

The conforming finite element space is defined by Vo (T) := HE () N Pi(T). In
the following let Iy denote the L? projection onto piecewise constants Py(7) as
well as Py(T;R™).

For all interior edges E € £(2), the edge-oriented basis function g is defined
by

Yp(mid(E)) =1 and ¢gp(mid(F)) =0 for all F' € E\FE.

Then CRY(T) = span{¢s | E € £(Q)} ¢ V and the nonconforming discrete eigen-
value problem reads:
Find an eigenpair (Acg, ucr) € R x CR(I)('T) with b(ucgr,ucr) = 1 and

aNc(uCR,UCR) = /\CRb(uCR, UCR) for all VCR € CR(l)(T)

The nonconforming bilinear form ayc,

anc(ucr,VoR) = Z Vucr - Voerdz  for all ugr,ver € CRY(T),
TeT /T
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GUARANTEED LOWER BOUNDS FOR EIGENVALUES 2609

induces the mesh-dependent norm ||.||y¢ := anc(-,-)*/?

Ryc(ver) = anc(ver,ver)/|lver|®  for all vor € CRY(T)\{0}.

and the Rayleigh quotient

The nonconforming interpolant Zyc : V — CR(T) is defined for any v € V' by
1
Inev(mid(E)) = —/ vds forall E€€&.
\E| /e

The proof of the L? error estimate below is essentially contained in [CGR12).
Theorem 2.1 (L? interpolation error estimate). Any v € H}(Q) satisfies
v = Znevll < kH|lv = Incvlne-

Proof. The proof reduces to the corresponding estimate on a single triangle 7T". Let
f € H'(T) satisfy [}, fds = 0 on the triangle T = conv({P} U E) with an edge E
opposite to the vertex P. Then Lemma 2.2 in [CGRI12| proves for the first positive
root ji,1 of the Bessel function J; of the first kind that the following holds:

IF 2y < e P = P8+ W3/, |flios oy

The choice f :=v — Zncv concludes the proof. ]

3. EXPLICIT BOUNDS FOR THE SMALLEST EIGENVALUE

This section is devoted to the proof of the explicit bounds for the first eigenvalue
A1. Recall that H is the maximal diameter in the triangulation 7 and that k is
some universal constant.

Theorem 3.1. Let (A¢r.1,ticr.1) € Rx CRS(T) be an approzimation of the eigen-
pair (A1, u1) of the smallest eigenvalue with ||Ucr1||L2) = 1 and with algebraic
residual v := Atcgr,1 — S\CR71BﬁCR71 and let Zopytcor,1 be the quasi-interpolant of
Ucr, from Definition B3] below. Suppose separation of S\CRJ from the remaining
discrete spectrum in the sense that 5\0371 is closer to the smallest discrete eigen-

value Acg,1 than to any other discrete eigenvalue and suppose that ||r|g-1 < 5\03’1.
Then it holds that

;\CR,I — |lr[lg-1
L+ w%(Aor,1 — [rl|g-1) H?

<X\ < R(Zcmtior,1)-
The remaining part of this section is devoted to the proof of Theorem 31l The
point of departure is the particular case of exact solve.

Theorem 3.2 (Lower bound for exact solve). The first exact eigenvalue A1 and
the first discrete eigenvalue Acr,1 satisfy

ACR1

— < ).
1+/‘72>\C’R,1H2 =

Proof. The Pythagoras theorem in L?(Q; R?) reads
A= a(ul,ul) = HVU,1H2 = ||V’U,1 — H()VU1H2 + HH()V’U,1||2
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2610 C. CARSTENSEN AND J. GEDICKE

An integration by parts on one triangle T' € 7 and fE(v — Incov)ds = 0, for all
v €V and E € &, show that

\T|H0VU|T:/Vvdx:/ vy ds
T aT

= /aT(INCv)VT ds = /TV(INCU) dx = |T|\V(Znev|T).
This proves the known identity for the piecewise defined gradient (Vy¢o:)|r =
V(|r):
(3.1) oVv = Vne(Znev).
The combination with the aforementioned Pythagoras identity reads
A= lur = Incu | xe + I Zvou e
The min-max principle on the discrete eigenvalue problem allows the estimate
AerallZnewm|® < |1 Zncun e
The combination of the previous results leads to
(32) lur = Incui i + AcrallZncud||? < A
Some elementary algebra based on [lui|| =1 and the binomial expansion yield
1+ lur — Incu|]® — 2|jur — Incu ||
<14 |juy — Incur||® = 2b(uy — Iyour,uy) = || Incus |
Set s = a/(1 + a) with @ := k?H?*\cg,1. This results in
1+ |lur — Znour ||* = 2s|jur — Incus|| — 2(1 — 8)||lur — Incus || < || Znvcus?.
The Young inequality 2s|luy — Zycui|| < s* + [lu1 — Incua|]? leads to
1-s2— 2(1 = s)|jur — Zncua| < HINCU1||2~
The a priori estimate of Theorem 2] plus another Young inequality
2flus — Incuwrllve < t+ flur — Ivcus e/t
for t := (1 — s)kHAcRr,1 > 0 result in
(33)  1-s"—(1=5)°H*:"Aor1 — ur — Invowr[[ye/Aera < [ Zncui|*.
The combination of [32) and B3) proves
Aora (1= %) = (1= $)eH)* Acra ) < M.
This and the definition of s lead to

ACR,1

— e <\ |
1+ K)2H2)\CRJ =
For the analysis of an upper bound, notice that the min-max principle for the

smallest eigenvalue shows

A1 = min R(v) < R(w) for any w € Vo (T)\{0}.
veV\{0}

Thus, any conforming approximation close to the nonconforming eigenfunction pro-
vides a guaranteed upper bound. The postprocessing of [CM13|] provides such a
sufficiently accurate conforming interpolation Zeas @ CRy(T) — Vo (T*) for the
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GUARANTEED LOWER BOUNDS FOR EIGENVALUES 2611

FIGURE 3.1. Patch w, of T (solid lines) with refined patch w}
(grey) of the sub-triangulation 7* := red(7) (solid and dashed
lines).

red-refined triangulation 7* := red(7) of T into triangles depicted in Figure Bl
(The red-refined triangulation red(7) results from dividing each triangle in 7 into 4
congruent sub-triangles by connecting the midpoints of the edges by straight lines.)

Definition 3.3. For all nodes z in the red-refined triangulation 7* = red(7) and
vor € CRy(T), set

0 if z lies on the boundary 012,
Zemver(z) := < wer(z) if z is the midpoint of an edge E € £(Q),
Umin(2) if 2 € N(Q),

where the average v, (2) in the interior node z € N(f2) in the coarse triangulation
T is determined locally on nodal patches w} covered by the triangles 7*(z) := {T €
T* | z€ N(T)} of the red-refined triangulation 7* of Figure Bl Let

W, = {w € Pi(T"(2)) N C(@) | w = ver on 0w}

denote the one-dimensional piecewise affine space of continuous functions on w}
with prescribed boundary values on dw?. The function vy, in W, is the unique
minimizer of

. 2
(3.4) wHeHan Z ||V(”CR_“’)HL2(T)'

TeT*(z)

Lemma 3.4. Any Crouzeiz-Raviart function vor € CRy(T) with its jump of the
tangential derivative [vcr/0s|y across an edge E satisfies

lver = Zomverlie S hellldver/0s] glli gz S minfocr — offve-
Ee&

Proof. The design of the interpolant Zoys shows that [|V(ver—Zomver) ||%2(T4) =0
for those centred triangles Ty € 7T* with all three nodes of T, as midpoints of

edges in the coarse triangulation 7. Let 2 € A denote some node of 7 and set
E*(z):={F € &" | z € N*(F)} for the smaller edges in the patch w} which share
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2612 C. CARSTENSEN AND J. GEDICKE

z in the red-refined triangulation 7* of Figure Bl Consider the two semi-norms
p1 and po defined, for all vog € CR(I)(T)L,: = {vcrlw: 1 veoR € CR(l)(T)}7 by

p1(ver) == [V(ver — Zomver)l Lz w:),
pa(vor)® ==Y hrl[[0ver/0s)pll7z -
Fe&*(z)

In the first step one shows for some constant C(z) that

(3.5) p1(ver) < C(2)pa(ver) for all vor € CRY(T)

* .
W

To do so, suppose that pa(ver) = 0. Then it holds that vog|w: € C(w}) N Pr(w}).
For an interior node z, it follows that (Zemver)(2) = ver(z) and so p1(ver) =
0. For a boundary node z, pa(ver) = 0 implies hp||3vCR/6s||%2(F) = 0 and so
ver vanishes along F € £*(z) with F C 99. This implies Zeyver(z) = 0 and
so p1(ver) = 0. Hence, in either case p2(ver) = 0 implies pi(ver) = 0. The
equivalence-of-norms argument on the finite-dimensional vector space CRg(T)
proves ([B.5]) with some constant C(z).

The second step verifies that C(z) < 1 with some standard scaling argument;
hence the details are omitted.

In step three, the sum of all estimates (B0 and the fact that ver equals Zoyver
on all centred triangles in the red-refinement 7*, show that

*
w2

lver — Zemverlve = DIV (wer — Zomver) 172w
2EN

< (%(c(zo S hellBvon/9s] 3 )
EcE

This concludes the proof of the first inequality.
The second inequality

> hl[0vor/0s] gl 12 < minlloor — vlie
EeE

can be found in the context of efficiency of a posteriori error estimates for noncon-
forming schemes [DDPVI6LICELHI12]. O

Lemma 3.5. Zcy @ CRS(T) — Pi(T*) N Co(Q) is linear and uniformly bounded
in the sense that

IZoml == sup IZemverll/lverline < 1.
ver€ CRE(T)\{0}

Proof. The critical value vpmin(2) of the minimising function vy, € Pi(7*(z)) of
34) for an interior node z € N (Q) is computed from the one-dimensional linear
equation obtained from the optimality condition: The piecewise affine nodal basis
function ¢ associated with the node z € N'* in the refined triangulation 7* satisfies

Z / Vsﬁz ’ V(Umin — ’UCR)dx = 0.
TeT*(2)? T

(This follows from the implementation of the boundary values on dw? and the
ansatz of the remaining v, (2)p?.) This design shows that Zgas @ CRY(T) —
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GUARANTEED LOWER BOUNDS FOR EIGENVALUES 2613

Pi(T*) N Cp(R) is a linear operator. Lemma [B4] plus some triangle inequality
shows the boundedness of Z¢gys: Indeed, any veog € CR%(T) satisfies

I Zcmverll < lver — Zemver|ne + lverlive

S minfjucr — vlive + lverlive < llverllve. O
Lemma 3.6 (Upper bound). The conforming interpolation Zeyvor € Vo(T*) of
any nonconforming function vor € CRY(T), which is normalised by |ver| = 1,
satisfies

M < R(Zemver)-

Proof. Since ||[verll = 1, (Zemveor)(mid(E)) = ver(mid(E)) # 0 for at least one
edge F € €. Hence, Zopyver #Z 0. Therefore, the assertion follows immediately
from the continuous Rayleigh-Ritz principle without any extra condition. ([l

Example 3.7. For the three triangulations of the unit square = (0, 1)? depicted
in Figure[[ 1] the first exact eigenvalue reads A\; = 272 = 19.7392 and is smaller than
the first discrete conforming eigenvalue A¢,; = 24 from the related one-dimensional
algebraic eigenvalue problem for the criss-cross and the union-jack triangulations.
The criss and the criss-cross triangulations of Figure [[T] lead to the discrete non-
conforming eigenvalue Acr 1 = 24. The nonconforming eigenvalue approximation
of the smallest eigenvalue for the union-jack triangulation reads Acg,; = 18.3344
up to some truncation error of finite machine precision from the iterative algebraic
eigenvalue solver and is empirically below the exact eigenvalue. Theorem B.] leads
to the guaranteed error bounds (L3)). Note that for the union-jack pattern, the
proposed conforming interpolation on the red-refined triangulation 7* provides an
upper bound which is strictly smaller than the conforming eigenvalue A¢; = 24 for
the coarse mesh 7.

Since the algebraic eigenvalue problems are solved iteratively, the algebraic eigen-
value error has to be considered as well. The algebraic eigenvalue problem reads

Aucr = AcrBucr
for the coefficient vector ucr = (ucr(mid(E)) : E € £(Q)) of the discrete solution

UCR = Z uC’R(E)wE

E€E(Q)

for the edge-oriented basis (Y| E € £(Q)) of CRY(T). Set ||x|a := VT Mx for
some SPD matrix M.

Lemma 3.8 ([Par98, Theorem 15.9.1)). Let (Acr,@icr) be an approzimated al-
gebraic eigenpair such that S\CR is closer to some Acr than to any other discrete
eigenvalue. Suppose that the coefficient vector Uegr is normalised with respect to B,
IBacr|s-1 = ||acrlls = 1. Then the algebraic residual v := Atcr — AcrBlcg
satisfies

‘)\CR_S\CR‘ < ||I'HB—1. O

Remark 3.9. The local mass matrix of the CR-NCFEM for some T € T equals
|T|/3 times the 3 x 3 identity matrix I3x3. Hence, the global mass matrix B is
diagonal and the residual norm ||r||g-1 of the error bound is directly computable.
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2614 C. CARSTENSEN AND J. GEDICKE

Proof of Theorem Bl Lemma 3.8 and the monotonicity of ¢/(1 + xk2H?t) in t >
0 allows us to formally replace Acg,i in Theorem with Agr1 — ||r||g-2 for

5\03,1 > ||r||g-1 which proves the lower bound. The upper bound is proven in
Lemma 3.6 0

Example 3.10. Since the iterative solution of the underlying discrete algebraic
eigenvalue problem dominates the overall computational costs in general, the trun-
cation error in the iterative solution may be much larger than machine precision.
For example, the Rayleigh-quotient for the starting vector (1,...,1) € R® of the
union-jack triangulation of Figure [[] (discussed also in Example B71) yields the
nonconforming eigenvalue approximation 5\0371 = 24 and the corresponding guar-
anteed bounds
6.9360 < \; < 24.

This is competitive with the bounds (I3) from much more expensive eigenvalue
computations.

4. EFFICIENCY FOR GRADED MESHES

This section is devoted to the efficiency of the eigenvalue estimate of Theorem [3.7]
with the difference of its upper and lower bounds
Aera —|tls-
1+ r*(Acra — [rllg-1)H?
Efficiency means that this length 7 of the interval is bounded in terms of the error

and will be proven in the following theorem for the class of graded meshes. (Graded
meshes will be defined in the second half of this section.)

Theorem 4.1. For all graded meshes the estimate of Theorem B is efficient in
the sense that the difference n of the upper and lower bounds satisfies
%)

n S (L+ H A e llut — Geralive + H2 (A — Acr1)? + MAcrallvn — wera
+ A = Acral + [[A(ucr1 — fcra)B-2

+ Acrallucry — tior

(41) mn = R(ICMQCRJ) —

|+ [Aor1 — Acrl-

The remaining parts of this section are devoted to the proof of Theorem A1l
The first results hold on arbitrary shape-regular meshes.

Lemma 4.2. The difference n from [@I) of the lower and upper eigenvalue bounds
satisfies

n S (L+ H?Xopa)lJuy — e, |

Yo+ 1A — 5\CR,1| + chR,le

+|A(ucr1 — tora)llB-1 + Acrallucr — Goral + 1 Aer1 — Aoral-
Proof. Some preliminary manipulations in step one of this proof show that
(4.2)
Aora r[B-

L+ r2(Aera = lels-1)H? 1+ #2(Acra — ||ells-1 ) H?
R (i — s ) B2
1+ w2(Aora — [|r[lg-1) H?

< R(Zemiicr) — M+ M — Aoral + Aop 152 H? + |rflg-1.

n=RZcmlcr1) —

< R(Zemiiora) — M+ M — Aoral + Aora + ||r||g-2
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Step two will be the proof of
(4.3) R(Zemiory) =M S (1+ H*Acr)llur — dcr e
Elementary algebra reveals for 9¢ := Zomticr,1/|Zomticr,1]| that
R(Zemior,) =M = ol = luil? = flur — 9c|? + 2a(ur, oc — ur).
Since Vo (T*) C V and |jui|| = 1 = ||o¢|| it follows that
2a(uy, o — u1) = —2A; + 2X\1b(uy, 9c) = —Ai|jus — 9¢|? < 0.
This shows that
R(Zomticra) — M < 2llacra — elye + 2llur — dcralie:
The Young inequality leads to
lacr1 — vclve = licry — Zemticr + Zomticri (1 — /|| Zevtcral) e
< 2lacr1 — Zemicrillve + 2(|Zemiicrall — 1)*R(Zomticr,).
Since ||acr,1|| = 1, an inverse triangle inequality shows

| = lacral)? < licra — Zomticrall®.

| = 1) = (| Zemiicra

(1 Zemticr a

Note that (icr1 — Zomticr,1)|r, = 0 on each centred triangle Ty in 7*. For the
remaining triangles T € T7* of the patches w? for nodes z € N (Q), it holds that
(tcr1 —Zemlcr,a)|e = 0 on the edges E with E C Ow}. Hence, the Friedrich’s
inequality shows, for those triangles, that

licr1 — Zemtiorillo2(ry < hrllV(iory — Zomticr1)ll2(r)-
The summation over all triangles yields
(4.4) lacri1 — Zomticra|l S Hlltcri — Zomticra|| e

The remaining term H2R(ICM1~LCR’1) is bounded by 16H25\CR,1 because of the
uniform boundedness of Z¢); in Lemma[3.5 and the inequality of the discrete norms
licr1l* < 16||Zcmicr1|>. The proof of the latter estimate considers the centred
triangle Ty of the fine triangulation 7* with (Zeytor1)|r, = @erilr,. Set x =
(icr,1(mid(E}))) =123 € R3 of the three edges E1, B2, E3 of T and compute (with
the Rayleigh quotient > 1 of the displayed 3 x 3 matrix)

- T
I Zomiorallizer,y = ufT

48 48

— = N

]. 1 |T| - 9
2 1 r> —T-Tr= ||UCR,1||L2(T)/16'
1 2

Finally, the estimate

licra — Zomicrallie S Y hellldicra/08]plizm) S minflicor,s — vllxe
Eec€&

from Lemma [34] concludes the proof of ({Z3) in step two.
Step three will be the proof of

(4.5) lrllz—+ < [[A(ucry = acr1)B—

+ Xorallucra — dcrall + [Aora — Aeril-
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&4

€3

£5(0)

&

&1 £5(0) \ &3 &4

FIGURE 4.1. Reference triangle Ty with 3/2-graded sub-triangles
for N =4.

The definition of the algebraic residual r := Aticg _S\CR,lBﬁCR,l plus the triangle
inequality yield

rlg-: = ||Atcr,1 — Aucr,i1 + Acr1Bucr1 — Acr,1Bucr1
+ AcriBlcr1 — Acr1Blcri|p-1-

This and the triangle inequality prove (L) in step three.
Step four is the finish of the proof. Indeed, the combination of [@2)-(LH) con-
cludes the proof of Lemma O

The following estimate is proven with the same arguments as in the conforming
case and is reported in [DDP12] for the nonconforming CR-NCFEM.

Lemma 4.3 ([DDP12]). Let (Acr,ucr) € R x CRY(T) be a discrete eigenpair of
the eigenpair (A, u), then it holds that

IhrAcrucrl* < lu = ucrlive + H? (A= Acr)* + Mcrllu — ucr|?) . O

The second half of this section concerns the somewhat surprising result of The-
orem 4] for graded meshes which are described in the following.

Given a polygonal domain with a coarse triangulation 7y into triangles called
macro elements (which specify the geometry), the domain © will be covered by
piecewise affine images of the graded mesh on the reference triangle Tt with ver-
tices (0,0), (1,0), and (0,1). Provided the coarse triangulation satisfies the condi-
tion that each triangle has at most one vertex as a corner of 0f), then the grading
parameter 5 can be different for each such corner of 92 and 5 := 1 for all those
macro triangles without a vertex at a corner of 9€2. One verifies directly that the
structured mesh is a (shape) regular triangulation. On each element K € 7Ty, the
mesh of the reference triangle is obtained by an affine transformation. The graded
mesh on the macro element T,.; of Figure [£1]is generated as follows: Given some
grading parameter 3 > 0 and given an integer N > 2, set §; := (j/N )? and draw line
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segments aligned to the anti-diagonal through (0,¢;) and (§;,0) for j =0,1,...,N.
Each of these line segments is divided into j uniform edges and so define the set
of nodes (0,0) and (j — k,k)§;/j for k =0,...,j and j = 1,...,N. The triangles
are then given by the vertices &;/5(j — k, k) and &;/j(j —k — 1,k + 1) aligned with
anti-diagonal and the vertex &;_1/(j — 1)(j — k — 1, k) on the finer segment and
&i+1/(7+1)(j—k, k+1) on the coarser neighbouring segment. The smallest triangle
reads conv{(0,0), (0,&;), (£1,0)} with diameter v/2¢; ~ N~7. The largest triangles
have diameter H ~ N1,

Theorem 4.4. Any function f € L*(Q)\{0} and any graded triangulation T of
satisfy

[ fIl = 1/N.
The equivalence constant C(f) in the assertion 1/N < C(f)||hrf| depends on f.

Proof. The first inequality follows from
[ £l < HI[fII = [lF]l/N-

To verify the reverse inequality, consider one triangle K € 7y. Some affine diffeo-
morphism (which depends only on 7p) maps K onto Tye and some transformation
shows that it suffices to verify the assertion on Ti.s. Without loss of generality,
let f € L2(Tyer)\{0} satisfy [f| > & > 0 on a set w of measure |w| > 0. Let the
volume fraction 6 := |w|/|Tref| of w in Tyer be fixed and consider the question where
w C Thef of fixed area |w| = 6/2 may be located to minimise the term fTremw h% dz.
Figure @ Tlillustrates the situation where w is placed where hr is small. In the end,
one deduces that for some index J(6) (which is maximal with 53(0) < 0), the min-
imising set w includes the sub-triangle K (.J(0)) := conv{(0,0), (§1(),0), (0,&€(9))}
and the induced sub-triangulation 7 (K (J(6))). Hence,

1 1
IhrllL2(xrc0)) < 1T llL2(w) g||hTf||L2(w) < thTfHLQ(Q)~
Thus it remains to prove that

N7 S hrllnex a00))-

Since the j-th diagonal layer consists of 2j — 1 triangles, it holds that

J(Q) -3 . B 4
I -G-1 2
SURRTCEIESIE S S s
Jj=1 TeT(K(J(9)))
The binomial expansion shows
J(0) 4 J()
(o) = ()
Jj=1 J=1
This leads to
J(0) 48-3 J(0) .5_1 4 J() .8 . 8y 4
B 1 (3718 : i =G -1
()T (5 s e ()
j= j= j=
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2618 C. CARSTENSEN AND J. GEDICKE

Since J(0) = N *¢/2|K(J(0))|, the sum on the right-hand side is a Riemann sum
over the interval [0, 2¢/2|K(J(6))|]. Since 8 > 1,
(

0) , .\ 48-3 4 28/2|K (J(0))]
O
N

Eh _3
m ~ m . x dzx

J=1

_ BRIKG@))PE
- N2(453 — 2) T N?Z
This proves the assertion for N > Ny and sufficiently large Ny so that J(0) > 1.

For 1 < N < Ny, N||hrf|| > N*=?||f|| is bounded from below in terms of Ny. This
concludes the proof for all N € N. (]

Proof of Theorem [l The assertion follows from Lemma 2] Theorem 4] and
Lemma [£3] 0

5. ERROR BOUNDS FOR HIGHER EIGENVALUES

This section is devoted to some computable lower bounds of higher eigenvalues.
It is emphasised that A; could be a multiple eigenvalue and A; could even be a
part of a cluster without any separation (on the continuous level); cf. Example 5.3
below. However, any clustering of discrete eigenvalues may have some disastrous
effect on the smallness of the discrete residual r in the algebraic eigenvalue problem.

Theorem 5.1. Suppose that the separation condition H < (\/1 +1/J— 1)/(/1)\1/2)

holds for the J-th exact eigenvalue \j. Let (S\CR’J,'ITLCR’]) € R x CRY(T) with
|L2(Q) =1 and algebraic residual r := AlGcgr,; — Acr,sBucr,; approzimate

lacr,s
the J-th eigenpair (Aj,uy). Suppose separation of S\CRJ from the remaining dis-
crete spectrum in the sense that S\CR’J s closer to the discrete eigenvalue Acrg,;
than to any other discrete eigenvalues and that ||r||g-1 < Acgr.s. Then it holds that

N 7
Acr,g — |r]lB-1 -
— <XA;< max R E'ICMUCR,'
1+ k2N, — [[r]lp-1) H? eer’\ {0} z:: ’ ’

The difference of the upper and lower bounds

J ~
~ )\CRJ — HrHB*l
(5.1) nys:= max R &ELemtcr, | — =
¢eRr7\ {0} ; ’ "I 1+ k2(\ery — |r]g-r ) H?
is efficient in the sense that
J
<|1+H?> max R ELomUcoR,; max |luy — &R,
J S CMUCR, J CR,jIINC
! £€R7\{0} ; ! ! geRJ\{o}m ; I il

+|A\s = Aer.| + H? (A = Acra)? + AsAcr,allus — uer,l?)

luor.s — tcr.all + [ Aors — Aor.l-

+[[A(ucr,s — Ucr,y)llB-1 + Aor,u
The proofs start with the linear independence of nonconforming interpolants.

Lemma 5.2. Let (u1,...,uy) be some b-orthonormal basis of exact eigenvectors
in'V for the exact first J eigenvalues 0 < Ay < Ay < ... < Ay on the continuous
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level. For any global mesh-size H < (\/1 +1/J— 1) /(H/\1J/2), the nonconforming

interpolants Tncuy, ..., LIycuy are linear independent.
Proof. For any j =1,...,J, Theorem 2.1l shows
(5:2) |l — Incw;|| < kHlu; — Inousllne < cHlujlve < sHA/? =: d;.

With the Kronecker 6;, = 1 for j = k and d;, = 0 for j # k, this implies
|b(Zncus, Incuk) — 0k = [D(Incw;, Incur) — b(u;, ug)|
= |-b(u; — Incuj, Incuk) — b(uj, up — Incug)|
= |b(uj; — Incu;, ur — Incur) — b(uj — Incuj, ug) — b(uj, up — Incur)|
< lluj — Incusllllur — Incurll + llu; — Incwsl + [luk — Incuxl|
< djdy, + d; + dy.

Some calculations show that H < (\/1 +1/J— 1) /(/@AlJ/z) leads to

J
J
niax <Z(djdk +d; + dk)> <1

j_
k=1
The Gershgorin theorem shows that the eigenvalues of (b(Zncuj, Incuk))jk=1,....J
are all positive. O

Proof of the lower bound in Theorem Bl for r = 0. Lemma [5.2] guarantees that

Incui,. .., Incuy

are linearly independent. The Rayleigh-Ritz principle on the discrete level states
that the discrete eigenvalue Acg,; of number J equals

ACR,J = min max Ryc(v).
VJCCR[]j(T)7dim(VJ):J 'UGVJ\{O}

Therein, the notation dim(V;) = J abbreviates that the minimum is taken over all
subspaces of CRy(T) of dimension J. Since Zycus,...,Zycuy are linear indepen-
dent, there exist some real coefficients &1, ..., &y such that the Rayleigh quotient is
maximised in Vy := span{Zycu1,...,Zncus}. This leads to

J

(5.3) Acr,g < Rnc ZﬁjINcuj
=1

One may assume without loss of generality that

J
Y &=
j=1

Let v := ijl &;u; and observe that |jv]|? = Z}]=1 5]2 = 1. Since Vye(v — Inev)
is L% orthogonal to V ycZncv, the Pythagoras theorem reads

v — Zncollive + 1Zncvllne = vl

The orthogonality of the eigenfunctions shows

|||’v|||2—I\IZEJUJ\H2 Zflll%lll2 262

j=1
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2620 C. CARSTENSEN AND J. GEDICKE

The combination of the aforementioned equalities results in
J

v — Znevlle + IZwovlive = Y60 < A
j=1

Together with (53) in the form of

Zncvl? < IZnevllFe,

ACR,J
the previous estimate yields
lo = Znevliyve + Aera 1 Zvevl? < A

Since ||v]|> = 1, the Cauchy inequality followed by the binomial expansion implies

1 + ||U - IN01}||2 - 2”1) — INCU” S 1 + H’U —INCv||2 - Qb(’U —INCv, v) = ||INCUH2~
Following the proof of Theorem [B.I] with the substitution of u; by v eventually
results in
ACR,J

1+ K/Q)\CR”]HQ
Proof of the lower bound in Theorem B for r # 0. Lemma and the monoton-
icity of t/(1 + k*H?t) in t > 0 allows the substitution of Acr by Acr.s — ||r]|p-1
for )\CR)J > ||r||B71. U

< AJ. (]

Proof of the upper bound in Theorem [l Let tcr1,...,Ucr,s be the first J ap-
proximated discrete orthonormal eigenfunctions. Since Zomticr,1 = t%cr,1 on each
centred triangle of 7* with all vertices as midpoints of edges in £(T), the functions
ZemUcr,a, - --sLemtcer,s are linear independent. Thus, there exist some maximis-

ing coeflicients &; with ijl sz = 1 such that

J

max R(v) <R Z{jICMfLCR,j : .

A= min
Vs CV,diHl(VJ)=J UEVJ\{O}

j=1
Proof of efficiency in Theorem [B]. The proof of efficiency of the difference of the
upper and lower bounds in (5] follows from some modifications of the arguments

of Lemmas 2] 4.3l and Theorem [£4l Therefore the remaining parts of this proof
only sketch the main steps. The arguments in [@2) lead to

(5.4)
J ~ ~
ny < i R &Tomions | — A+ 1Ay — Aor| + Aog o5 H? + |rf|-1.
, =
Suppose that &1, ..., & denote some coefficients of a maximiser U¢ in the Rayleigh

quotient of ([&4), ¢ = ijl & Zomlcnr,j, and set Uog = ijl &jucr,;. Here,
the arguments of step two in the proof of Lemma lead to

R(tc) = Ay S lug — derllve + ek — ellve + (10cll — 1)*R(3c).

Since @oR 1, - - -, Weor,  is orthonormal and, without loss of generality, £+ . —1—53 =1,
it holds that ||o¢gr| = 1 and

(el = 1)* < llocr — vell*.
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The discrete scaling argument of (€.4]) implies
locr — vell S Hllver — vollne-

The linearity of Z¢ys from Lemma B3] vcr — ¢ = vor — ZomUcor, plus Lemma [3:4]
show that

locr — tcllne < llus — verllne.

The arguments of steps three and four in the proof of Lemma plus Lemma [£.3]
and Theorem 4] conclude the proof of the efficiency. O

Example 5.3. The criss-cross triangulation of Figure [[L1] leads to the matrices
A = 41,4 = B/24 for the 4 x 4-dimensional identity matrix Iyx4. Any vector
ucr € R* is an eigenvector with r = 0 to the eigenvalue Acr = 24 of multiplicity
four. For J = 2 one may choose the basis (vcg,1, ucr,2) proportional to (1,1,1,1)
and (1,1,1,0) that leads to the bounds 4.2594 < Ay < 72. Note that the exact
second and third eigenvalues Ay = A3 = 572 = 49.348 coincide. The condition

H < (\/3/ 2 — 1) /(km/5) is violated, but some elementary direct considerations

with uo and uz on the continuous level and the positivity of u; imply that Zycu; and
Incusg are linearly independent. Therefore, the aforementioned eigenvalue bounds
for Ao are guaranteed. The eigenvalue bounds are remarkable in that J = 2 cuts a
cluster of eigenvalues on the continuous level (A = A3) as well as on the discrete

level ()\0371 =...= )\CRA)'

Remark 5.4. Note that Lemma[5.2] provides an explicit bound for the global mesh-
size that leads to the separation condition in Theorem [G.1] but does not need any
regularity assumption of the eigenfunctions. Elliptic regularity for some convex
domain € [Gri85, Theorem 4.3.1.4] shows

ID%us ]| = |Ausll = Agllusll = As.
Since (B.1I), the Poincaré inequality on a triangle T' € T [LS10] reads
IV (us = Incun)izcry < b7/ D> w72 (-

The square roots of the sum of all those inequalities reads

lus — Incuslive < H/j11l|D*uyl|p2i)-
This and Theorem 2] plus the aforementioned elliptic regularity estimate shows
lus — Incusll < kH|luy — Incusllne < £H?[j11l|D?uyll < kH?Xj/j11-

This leads to the improved separation condition

H? < jia (m_ 1) /(KAg)

for higher eigenvalues on convex domains in Theorem [l The reduced elliptic
regularity allows a similar proof with rather unknown constants from |[u;||gs(q) <
Cls)lAsuall-

6. NUMERICAL EXPERIMENTS

This section presents an adaptive algorithm and provides some numerical exam-
ples for the unit square, the L-shaped domain, and two isospectral domains.
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red . green 3
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1 2 1 2
4 4
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blue-left blue-right
5 5
1 2 1 2
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FIGURE 6.1. Refinement rules: sub-triangles with corresponding
reference edges depicted with a second edge.

6.1. Adaptive finite element algorithm. The basic adaptive finite element
method (AFEM) starts from an initial coarse triangulation 7, and generates a
sequence of nested triangulations 7y, 71, . .. with corresponding nonnested noncon-
forming spaces (CRy(Tz))¢ in successive loops of the form

Solve — Estimate — Mark — Refine.
Input. Ty, 0< 0 <1,7>0.

Solve. Input: Approximation (5\175, U1e) € R x CR§(Ty) on the triangulation 7.

Repeat
Run one iteration step of the preconditioned inverse iteration (PIN-
VIT) [KNO3] with one V-cycle multigrid iteration with Richardson
smoother [Bre99] as a preconditioner

until

Hrz||B;1 <min{Ay ¢, 7}, tpi= Agtiy g — A1 Byt g,
and if 1 > k*(\10 — HI‘[HBe—l)QH? until 7o < max{n1,ns}.

Estimate. The error estimate of Theorem [3.1] reads

AL = Aie| <1412 + 73

with
5\1,452(5‘1,4 - ||erB;1)H€2
m = = ’
1=k (Are = |lrellg2)? Hy
||1"€||B—1
N2 = -

1+ /2(Are = |eellg 1) HE
M
L=t (A = [rellg-1)*Hy

ns == R(Zepmtiae) —
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TABLE 6.1. Spectral gap for the smallest eigenvalue of the unit
square for different meshes with N = |£,(£2)| degrees of freedom.

N 16 o6 208 800
A20 — A1 | 12.0964 | 25.4691 | 28.5894 | 29.3549

N 3136 12416 49408 | 197120
A0 — Are | 29.5454 | 29.5930 | 29.6048 | 29.6078

——r=2r°

—H— upper bound H
—&— lower bound
—>— upper bound (perturbed) ||
—— lower bound (perturbed)

W
o
T

(2]
e}
[
3
o
3 25}
[0
Q
S 20} 9
[
©
o 15F
g
3
< 10f
57 —
0 w ‘ |
10' 10” 10° 10* 10°
N

FIGURE 6.2. Computed and randomly perturbed upper and lower
bounds on the smallest eigenvalue of the unit square

Mark. The mesh-refinement selects a set of edges M, C &, with the goal to balance
the contributions 1, + 12 + 13 as follows:

(a) If 1 < w*( Ay g — ||rg||B;1)21‘Iz,1 or m > max{ns,n3} then M, := | J{EF € & :
|E| = H}.

(b) Else if n3 > max{n1, 12}, then the set of marked edges M, C & is of minimal
cardinality that fulfills the bulk criterion [Dor96]:

0 Z i (E) < Z n(E) for nj(E):= hp|[0i1,/05]]7:p)-
E€é&, EeMy

Refine. Given the set My C &, of marked edges, the refinement 7,41 is computed
as a minimal regular triangulation such that M, C &,\&ps+1 and each triangle is
refined by one of the rules from Figure [G.11

6.2. Unit square. Consider the model problem (L)) on the unit square Q = (0, 1)?
with the smallest eigenvalue \; = 272.
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FIGURE 6.3. Convergence history for the unit square for different
eigenvalue errors

The first experiment in Table [6.1] investigates the critical algebraic condition on
the spectral gap Aa ¢ — A1 0. The results are computed for a sequence of red-refined
meshes and the ARPACK [LSY98] solver (implemented in the Matlab function
‘eigs’) with tolerance up to machine precision. The spectral gap is relatively large
even for coarse meshes and motivates the choice 7 = 1.

Figure verifies that the lower and upper bounds of Theorem [B.I] are empir-
ically lower and upper eigenvalue bounds and presents some perturbed bounds as
well. The perturbed bounds are obtained from a perturbed eigenvector

¢ = uy ¢ + rand(0, 1)/(dim(C’R(1)(7Z))/\17g),

where u; ¢ is computed with ARPACK up to machine precision. The perturbed
eigenvalue is the Rayleigh quotient of the perturbed eigenvector. Note that the
numerical results show that for the first mesh the perturbation is too large such
that a different eigenvalue is approximated and the lower bound does not hold.

Figure [6.3] compares the accuracy of the nonconforming and the conforming
FEMs on uniform red-refined meshes. The first observation is that the nonconform-
ing eigenvalue error |A\; — Acp,1| is smaller than the conforming eigenvalue error
|A1 — Ac.1| displayed versus its degrees of freedoms N := dim(V¢). The comparison
of the conforming eigenvalue error |[A\; — A¢ 1| and the error for the postprocess-
ing Aem = R(Zomucr,1), |M1 — Acm1l, both plotted versus N = dim(CRé(T)),
shows that the proposed interpolation on the red-refined mesh leads to better upper
bounds than a conforming approximation on the coarse mesh.

6.3. L-shaped domain. Consider the model problem (II]) on the L-shaped do-
main Q = (—1,1)2\([0, 1] x [~1,0]) with A\; = 9.6397238440219 [TB06].

Figure compares the eigenvalue error for the mean value p of the upper
and lower eigenvalue bounds in Theorem B to its upper bound 7/2. Uniform
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10 T T T T T T
=S —©— |A—ul (uniform)
—%—m/2 (uniform)
—&— |A—ul (graded)
——1/2 (graded)
—O— IA-pl (adaptive)
—*—n/2 (adaptive)

I

|A—ul and n/2 for different meshes

-6

10’ 10 10 10 10 10 10 10

10

4.5 T T
n o Ieff (uniform)

o Ieff (graded)

IV Ieff (adaptive)

Ieff for different meshes

F1cURE 6.5. Efficiency indices for the L-shaped domain

red-refined meshes with ARPACK result in sub-optimal convergence of the estima-
tor n/2 as expected for the singular eigenfunction but lead to a surprising super-
convergence of the error |A; —u|. The surprising super-convergence of |A; — | might
result from some super-convergence phenomena on this highly structured grid; cf.
[WZ09] for super-convergence phenomena of eigenvalues. For graded meshes with
ARPACK the empirical convergence rate is optimal and for the proposed adaptive
algorithm it is asymptotically optimal. The eigenvalue error of the adaptive algo-
rithm is not monotone which results from the fact that the algorithm starts with
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FIGURE 6.6. Two isospectral domains

uniform refinements at the beginning and therefore the error matches the super-
convergent error. Afterwards one step of uniform refinement is followed by one step
of adaptive refinement that destroys the mesh-symmetry and therefore the super-
convergence. As a result the error gets closer and closer to the quasi-optimal error
for graded meshes. In contrast to that the error bound 7/2 is monotonically de-
creasing. This illustrates the mixed adaptive strategy with respect to the algebraic
eigenvalue error, the global mesh-size, and the approximation error and provides
numerical evidence for the superiority of adaptive mesh-refinement.

Figure displays the efficiency indices I.g := (n/2)/|A\1 — p|. Clearly, for
uniform meshes one observes the mentioned efficiency gap. The values for graded
and adaptive meshes are between 1 and 2 and tend to 1.4. Since 7/2 is a guaranteed
upper bound, all values are greater or equal to one.

6.4. Isospectral domains. Consider the model problem (L) on the two isospec-
tral domains of Figure with the approximation of the 50-th eigenvalue A5y =
54.187936 [TBO06]. For the numerical experiments, both domains are triangulated
similarly with the same number of triangles. The experiments show for uniform
red-refinements and ARPACK that both domains lead to the same eigenvalue ap-
proximations up to machine precision. Table [6.2] verifies empirically the theoretical
upper and lower bounds of Theorem [5.I] and shows that also the computed upper
and lower bounds are equal up to machine precision for both domains. An inter-
esting observation on the maximising Rayleigh quotient in Theorem [5.]is that the
maximum of R(§&1Zombicri+- - -+E€0Zomlcr,s0) is obtained for & = ... = &5 =0
and &59 = 1 in all displayed numerical experiments. The separation condition of
Theorem [B.1] leads in this example with J = 50 to H < 0.007 which is satisfied
for the triangulations in the last and second last entry of Table Remark 5.4
illustrates that this condition is coarse but explicit constants for the nonconvex do-
main at hand require more insight which is compensated by this strong separation
condition in this paper.
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TABLE 6.2. Bounds for A5¢ = 54.187936 for the isospectral do-
mains of Figure

lower bounds

N left domain right domain
186 8.484029241600799 8.484029241600801
708 | 22.079541883464980 | 22.079541883464987
2760 | 40.139305042643208 | 40.139305042643237
10896 | 49.823736249152233 | 49.823736249152240
43296 | 53.022275017108896 | 53.022275017108903
172608 | 53.889870459421545 | 53.889870459421537
689280 | 54.112360562895724 | 54.112360562895560
2754816 | 54.168723796821510 | 54.168723796821538
11014656 | 54.183012990240513 | 54.183012990240186

upper bounds
N left domain right domain
186 | 114.2653311991490 114.2653311991488

708 | 64.397132862386258 | 64.397132862387565
2760 | 56.619351329573185 | 56.619351329573249
10896 | 54.818424684560334 | 54.818424684560306
43296 | 54.352753736838082 | 54.352753736838132
172608 | 54.231273697990432 | 54.231273697990602
689280 | 54.199573365120656 | 54.199573365121147
2754816 | 54.191162363149061 | 54.191162363147861
11014656 | 54.188868310930701 | 54.188868310929948
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