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This paper enfolds a medius analysis for first-order nonconforming finite element methods (FEMs) in
linear elasticity named after Crouzeix—Raviart and Kouhia—Stenberg, which are robust with respect to the
incompressible limit as the Lamé parameter A tends to infinity. The new result is a best-approximation
error estimate for the stress error in L2 up to data-oscillation terms. Even for very coarse shape-regular
triangulations, two comparison results assert that the errors of the nonconforming FEM are equivalent
to those of the conforming first-order FEM. The explicit role of the parameter 2 in those equivalence
constants leads to an advertisement of the robust and quasi-optimal Kouhia—Stenberg FEM, in particular
for nonconvex polygons. The proofs are based on conforming companions, a new discrete Helmholtz
decomposition and a new discrete-plus-continuous Korn inequality for Kouhia—Stenberg finite element
functions. Numerical evidence strongly supports the robustness of the nonconforming FEMs with respect
to incompressibility locking and with respect to singularities, and underlines that the dependence of
the equivalence constants on A in the comparison of conforming and nonconforming FEMs cannot be
improved. This work therefore advertises the Kouhia—Stenberg FEM as a first-order robust discretization
in linear elasticity in the presence of Neumann boundary conditions.

Keywords: linear elasticity; nonconforming finite elements; Kouhia—Stenberg; comparison; locking;
discrete Korn inequality; Stokes equations.

1. Introduction

The textbook a priori error analysis of nonconforming finite element methods (FEMS) considers an
inconsistency term with the normal derivative of the exact solution along edges and so requires H3/2+¢
regularity of the exact solution for some positive . This regularity request fails to hold for certain mixed
boundary value problems in linear elasticity and leaves the impression that nonconforming FEMs may
be more sensitive for ‘near singularities’ than conforming FEM (Braess, 2007, p.111 and the web sup-
plement). The medius analysis of Gudi (2010) and Carstensen et al. (2012b) does not rely on elliptic
regularity at all and proves quasi-optimality for the linear elastic model problem of this paper in the
sense that the total error is dominated by the approximation error. The medius analysis extends to non-
constant coefficients A and  and higher space dimensions, while the more involved precise analysis of
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singular functions in the case of nonconvex polygons appears to be limited to the simple linear elastic
model problem at hand.

For a polygonal, bounded Lipschitz domain £2 c R? with closed Dirichlet boundary I'; of positive
length and (relatively open) Neumann boundary I'y :=d£2 \ I'p with outer unit normal v, the strong
formulation of the Navier—Lamé equations for volume forces f € L?(£2;R?) and applied tractions g e
L?(I'y; R?) and homogeneous boundary conditions reads (in compact notation)

divCe(uy=f in$2,
u=0 onIp,

Ce(wv=g onlIy.

The fourth-order elasticity tensor acts as CA := 2uA + A tr(A)1,,, for positive Lamé parameters 1 and
A, and for any general input variable A € R?*2, and the linear Green strain is &(u) := (Du 4+ Du")/2.

The conforming first-order FEM of Fig. 1(a) (hamed after Courant (CFEM)) converges, but suffers
from locking in the incompressible limit as A — oo (Falk, 2006; Braess, 2007; Brenner & Scott, 2008).
This means for large values of A that the L2 error of the stresses shows the expected convergence rate
for a very large number of degrees of freedom only. To overcome this phenomenon, finite element
spaces should have good approximation properties for nearly incompressible materials. One possibility
is the choice of a higher polynomial degree of the ansatz space (> 4) or the use of mixed methods.
However, the lowest-order conforming mixed method of Arnold & Winther (2002) still has 30 degrees
of freedom per triangle. Alternative approaches are the first-order nonconforming methods of Crouzeix
and Raviart (Brenner & Sung, 1992) or of Kouhia & Stenberg (1995), which do not show such a locking
phenomenon and are therefore of great interest. This paper enfolds a medius error analysis for the
nonconforming FEM of Kouhia and Stenberg (KS-NCFEM) of Fig. 1(b) in the sense that mathematical
arguments from an a posteriori error analysis lead to a priori error estimates. The notion of medius
analysis was introduced in Gudi (2010) and leads to results which rely on no extra regularity of the weak
solution and hold for arbitrarily coarse meshes with certain minimal conditions (a)—(d) of Section 2.3.
In this respect, the error analysis of this paper is a refinement of the error analysis in Kouhia & Stenberg
(1995). The main result of this analysis is the best-approximation property of the discrete stress oks :=
Cenc(uks) (enc and Dy are the piecewise analogues of ¢ and D, respectively) with respect to the exact
stress o := Ce(u) for the exact and discrete solutions u e H1(£2; R?) and uks € KS(7); i.e.,

lo —oksliizey S min_Jlo — Cenc(Vks) 2@y + 0sc(f2, 7) 4 0sc(g2, £(IN)).
Vks€KS(T)

The definitions of the data oscillations osc(f,, 7)) and osc(gp, £(I\)) and the precise definition of the
Kouhia—Stenberg FEM space KS(7') follow in Section 2. The notation A < B abbreviates an inequal-
ity A < CB with some mesh-size- and A-independent generic constant 0 < C < oo. The constant may

AANAN A

F1G. 1. Three first-order FEMs for linear elasticity: (a) CFEM; (b) KS-NCFEM; (c) CR-NCFEM.
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depend on the constant « > 0 in conditions (a)—(d) of Section 2.3 and on . Since the multiplicative
constant (hidden behind <) does not depend on 1, the aforementioned error estimate also holds in the
incompressible limit A — oo. In other words, quasi-optimal convergence follows for the KS-NCFEM
in the Stokes problem as well.

The proof relies on a new discrete Helmholtz decomposition (Theorem 3.1), a new discrete-plus-
continuous Korn inequality (Theorem 4.1) and the conforming cubic companion of the nonconforming
discrete solution from Lemma 3.3. This conforming companion Jsvcg fulfils for all Crouzeix—Raviart
functions vcg the integral mean properties

/(VCR — J3VcR) dx=0 and / Dnc(Ver — J3Ver) dx=0 forall TeT,
T T

and some stability and approximation properties.

The nonconforming FEM of Crouzeix and Raviart (CR-NCFEM) (Brenner & Sung, 1992) of
Fig. 1(c) only allows a discretization of the pure Dirichlet problem I' = 92, in which the (nonphysical)
stress & := CDU = uDu + (A + p) div(u)lsy, appears with its approximation o¢cg 1= = CDncUcr in the
Crouzeix—Raviart FEM. The best-approximation result of this paper reads

llo — Cenc(Ucr) L2y S lo — derllze) S 116 — IMod |2y + osc(f, 7).

Recent comparison results (Braess, 2009; Carstensen et al., 2012b) lead to equivalences of approx-
imation classes for the Poisson model problem. The best-approximation results and further analysis of
this paper lead to comparison results between the three considered FEMs of Fig. 1 with explicit depen-
dence on the Lamé parameter A in the equivalence constants. For the conforming discrete solution uc
and the discrete stress o¢ := Ce(Uc), the comparison between KS-NCFEM and CFEM reads

~1
2o —ocllize) S llo — okslliieg)

S llo — ocllize) + 0sc(fz, T) + 0sc(gz, £(I)). (1.1)

A detailed investigation of the gap in the dependence on A, which is in fact sharp, is included in
Section 6. For the pure Dirichlet problem I, = 352, the solutions of CR-NCFEM and KS-NCFEM
(with 6ks := CDncUks) exist and can be compared by

lo —ocrllize) S llo — oksllize) +osc(f, 7)

and
l6 — oksllize) SN0 — derllze) + 0sc(fa, 7).

The paper focuses on the two-dimensional case; the generalization to higher dimensions is straight-
forward for CR-NCFEM and CFEM. The generalization of KS-NCFEM to three dimensions applies
two nonconforming and one conforming FEM to the three components or two conforming and one non-
conforming; the mathematical justification will be established in the near future (Hu & Schedensack).

Within the scope of low-order methods, despite the equivalence results of this paper, the explicit
dependence on the Lamé parameter A strongly suggests the use of nonconforming discretizations for
nearly incompressible materials. If Neumann boundary conditions are present, this advertises the use
of KS-NCFEM which, therefore, is apparently far too underrated in the engineering community despite
striking numerical examples in Kouhia & Stenberg (1995) and Carstensen & Funken (2001a). It may
appear strange to employ some scheme which depends on the choice of the coordinate system, but (in the
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presence of Neumann boundary conditions) the KS-NCFEM is the only known robustly quasi-optimal

first-order scheme.

The outline of this paper is as follows. Section 2 introduces the precise notation and states the main
results, which imply the error estimates of this introduction. Section 3 presents some preliminary results
which include the definition of the conforming companion and the new discrete Helmholtz decomposi-
tion. Sections 4 and 5 prove the main results including the new discrete-plus-continuous Korn inequality.
Section 6 concludes the paper with numerical illustrations and provides striking numerical evidence for
the equivalence of the three first-order methods and the claimed dependence on the equivalence constant

as A — oo.

Throughout this paper, standard notation on Lebesgue and Sobolev spaces and their norms is
employed and further notation can be found in the following table for convenient reading.

A<B
Vi, V(K)
Ak, )
Ak)
a-b
A:B
1.0

S

e(u)

C

C

Cp(£2) (respectively, Cn(£2))

\Y
Dv, Vw, divv

Curl
T,N,E

N(w)
E(w)

[T1, |E|
mid(E)
Pu(T;R™)
Iy

Ile

hr

Ve

osc(f, T), osc(f,7)

0sc(g, £(I'n))

A < CB with a mesh-size-independent constant C

The kth component of v e R?

The component kj of A € R?*?

The kth row (A(k, 1), A(k, 2)) of A e R?x?

=7 a()b() for a b e R?

=2 k=12AG, KB(j, k) for A Be R2%?

Unit matrix in R?*2

Set of symmetric matrices; S := {A e R?*?2 | A= AT}

Green strain (Du+ (Du)")/2

Elasticity tensor; CA = 2uA + Atr(A)1,, for Ae R?*?
Modified elasticity tensor; CA= A+ (i + 1) tr(A) 1y, for
Aec RZXZ

Space of continuous functions with homogeneous boundary
conditions on I'p (respectively, I'v)

V:={ve HY(2;R?) | V|, =0}

Derivative (of a vector-valued function v € V), gradient of a
scalar-valued function w e H(£2), divergence of v
Curlv= (3v/dx%, —3V/dx1) € L?(£2;R?) forve H1(R2),
Curl w= (Curlw(1); Curlw(2)) € L2(£2; R**?) forwe V
Shape-regular triangulation with the set of vertices A and set of
edges &; Section 2.2

Set of vertices in w, N (w) :=N Nw
={E€é|EC W EZ iw}

Area of a triangle T, length of an edge E

Midpoint of an edge E€ £

Set of piecewise polynomials of degree < k; Section 2.2

ITy : L2(£2; R™) — Py (7 ; R™), L? projection on piecewise
constants; Section 2.2

L2 projection onto £-piecewise constants; Section 2.2
Piecewise constant mesh size, hy |t :=diam(T) forall T
Jump along an edge E; Section 2.2

Oscillations of f, osc(f, T) := [hr (f — ITof) [l 2,
osc(f,7) := |Ihr (f — Iof)ll2e)

Edge oscillations; Section 2.2



MEDIUS ANALYSIS AND COMPARISON FOR FEM IN ELASTICITY 50f 31

Dne, Vne, divne, Curlye Piecewise versions of D, V, div, Curl
Ve (T) Conforming finite element space; Section 2.3
CRL(T) Nonconforming Crouzeix—Raviart space; Section 2.3
Ver(T) Vcr(T) :=CRL(T) x CRY(7)
KS(T) Finite element space of KS-NCFEM,;
KS(7) = (P1(7) N Cp(£2)) x CRL(T); Section 2.3
KS*(7T) KS*(T) = CRK(T) x (P1(T) N Cn(£2)); Section 3
Inc iV — Ver(T) Nonconforming interpolation operator with
(IncV)(Mid(E)) = £ vdsforall E€ £\ £(/p)
(o, @)1 (0,0)c1 = [,0:Ctrdxforo, € L?(£2;S)

2. Notation and main results

This section defines the linear elastic model problem and all the considered FEMs, and states the main
results.

2.1 Linear elasticity

Recall that the elastic body occupies the bounded Lipschitz domain £2 with boundary 92 = Ip U I'n.
We assume that I'p consists of finitely many parts which lie on the outer boundary of £2 (on the
unbounded connectivity component of R? \ £2). The weak formulation based on the Green strain seeks
ueV :={ve HY(£2;R?)|v|n =0} such that

a(v,u)::/ e(v):(Ce(u)dx:/ f.vdx+ g-vds forallveV. (2.1)
2 2 In

For the pure Dirichlet problem, i.e., I'b =942, an integration by parts and the commutation of the
derivatives for C3°(£2; R?) functions show that

/s(o):(Cs(o)dx:/ De:CD e dx
2 2

onV x C§°(§2;R?). The denseness of C5°(£2; R?) in V implies that the two bilinear forms are identical
on V x V. Thus, for the pure Dirichlet problem, the equivalent weak formulation based on the full
gradient seeks u € H}(£2; R?) with

/ Dv:@Dudx:/ f.vdx forallve H}(£2;R?). (2.2)
2 2
Define the energy norm ||e|| := +/a(e, ®) in V and the scalar product

(0,7T)c :=/ o:Clrdx forallo, T €L?(£2;S).
2

2.2 Triangulations

Let 7 denote some shape-regular triangulation of a polygonal, bounded Lipschitz domain £2 into tri-
angles, i.e., 2 =(J7 and any two distinct triangles are either disjoint or share exactly one common
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edge or one vertex. Let £ denote the set of edges of 7 and A denote the set of vertices. Define for
o C R? the sets N (w) :=N Nw and £(w) :={E € £ | int(E) C w} for the relative interior int(E) of an
edge E € £. We assume that the boundary edges £ (3£2) match the boundary conditions in the sense that
the boundary conditions change only at nodes I, N Iy S A Let

Pe(T;R™ :={v: T—R™|Vj=1,..., m, the component
Vi(j) of v is a polynomial of total degree < k},
Pe(T;R™ :={w: 92 — R™|VT € T, V|t € P«(T; R™}
denote the set of polynomials and the set of piecewise polynomials, respectively;
ITy: L2(2;R™ — Po(7;R™) denotes the L? projection onto 7 -piecewise constant functions or
vectors, i.e., (Hof)|T=fo dx:= fodx/|T| for all Te7 with area |T| and all f € L?(£2;R™).

The operator 1 denotes the L? projection onto £-piecewise constant functions or vectors, i.e.,
Iegle = ngdszz Je 9ds/|E| for all edges E € £ of length |E|. The volume oscillations read

osc(f, T) :=|hr (f — Mof)llzry and osc(f,T) :=|hr (f — Mof)lL22),

while the edge oscillations read

0sc(g, ) == | Y I Q- M)l

Ee&(Iv)

with piecewise constant mesh size hy € Po(7") with hz |y :=diam(T) for all T € 7. The jump along
an interior edge E € £(£2) with adjacent triangles T, and T_, i.e., E=T, NT_, is defined by [V]g :=
V|, — Vv|t_. Given the homogeneous Dirichlet boundary conditions, the jump along boundary edges
E € £(Ip) reads [V]g := v|y, for the triangle T, € 7 with EC T,.

For piecewise affine functions vyc € P1(7;R?) the 7-piecewise gradient Dycvne With
(DneVne) |1 = D(vnelT) forall T € 7 and, accordingly, enc(Vne) and diVNc(VNc), exists and DncVne €
Po(7; R?*2) and enc(Vnc) € Po(7;'S) and divc (Vine) € Po(7).

2.3 Discrete spaces
CFEM. The Courant finite element space reads
Ve(T) := (P(T) N Cp(£2)) x (P1(T) N Cp(£2)).
The corresponding (unique) Galerkin approximation uc € V¢ (7)) satisfies
/ e(Ve) :(Ca(uc)dx=/ f-vodx+ g-vcds forallvg e V(7).
Q 2 I'n
CR-NCFEM. Define the P; nonconforming space as
CRY(T) := {vcr € P1(T) | vcr is continuous at midpoints of interior edges}.
The nonconforming Crouzeix—Raviart space reads

CRL(7) := {Vcr € CRY(7) | vcr vanishes at midpoints of edges E € £(Ib)).
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For the discretization of the pure Dirichlet problem I'p = 92 of linear elasticity, define the space
Vcr(T) :=CRL(T) x CRL(T).

Since the kernel of enc : Ver(7) — Po(7; R?*?) is in general not trivial, the weak formulation based
on the full gradient is in use for the discretization and seeks Ucgr € Vcr(7) with

/ DncVer - @DNCUCR dX:/ f-verdx forall vegr € VCR(T) (23)
2 2

Here, the piecewise gradient Dyc replaces the weak differential operator.
KS-NCFEM. The Kouhia—Stenberg approximation uks e KS(7):=(P1(7) N Cp(£2)) x CRlD(T)
satisfies

/ enc(Vks) : Cene (Uks) dx=/ f - vksdx+ g-Vksds forall vks € KS(7). (2.4)
2 2 '

The following conditions (a)—(d) are given for completeness and replace the assumptions on the
sufficiently small mesh size of 7" and the assumptions (AD) and (AN) of Kouhia & Stenberg (1995).
These conditions are, for example, fulfilled if at least one vertex of each triangle lies in the interior of
the domain. The existence of & > 0 which fulfils conditions (a)—(d) ensures that the inf-sup condition
and a discrete Korn inequality hold.

(a) Forall E € &(£2) with N(E) C N(95£2), it holds that [ve(2)| > «.
(b) If Iy %0, it holds that A" N I'y %= & or there exists at least one E € £(I) with [ve(2)| > «a.

(c) In the case that the two vertices of an interior edge E € £(£2) belong to the boundary, i.e.,
space N'(E) C N (3£2), and |ve(1)| < «, consider ze A (E). For the nodal patch w, := int(_J(T €
T |zeT}) let wy, w2 C w, denote the two connected sets, which decompose the nodal patch in
the upper and lower part (i.e., @1 N @2 = E and w; U w, U int(E) = w,). Then there exist edges
Ex € E@wy) N EUI) for k=1, 2 with |vg (1)] > « (see Fig. 2(c)).

(d) If the entire Dirichlet boundary is nearly horizontal, i.e., for all E € £(Ip) it holds that [ve(1)| <
«a, then there exist two adjacent edges on the Dirichlet boundary, i.e., there exist E,F € £(Ip)
withE+FandENF +4.

The generic multiplicative constants hidden in the notation < are allowed to depend on «. Figure 2
illustrates conditions (a)—(d).

2.4 Mainresults

The main results below imply the statements of the introduction in Section 1.

THEOREM 2.1 (Best approximation of KS-NCFEM) The exact and the discrete stress o = Ce(u) and
oks = Cenc(Uks) for the exact and discrete solutions u € V and uxs € KS(7), respectively, satisfy

lo —oksllizgey S min o — Cenc(Vks) 2y + 0sc(fo, T) 4 0sc(go, £(I))-
vaeKS(’T)
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(a) z € 00 (b)
E
(__
Vg
Ty I'p
y € 00

Iy

b r ¢

F1G. 2. lllustrations of conditions (a)—(d): (a) a situation excluded by condition (a); (b) triangulation which is excluded by condition
(b); (c) a possible patch, which fulfils condition (c); (d) a situation excluded by condition (d).

REMARK 2.2 As one key ingredient for the proof of Theorem 2.1, the error estimate of Theorem 4.4 esti-
mates the stress error of KS-NCFEM by some best-approximation error of the stress and the derivative
in the piecewise constant functions plus some data approximation terms.

THEOREM 2.3 (Best approximation of CR-NCFEM) Let & :=CDu for the exact solution ue
H&(Q; R?). For the pure Dirichlet problem I'c = 352, the discrete stress 6cg := CDncuUcr for the dis-
crete solution ucg € Ver(7) of (2.3) satisfies

o — Gerllzce) S o — o6 ||z @) + osc(f, 7).

THEOREM 2.4 (Comparison of CFEM, CR-NCFEM and KS-NCFEM) The exact stress o = Ce(u) and
the discrete stresses oc = Ce(Uc) and oxs = Cenc(Uks) satisfy

-1
Ao —ocllize) S llo = oksllize)

Sllo = ocllizie) + osc(fz, T) + 0sc(gz, E(I)).
For the pure Dirichlet problem I'y = 3£2, the discrete stress ocr = Cenc (Ucr) Satisfies
lo —ocrllize) S llo — oksllze)y + osc(f, 7).

In addition, the stress error of KS-NCFEM is comparable with the error of the nonsymmetric approxi-
mation & := CDu from (2.2) through

lo — oksllizie) S 16— derliee) + 0sc(f, 7).
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3. Preliminary results

The following discrete Helmholtz decomposition and some properties of a conforming companion are
required below; cf. Falk & Morley (1990) for a first decomposition of this type. To this end, define

CR*(T) :={vcr € CR(7) | Ver(Mid(Ey)) = Ver(Mid(E2))
for E1, E; edges of the same connectivity component of I'y},
VE(T) := {vc € P1(T) N HY(£2) | v is constant along
each connectivity component of I'y}.

Recall that the boundary conditions match the triangulation 7~ of the possibly multiply connected planar
Lipschitz domain §2 with I'p C I for the outer boundary Iy of §2 (I is defined as the boundary of the
unbounded connectivity component of R? \ £2).

THEOREM 3.1 (Discrete Helmholtz decomposition) Let KS*(7) :=CR*(7) x V&(7). Then it holds
that
Po(T;S) = Cenc(KS(7)) @ (Curlne(KS* (7)) N Po(T;S))

and the sum is orthogonal with respect to the scalar product (e, e)c-1 := fg o:C e dx

REMARK 3.2 For any Vige KS*(7) the assertion CurlycVis€Po(7;S) is equivalent to
diVNC VT(S:O'

Proof of Theorem3.1. For axs € KS(7) and Bks- € KS*(7) with Curlyc(Bks:) € Po(7;S) let ac €
P1(7) N Cp(£2), acr € CRlD(T), ﬂCR € CR*(7) and ,BC € Vé(T) with aks = (ac, cRr) and ,BKS* —
(,BCR, ﬂc) Then aKsS and ,3}(5* satisfy

(Ce(aks), Curlye Brs)ct = / enc(aks) : Curlye Brs dx
2

=/ Dnc(aks) - Curlye s+ dx
@

=/ (Vag - Curlne Ber + Vncecr - Curl Be) dx.
@

This and the L? orthogonalities
V(P1(T) N Cp(£2)) L2 Curlyc(CR*(T)), Ve CRL(T)Li> Curl(VE(T)) (3.1)
imply the orthogonality (with respect to the scalar product (e, e)c-1)
Cenc(KS(T)) L(Curlye (KS* (7)) NPy(T;S)).

Given op € Po(7;S), let aks € KS(7) solve
/ enc(Vks) @ Cenc(aks) dX=/ enc(Vks) s ondx  forall vks € KS(7).
2 2

The jth row 7,(j) := (tn(j, 1), T(j, 2)) € Po(T;R?) of 11 :=0n — Cenc(aks) € Po(T;S) is piecewise
constant for j = 1, 2. The discrete Helmholtz decomposition for Crouzeix—Raviart and conforming P
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functions (Arnold & Falk, 1989) remains true for mixed boundary conditions and interchanged discrete
spaces as

Po(7; R?) = Ve CRL(T) @ Curl VE(T),
Po(7;R?) = V(P1(7) N Cp(£2)) ® Curlye CR*(T).

(This can be proved, for example, by the orthogonalities (3.1) and a dimension argument.) This guaran-
tees the existence of pc € P1(7) N Cp(£2), pcr € CR*(7), cr € CRlD(T) and gc € V&(7) with

(1) = Vpc + Curlye pcr - and — 77(2) = Vncder + Curl gc.
(Here, Vpc, Curlne per, VneOer and Curl gc are understood as row vectors.) Since t is orthogonal to

Cenc(KS(T)) with respect to (e, )1 and since t, € Po(7'; S), the functions v¢c € P1(7) N Cp(£2) and
Vcr € CRL (7)) satisfy

/ (VVc; VeVer) © (th(1); th(2)) dx = / enc(Ve, Ver) : thdx=0.
2 2
This implies the L? orthogonalities

(1)L V(PL(T) N Cp(R2)) and  1h(2)Li2Vnc CRE(T).

This and the orthogonalities (3.1) lead to
IIVIOcIIEz(m =/ Vpe - (Vpe — (1)) dx=0.
2

Analogous arguments prove ||VncOcr ||EZ<9> = 0. Hence,
h = Curlnc (Per, ) € Curlye (KS*(7)).

O

LemMa 3.3 There exists an operator J3:CR1D(T)—>(P3(T)OCD(Q)) with the conservation
properties

/(VCR — J3VeRr) dx=0 forall TeT, (323.)

T

/(VCR —JVer)dx=0 forallEcé&, (3.2b)
E

and the approximation and stability properties

1 -
Ih7 (Ver — JaVer) 2oy & Ve (Ver — JaVer) Iz

A min Ve (Ver — @) llL2(2)
0eHL(2)NCo(2)

< I VneVerllz@)- (3.3)
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REMARK 3.4 The conservation property along edges (3.2b) and an integration by parts reveal the con-
servation property of the gradients I7oVJ; = V¢ in the sense that

/ VJsVeg dX = / VncVer dx - forall T e 7 and all veg € CR (7).
T T

Proof of Lemma 3.3. The design is based on three successive steps.
Step 1. The operator J; : CRL(7) — P1(T) N Cp(£2) acts on any function vcg € CRE (7)) by averaging
the function values at each node ze NV (£2 U I'\):

JVer(2) =T (2|t Z Verlt(2) forallze V(2 U Iy) (3.4)
TeT (2

with 7(2) :={T € 7 | ze T}. (This operator is also known as the enriching operator in the context of
fast solvers; see Brenner, 1996.) The arguments of Carstensen et al. (2012a, Theorem 5.1) prove the
approximation property

—1 _
Ih7 (ver — Iver) Iz S [ > IEIHIVerlelZ g,
Ec&(2Ulp)

S Y. ENVever - telelZ

Ec&(2UID)
N min Ve (Ver — V) |22y (3.5)
VEHl(Q)ﬂCD(Q)

This and an inverse estimate imply the stability property

Ve (Ver — Iiver) llizaey S min Ve (Ver — V) [lL2(2)- (3.6)
VeH(2)NCo (£2)

Sep 2. Given any edge E = conv{a, b} € £(£2 U I'y) with nodal P; conforming basis functions ¢a,, ¢p €

P1(7T) N C(£2) (defined by ¢a(a) = ¢p(b) = 1,9a(2) =0 for ze N\ {a} and ¢, (2) =0 for ze '\ {b}),
the quadratic edge-bubble function

be 1= 6 @agp

has the support @g and satisfies fEbEds=1. For any function VCReCRlD(T) the operator J;:
CRL(T) — Po(T) N Cp(£2) acts as

JoVer == Ver + Z (JC(VCR — J1Vcr) d5> bg.
E

Ee&(2uUIN)

An immediate consequence of this choice is

szVCRdSZJCVCRdS forallEc€&.
E E
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An integration by parts shows, for the vertex Pe € N'(T) \ E opposite to E € £(T) in the triangle T,
the trace identity

1
JC(VCR — JiVer) ds= JC(VCR — JiVer) dX + 3 JC(X — Pg) - Ve (Ver — J1Ver) dx.
E T T

The scaling [bgllL2(2) < hr shows

bty (JLI;(VCR — J1Ver) dS) bE <Y

JC(VCR — Jiver) ds
E

EcE(T) L2y E€EM
Shetiiver — Iiverliza + I Ve (Ver — Jiver) llizn-
This together with (3.5) and (3.6) yield
I (ver — BVer) Iz S min - [[Ve(Ver — V) [lzgo)- 3.7
veH1(2)NCp(£2)

The stability property of J, follows with an inverse estimate:

1
Ve (Ver — doVer) llizey S I1h7 (Ver — JoVer) iz

< min Ve (Ver — V) |IL2(2)- (3.8)
veH1(2)NCo(2)

Sep 3. Onany triangle T = conv{a, b, ¢} with nodal basis functions ¢a, ¢p, ¢c, the cubic volume bubble
function reads

bt = 60¢pa@pec € H&(T)
and enjoys the scaling || Vbr|| 2y &~ 1. Define
J3Ver = JHVer + Z (JC(VCR — JVer) dX> bT.
TeT T

Then J; fulfils the conservation properties (3.2) and

2
Z (ﬁ(VCR — JVcr) dX) Vbt A Z

TeT L2() TeT

2

(ﬁ(VCR — JoVer) dX)

-1 2
S IIh7 (Ver — Ver) Iz )

This together with (3.7) and (3.8) imply

[Dnc(Ver — JaVer) ey < IDne(Ver — J2Ver) Iz +
.

J[ (Vcr — JoVeR) dX) Vb

2
TeT L2(£2)

< min IVNc(Ver — V) |22y
VeH(2)NCo (2)

This and a Poincaré inequality lead to (3.3). O
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LemMma 3.5 Any vks € KS(7) satisfies

/ (Moo — oxs) " enc(Vis) IX < ([( — o) (2)llz(e) + 0C(fa, T)
2
1 05C(G2, (T [ VcVis )|z

Proof. Givenany vks € KS(7), letve € P1(7) N Cp(£2) and veg € CRE(T) be the components of vks,
i.e., Vks = (Vc, Vcr). Lemma 3.3 guarantees the existence of Jsveg € P3(7) NH(£2) N Cp(£2) with

/T(VCR — JVer)dX=0= /T Vnc(Ver — JaVer) dx forall T e T
and  [[Vnc(Ver — JaVer) 22y S I VneVerlliz @) - (3.9)
Since ITyo is piecewise constant, the integral mean property (3.9) implies
/Q ITyo : enc (0, Ver) dx = /Q ITyo : enc (0, J3ver) dX
= /Q(Hoa —0):D(0, J3vcr) dX + /Q o :¢(0, J3vcRr) dX.

Since o is the stress of the exact solution and Javcr € H(£2) N Cp(£2), the Cauchy-Schwarz inequality
implies

/(1700‘ —0):D(0, J3VcRr) dX+/ o :€(0,J3vcR) dx
2 2

<o = ITho) (2)|I2 ) IV IsVerllLz ) + / fJ3ver X+ [ QoJaVer ds.
Q Iy

The triangle inequality and the stability property (3.9) show

VIsVerllz(e) < IIVIsVer — VneVerllizie) + 11 VneVerllizie)
<

[VNeVerlLz(2)-
The combination of the above inequalities yields
/ oo = enc(0,Ver) dX S [[(0 — Moo ) (2) |22 [ Ve Verlliz)
2
+ / foJaVer dX + O2J3VeR ds.
2 I'n
Since o and oks are the stresses of the exact and the discrete solution, respectively, it follows that

/ (IToo — oks) - enc(Vks) dX=/ (IToo — oks) - enc(0, Ver) dx
2 2

= / ITyo : enc (0, VeRr) dx — / foVer dX — O2Ver ds.
2 2

I'n
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The combination of the previous displayed formulas proves

/ (IToo — oks) - enc(Vks) dX S [0 — ITp0 ) (2) [l 2(2) I Ve Ver llz(2)
2

+ / f2(J3Ver — Ver) AX+ [ G2(J3Ver — Ver) dS. (3.10)
2

I'n

Since the integral mean of J3vcg — Vg Vvanishes on triangles, the trace inequality (Brenner & Scott,
2008, p.282) followed by a Poincaré inequality yields, for E€ £(I'y) and T € 7 with E€ £(T),

_1/2 1
Ih7%(Javer — Ver)llize) S W71 3aver — Ver) Iz + | Ve (JaVer — Ver) llem

< IVne(J3Ver — Ver) Iz

Since the integral mean of J3vcg — Vcr Vanishes on edges, this leads to
2
/92 (JaVer — Ver) ds < (1057 (g2 — M)z | Vne (JaVer — Ver) Lz .-
E

Since the integral mean of J3vcr — Vcr vanishes on triangles, (3.10) implies

/(1700 — oks) - enc(Vks) dx
2

S (Io = Moo) () |li2(e) + 0sC(f2, 7) + 05C(Q2, £(IW))) | Ve VerllLz ()

This concludes the proof. O

The nonconforming interpolation operator Inc : V — Ver(7) is defined by (Incv) (Mid(E)) = fE vds
forall Ee€ £\ £(Ip) and fulfils the integral mean property Dyclne = IToD in the sense that

DNCIch|T=JCDvdx forallTe7 andallve V. (3.11)
T
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LEMMA 3.6 Any Bks € KS*(T) with CUFlNC Bks € Po(T; S) satisfies
/ enc(Incu — Uks) - Curlne Brst dX S [1(Du — MToDu) (1) || 2o || Curlne Brs (D) ll2(o)-
2

Proof. According to the definition, Sks+(1) € CR*(7) and Bks+(2) € V(7). The orthogonalities (3.1)
and Curlnc Bks+ € S show, for any ¢c € P1(7) N Cp($2), that

/ enc(IncU — Uks) : Curlye Bks: dX=/ (UncIncu(l) — Vo) - Curlye Brs+ (1) dx.
2 2
Since ¢c € P1(7) N Cp(£2) is arbitrary, this implies

/ enc(IncU — Uks) : Curlye Brs+ dx
2

< min Vnelncu(l) — Vv Curl «(1 . 3.12
S pocp,min @ I VneIncu(l) dcllizall ne Brss (D llLz o) (3.12)

The integral mean property (3.11) of Inc and Carstensen et al. (2012a, Theorem 5.1) show

i Vnel 1)-V < [[Vu(@) — Vncl 1
¢ceP1(n%gco(9) I VneIncu(l) dcllze) < VU nelncu) i)
= [IVu(1) — MoVu() |iz(a). (3.13)
The combination of (3.12) and (3.13) concludes the proof. O

4. Proof of Theorem 2.1

The main step in the proof of Theorem 2.1 is the error estimate
llo = oksllizie) S llo — Moo [z + I1(DU — IToDU) (1) llize) + 0sc(fz, 7) + 0sc(gz, £(IN))

from Theorem 4.4. The discrete-plus-continuous Korn inequality from Theorem 4.1 allows con-
trol of the nonsymmetric term |Du— IToDul| 2, in terms of the symmetric stress error |o —
Céenc(Vks) llL2()- This proves Theorem 2.1.

The remaining parts of this section prove first Theorem 4.1 and then Theorem 4.4.

Theorem 4.1 generalizes the discrete Korn inequality from Kouhia & Stenberg (1995) in that the
underlying function space is V 4+ KS(7") and not just KS(7). Then Carstensen & Funken (2001b,
Remark 4.1.v) gives the general warning that the Korn inequality in the form of Theorem 4.1 is only
stated but not proved completely in Bao & Barrett (1998).

THEOREM 4.1 (Discrete-plus-continuous Korn inequality) For a triangulation 7 which fulfils conditions
(c),(d) of Section 2.3, any Vnc € V 4+ KS(7) satisfies

IDneUNe 2oy S llenc (Une) llize)-

REMARK 4.2 The discrete-plus-continuous Korn inequality could be proved for slightly weaker condi-
tions than conditions (c),(d) from Section 2.3 as in the situation of Fig. 2(d). In those situations, the
proof of Theorem 4.1 considers some larger neighbourhoods of the patches. In the situation of Fig. 2(d),
it is not guaranteed that those patches do not become arbitrarily large under some refinement strategies
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and so the constant from the discrete Korn inequality is not uniformly bounded. For the ease of this
presentation and the sake of clarity, the slightly stronger versions (c),(d) are assumed.

The proof of Theorem 4.1 considers a set of vertices Z C N defined by ze Z if and only if at least
one of the following conditions (i)—(iii) is fulfilled with & > 0 from conditions (c), (d) of Section 2.3:

(i) The node ze N/ (£2) is an interior node.

(ii) The node ze A(3£2) is a boundary node with |ve(1)| > o for all E € E(w,) for the nodal
patchw, :=int(J{T € 7 |ze T}),andif {(E€ EUDp N @,) | [ve(D)| < a}| =1,then {E€ EIp N
wz) | [ve(D)| > a} > 0.

(iii) The node ze N'(3£2) is a boundary node and there exists an edge E € £(w,) with AN (E) C
N(9£2) and |ve(1)| < o, which decomposes the patch w, in the two domains wy, w; (i.e., w1, w2
connected with w; N@; =E and w; U wy U int(E) = w,). For each of the two domains w; and
wy there exist E; € £(dwy) N E(I) and E; € E(dw,) N E(Ip) on the Dirichlet boundary with
[vg, (1] > e and |vg, (1)| > «, as depicted in Fig. 2(c).

Recall that the generic multiplicative constants hidden in the notation < may depend on «.

The set Z contains all interior nodes and some nodes on the boundary, for which some local discrete
Korn inequality holds on the nodal patches. The proof of Theorem 4.1 uses the fact that, under conditions
(c), (d) of Section 2.3, the set Z is large enough to prove the theorem even if that set is empty and the
mesh is very coarse (without any interior nodes). The first step of this proof is the subsequent lemma.

LemMA 4.3 (Characterization of rigid body motions) Let 7 be a triangulation which fulfils condi-
tions (c),(d) of Section 2.3 and define Z as above. Then any vks € KS(7) with enc(Vksl.,) =0 on
the nodal patch w, for ze Z is continuous on w,. For E € £(£2) with |ve(1)| > «, any vks € KS(7") with
enc(Vkslwe) = 0 on the edge patch we :=int(J{T € 7 | E € £(T)}) is continuous on we.

Proof. The critical situation concerns horizontal edges as depicted in Fig. 3(a). For interior nodes the
rigid body motions are fixed through two midpoints of those horizontal edges (see Fig. 3(c)). For nodes
on the boundary, condition (iii) guarantees that the rigid body motions are fixed by the boundary condi-
tions. In the case of the edge patches, such critical situations are excluded. O

Proof of Theorem4.1. Define Ip = H{Ee€e&UD) [ lve(D)| >« or IF e E(Ip) with FEEand F N
E = @}. The point of departure is the discrete Korn inequality for piecewise H* functions (Brenner,
2004, Equation (1.19)),

IDneVne ) S llenc(ne) iz + IVncllizgy +, [ D [EIHIInclell B,
EcE(R)

For any vertex z€ Z set T2 :={T e~T | ze T}, the set of all triangles with vertex z, and define &, :=
[E€c&(R2UITp)|zeEand if E€ £(Ip) and |ve(1)| < «, then |E(ID)| > 1} and let w,:=int(J 7 (2))
be the nodal patch. On KS(7 (2)) := {Vks € P1(7 (2), R?) | 3wks € KS(T) s.t. Vks = Wis|w,} the maps

p1(Vks) = \/Z EI72 ) [is]ellf> g

Eeé&, (4.1)

and  pa(Vks) := inf lenc(Vks — V) lIL2(wy
veV(w;)
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(@) (b)

RN z € 00

(©)

F1G. 3. lllustration of critical situations for Lemma 4.3: (a) an excluded infinitesimal rigid body motion; (b) situation of Fig. 3(a)
embedded in a triangulation, excluded by condition (c); (c) interior patch.

define two seminorms, where
V(w,) i={we L?(w;R?) |Ive V withw=V]|,,}.

The triangle inequality implies that infimizing sequences v, € V(w;) in (4.1) are bounded in
H(wz; R?). Since V(w,) is a closed subspace of the reflexive space H(w,; R?), there exist a subse-
quence vy, and a function v, € V(w;) with v, — V. This and the weak lower semicontinuity of the
norm |le(e) || 2w, ON V(w,) imply that the infimum is in fact a minimum.

If po(vks) =0 for vks € KS(7 (2)), then there exists some v € V(w,) With enc(Vks) = &(v). There-
fore, Ws :=V — ks € P1(7 (2); R?) is a piecewise rigid body motion. This implies

ve Pi(T(2); R N C(ws R C KS(T (2)

and therefore wxs € KS(7 (2)). Lemma 4.3 implies that wys € C(w,; R?) is continuous. Hence, vks =
V — Wks € C(wy; R?) and vks|lg =0 for E€ & U I'p and therefore 0p1(Vks) =0. Since p; and p, are
seminorms on the finite-dimensional space KS(7 (2)), there exists a constant C(7 (z)), such that
p1 < C(7 (2)p2. A scaling argument shows that the constant C(7 (2)) is independent of the mesh size
and depends on the minimal angle in 7 (2) and on « > 0 from conditions (c),(d) of Section 2.3 only.

For E € £(£2 U I'p) with |ve(1)| > «, a similar argument shows the inequality p; < p, for the two
seminorms (of vks € KS(7 (2)))

—1/2

p1(Vks) := [EI"“[[Vkslell2E)

and

Vks) = inf Jlenc(Vks —V .
P2(Vks) veV(wE)” ne(Vks — V) L2 (we)

Note that for all E € £(2 U I'p) with |ve(1)| < «, conditions (c),(d) guarantee the existence of a
node ze Z with E € &,. Since the length of edges E € £(Ip) on the Dirichlet boundary is bounded
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(JE| £ 1), the sum over all vertices ze Z and the bounded overlap of the patches show

IVkslizry + [ > IEIHIvks]ellZe,

Ee&(£2)

S D B IviselE g,

EcE(RUID)
SO B vkslelZ g + D > B I vkslell g

EcE(RUID) 7eZ Ee&,

ve(D)|Za
Sinf Jlenc(Vks — V) lli2e)- (4.2)
veV

Forvwc eV + KS(T) andveV and vgs € KS(T) with vye = V + ks, it holds that [VNC]E = [VKS]E
and vnelr, = Vsl - Inequality (4.2) implies

— 2 H
Ve lliz ey + Z |EI7 I Wnelelltz g, S Inf llenc (Vs — W)l
EcE(@)

< llenc(Wne) [z o)

The remaining part of this section proves Theorem 4.4.

THEOREM 4.4 It holds that

lo —oksliiee) S llo — Iyo |22y + (DU — IToDU) (1) || 2(0)
+ 0sc(fp, T) + 0sc(gp, £(IN)).

REMARK 4.5 It remains an open question whether one can neglect the term ||(Du — IToDu) (1) 2z in
the upper bound in Theorem 4.4; it is not clear how to control this term by the stress error.

The inf-sup condition from Theorem 4.6 plays an important role for the independence from A in the
proof of Theorem 4.4.

THEOREM 4.6 (Inf-sup condition, Kouhia & Stenberg, 1995) Let 7 satisfy conditions (a),(b) from
Section 2.3. Then it holds that

f Po divne Vks dx
IPolle) S sup <
wiseks(mn o) IDneVksllize)

(4.3)

for all pg € Po(7) if I'y & @ and for all py € Po(7") with fQ pPodx=0if Iy =4.

Proof. The first paper (Kouhia & Stenberg, 1995) on this nonconforming FEM aims at an asymptotic
result for sufficiently fine mesh sizes and therefore reasonably ignores the possibly pathological cases
on coarse meshes. Following the arguments of Kouhia & Stenberg (1995, pp. 208-210), one can verify
that condition (a) is stronger than Kouhia & Stenberg (1995, condition (AD), p. 198) but avoids the
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modification of the domain necessary in Kouhia & Stenberg (1995, Step 4 of the proof). In fact, the
proof in Kouhia & Stenberg (1995) reduces the discrete stability to that on the continuous level but
changing the mesh results in changing the domain. One possible criticism is that the change of the
continuous inf-sup constant with respect to the change of the domain is neglected without a detailed
discussion in Kouhia & Stenberg (1995). Conditions (a),(b) of Section 2.3 are sufficient to argue on
the original domain in a way analogous to Kouhia & Stenberg (1995, pp. 208-210). Since there are no
additional ideas in the proof, further details of this technicality are omitted. O

Proof of Theorem4.4. The triangle inequality implies that it suffices to consider the difference || ITpo —
oxsllLz(e)- The L2-orthogonal decomposition in the isochoric and deviatoric part reads

2 2 2
[[TToo — GKS"LZ(Q) = || dev(IToo — UKS)”LZ(Q) + %“ tr(fTpo — UKS)12><2|||_2(_Q)-

For I'y = ¢ the homogeneous boundary conditions of u and uks allow an integration by parts for the
second term. The continuity condition [ [uks]g ds=0 for all E € £(£2) leads to

/tr(l‘[oa)dx=0=/ tr(oks) dx, (4.9
2

2

i.e., tr(ITyoc — oks) € Po(7)/R. Theorem 4.6 guarantees, for I'y = @ and I'y 3 @, the existence of vks €
KS(T) Wlth ”DNCVKS”LZ(Q) = l and

| tr(foo — oks) Iz 5/ tr(IToo — oks) divne Vks dx
2

:/ (ITpo — oks) - DncVks dx — / dev(I'[oa — 0Ks) - DncVks dx.
2 2

The application of Lemma 3.5 to the first term of the right-hand side yields

| tr(IToo — oks) ey S (0 — Mo ) (2) |l 2y + 0sc(f2, 7) + 0sc(gz, E(IN))
+ || dev(IToo — oks) lliz(e).

The analysis of || dev(IToo — oks) [|L2() remains. Algebraic manipulation shows dev CA: dev CA<S A:
CAfor all A e R?*2. Applied to the above situation this reads

| dev(ITgo — GKs)Hiz(g) 5/ (ITyo — oks) : enc(IncU — Uks) dX. (4.5)
2

The point is that C dev A does not depend on A. Theorem 3.1 guarantees the existence of axs € KS(7)
and Bks: € KS*(7) with the property that Curlyc Bks: € Po(7;S) and IToo — oks = Cenc(aks) +
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Curlyc Bks+. Lemmas 3.5 and 3.6 yield
/ (IToo — oks) - enc(IncU — Uks) dx
2

=/ enc(aks) : (IToo — oks) dX + / Curlnc Bks* : enc(Incu — Uks) dx
7,

I?)
S (IUTeo — 0)(2) |2y + 0sc(f2, 7) 4 0sc(Q2, £(IN))) I Vncaks (D) |z o)
+ [[(Du — IToDW) (1) || 22 | Curlne Brs (D2 (s2)- (4.6)

A similar argument as for the decomposition of IToo —oks in the isochoric and the
deviatoric part at the beginning of the proof bounds the term | CurINcﬁKs*(l)Hfz(m by

(Curlyc Brs+, C™* Curlye Bks*)c-1. For this purpose Curlyc Bks+ is L?-orthogonally decomposed in the
isochoric and the deviatoric part, i.e.,

Il Curlne Brs+ P2y = Il dev(Curine Brs) Iz (o) + FItr(CUrlne Brs) 1zx2llP2(o)- (4.7)

For I'y = @ the function as satisfies
/ tr(Cenc(aks)) dx= (2u + 21) / divne (aks) dx
2 2

=Qu+20)) /E [arks]e ve ds=0.

Ee&

With (4.4), it follows that fQ tr(Curlne Bks+) dx=0. The inf-sup condition for Kouhia—Stenberg
functions, Theorem 4.6, guarantees, for I'y=¢ and I'y =+, the existence of vks € KS(7) with
IDncVkslliz(e) =1 and

[l tr(Curlne BrsH ey S / tr(Curlnc Bks+) divne ks dx.
2

For ,3|(s* = (,BCR, ,30) with ,BCR € CR]N (T) and ,BC € P]_(T) N Cn (£2) and Vks = (Vc, Ver) with Vc €
P1(T) N Cp(£2) and Vg € CRE(T), it follows that

[l tr(Curlne Brs) iz §/ (Curlnc Bks* — dev Curlnc Bks*) : DncVks dx
7,
< |l dev Curlne Bllzce) IIDncVks iz )

+ / Curlne Ber - Vve dx + / Curl B¢ - VncVer dX. (48)
2 2

Since Vv e vanishes on I'p, an integration by parts leads to

/ Curlnc Ber - Vv dx= Z /[ﬂCR]E dsvvc - e + Z BcrdsVve - g =0.
2 E

Ec&(2) Eef(In) E
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Since VB¢ - g vanishes on E € £(I'y),

/Q Curl fc - VncVer dx= > /EVCR ds(VAc-te)+ Y [ [Verleds(VAc - e) =0.

EcE(Tb) Ece@) ’E
Together with (4.7) and (4.8), it follows that
[| tr(Curlne Brs) llzce) + Il Curlne Bis+ NIz S Il dev Curlne Brs Lz (e)-
Since dev CA: dev CA < A: CAfor all A e R?*?, it follows, as above, that
| Curlye Brst 172y < (Curlne Brs+, Curlne Brst)c--
Theorem 4.1 implies
IVcaks )12y < lenc(eks)f2q) S (Cenclaks), Cenc (aks))c-t.

The orthogonality of the decomposition IToo — oxs = Cenc(aks) + Curlye Bks: With respect to
(e, ®)c-1, together with the above estimate, implies

172
| Vcaks (2) 2@y + Il Curlne Brs ey S (/ (IToo — oks)  enc(IncU — Uks) dX) :
17

Inequality (4.6) proves

1/2
(/ (ITgo — oks) : enc(IncU — Uks) dX) SIUToo — 0)(2) |2y + 0sc(fz, T) + 0s¢(Q2, £(IN))
2

+ I(Du — IToDU) (D) [l 2(g2).
This and (4.5) conclude the proof of Theorem 4.4. O

5. Proof of Theorems 2.3 and 2.4

The first part of this section proves Theorem 2.3, while the second proves Theorem 2.4.
The proof of Theorem 2.3 is based on the following lemma. It corresponds to Lemma 3.5 for
Crouzeix—Raviart functions.

LeEmMA 5.1 Any Vcr € Ver(7) satisfies

(6 = Gem) : Ducven xS (15 — Mo o) + 050, T IDncVer o
2
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Proof. Lemma 3.3 implies, with a piecewise Poincaré inequality for J; (applied componentwise),

/ (6 — 6cr) : DncVer dX=/ (C(DnclIncy) — Gcr) : DncVer dx
@ @

=/ f - (J3Ver — Ver) dX + / (C(DnclIncl) — &) : DIgver dx
2 2

< Nhr(F = Iof) [l 2(2) 1 (J3Ver — Ver) /D7 |z (5.1)
+ o6 — G |lL2(2) IDIaVer Lz (2)
Sosc(f, T)IDncVerllize) + HTo6 — 6 [li2¢e) IDNCVeR ll2(2).- O

Proof of Theorem2.3. The point of departure is an inequality of Carstensen & Rabus (2012, Lemma
3.8),

lo — 5CR||EZ(Q) 5/ (6 — 6cr) : (Du — Dncucr) dx + [[h7f ||EZ(Q)- (5.2)
2

Define the bubble function br := (¢r, ¢1) € P3(7;R?) with ¢t as in the proof of Lemma 3.5. The
property [; br dx~ |T| implies

Ihzf Iz <osc(f, T) + [lhr Iof Il ey

~osc(f,T) +

/b—roﬂofdx
-

The scaling ||br |l 2ty & h7 |t and an integration by parts show

’/an()de
T

< brlieem It — IMof 2y + ‘/ br - f dx
T

<osc(f,T) +

/ Dbt : (0 — IMyo) dx
-

Since ||Dbr ||z ~ Land (A+ AT) 1 (A+ AT) <4A: A it follows that

Sllo — IMyo ey

/ Dbt : (0 — ITyo) dx
-

<6 — Moo | 2Ty

Altogether,

Ihrfllzem <ose(f, T) + 116 — oG [l2cr).
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This, (5.2) and Lemma 5.1 imply

16 = Genlie 5 [ (G = 1T03): QU= MoDW b+ | (&~ em) : Diellnct — o) o
2 2

+0sc*(f,7) + |6 — o5 (172
S8 — M5 |z 0, + 056*(F, T)

+ (llo — oG || 22y + 0sc(f, 7)) [IDne (IncU — Ucr) 2@y,

where the last inequality follows from [|[Du — IToDul| 2y < |6 — oG |lL2(2)- The Young inequality
2ab<aad® + a1 b? for @ > 0 implies

(llo — Moo Iz (@) + 0se(f, 7)) IIDne (IncU — Ucr) llLz(2)
<1/(4a) (16 — o6 [lL2(@) + 0sc(f, 7)) + [ Dne (Incu — Ucr) Iz (o)
For sufficiently small « the last term is absorbed. It follows that
6 — dcrllLze) S 16— Moo |2y + osc(f, 7).

O

The remaining parts of this section are devoted to the proof of Theorem 2.4, which is based on the
following proposition.

ProposITION 5.2 For uks € KS(7') and 1 < A it holds that

min  luks — Vi < AY2 min|luks — V||nc.
s mir T)lll ks — Vcline S min lluks — Viinc

Proof. The arguments of Carstensen et al. (2012a, Theorem 5.1) prove the crucial point, namely

min _ ||Dnc(Vks — Vo) llzcoy & min |[Dnc (Vks — V) || L2¢o)-
VeeVe(T) IDne(Vks — Vo) iz i [IDne (Vks — V) ILz(e2)

(This is proved for scalar functions and the pure Dirichlet problem in Carstensen et al., 2012a, but the
local arguments in the proof are still valid for the weaker boundary conditions and for two components.)
The estimate

12 12
lIviksline < A2 lenc (Vks) ey < AY21IDneVis iz

and

IDne (Vks — W 22y < lIVks — Vine

conclude the proof of the proposition. O

Proof of Theorem2.4. The proof follows in three steps.
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Sep 1. The inclusion V(7)) € KS(7) and Galerkin orthogonality show, together with Proposition 5.2,
lluks — Ucline < m|n |||UKs — Veline
< xl/z minfluxs — Vil < A" lu — Uks|l-

This implies the following inequality for the energy norm:

flu— ucll < flu— Uksline + lluc — Uksline < (1 + AY%)[lu — Ukslinc.
Since |CA2 < A (A: CA), it follows that

lo — ocllizi) SAY2IU— ucll S Mlu — uksline S Ao — oksliz@)-
Sep 2. The inequalities

llo — oksliizee) S llo — oclliz(e)y + 0sc(fz, 7) 4+ 0sc(gz, £(I)),
lo — oksliize) S I6 — derllee) +0sc(fz, 7)  (if I'p =0352)

are direct consequences of Theorems 2.1 and 4.4.
Step 3. The inequality (A + AT) : (A+ AT) <4A: Aimplies

(0 —ocr) : (0 —0cr) S (6 — 0cr) - (6 — GcR)-
From Theorem 4.1 it follows, for oks := @DNCUKS, that
16 — GkslIf2(m) = 1*IDNC(U — Uks) I[Pz o)
+ u+ ) + O+ WA divie (U — Uks) [1F2q)
S 4 llenc (U — Uks) P2, + (Aud + 29[ divie (U — Uks) P2 o)

2
=|lo — GKS"LZ(Q)'

Altogether,
llo —ocrlliz2) S 16 — ocrllize)
S 16— ksl +osc(f, 7)
S llo = okslize) + osc(f, 7).
This concludes the proof of Theorem 2.4. O

6. Numerical investigations

This section provides numerical evidence that the claimed equivalence of ocg and oks is independent
of the parameter A for the pure Dirichlet problem in linear elasticity and that the dependence of the
equivalence constants in (1.1) on A = 1.6 x 10X for k=6, 7, 8,9 cannot be improved.
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6.1 Preliminaries

Throughout this section, the elastic modulus is E=10° and the Poisson ratio varies between v =
0.4,0.49,0.499,0.4999 with corresponding values of u=E/(2(1+v)) and A=Ev/((1+v)(1—
2v)) = 1.6 x 10X for k=6,7,8,9. The initial triangulations 7o of all four numerical examples are
depicted in Figs 4 and 5. The discrete problems are solved on a sequence of triangulations 7, obtained by
successive red-refinements; a red-refinement of a triangle subdivides each triangle into four congruent
subtriangles via straight lines through the edges’ midpoints, as depicted in Fig. 4(a).

Since the error is known only in the first example, the averaging error estimator defined in
Carstensen & Funken (2001a, Equation (2.17)) serves as an error indicator. Although the proofs of
efficiency and reliability from Carstensen & Funken (2001a) provide no information about the effi-
ciency and reliability constants, there is numerical evidence that the averaging error estimator often
yields results very close to the exact error (Carstensen & Funken, 2001a). The first example confirms
this observation and so partly justifies the use of this error estimator for the further examples. Let |T|
denote the area of a triangle T € 7 and ¢ the tangent of an edge E € £. The residual error estimators

1/2
nce) = | > [ THFIEm +I1TY > lloclevel?, :
TeT EcE(M\EUD)

1/2

2 1/2 2
ST +1T7% > lI[Dncucrletel’z g ,
TeT EcE(M\EUN)

ncr(Ucr) -

. 2 1/2 2
nks(Uks) = [ Y [ ITHFIGm + T2 D IDncUksleTellf g
TeT EcEM\EUN)

1/2

+ T2 > 1,0 - (oksleve) Iz,
EcE€(M\EUD)

for CFEM, CR-NCFEM and KS-NCFEM, respectively, are reliable and efficient (Carstensen & Funken,
2001a; Carstensen & Rabus, 2012). In contrast to Carstensen & Funken (2001a), the normal jump of
the second component of the stress is omitted for KS-NCFEM in the spirit of Dari et al. (1995).

A close investigation of the dependency on the parameter A for v = 0.4, 0.49, 0.499 and 0.4999 in
the comparison result (1.1) considers the quotients

q(U,f) = ||O'v —O'é'UHLZ(Q)/”O'v _U}ﬁg”LZ(Q) fOfZ:l,...,g. (61)

Here and in Sections 6.2 and 6.4, o, denotes the exact stress for the Poisson ratio v, and o and
e denote, respectively, the discrete stresses of CFEM and KS-NCFEM for the Poisson ratio v and
the ¢th red-refinement 7; := red” (7g) of 7. (For the experiment from Section 6.4 the quotients are
approximated by the corresponding values of the averaging error estimator.)
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6.2 Academic example

Under homogeneous pure Dirichlet boundary conditions, the unit square £2 = (0, 1)? is loaded with the
applied force

— 3 . _
f(x,y):( 2um® cos(y) sin(ry) (2 cos(27 X) 1))

2 cos(mrx) sin(rx) (2 cos(2y) — 1)
(written as a function of the coordinates x and y) so that (2.1) leads to the exact smooth solution

( 7 cos(y) sin?(7rx) sin(y) )
ux,y) = . 5 . .
—7 €oS(7rX) SIn“(;ry) sin(mr X)

Given the initial mesh 7, of Fig. 4(b) with one interior node and eight interior edges, the three FEMs
with the number of degrees of freedom lead on each triangulation 7, to the discrete stresses oc, ocr, 0ks;
on level zero, for instance, ndof =2 for CFEM, ndof =16 for CR-NCFEM and ndof =9 for KS-
NCFEM. The convergence history plot of Fig. 6 displays various errors and error estimators versus
the number of degrees of freedom for the Poisson ratios v = 0.4, 0.49, 0.499, 0.4999 (from dark to light;
in the color picture in the online edition of this paper the values correspond to red, blue, green, cyan)
for the three FEMs.

The graphs of the averaging error estimators and the exact error of CR-NCFEM and KS-NCFEM
for all values of v lie on top of each other and the values of the residual error estimator for KS-NCFEM
and also the values of the residual error estimator for CR-NCFEM behave in the same way.

For the initial triangulation 7, of Fig. 4(b) with two degrees of freedom in CFEM, the averaging
error estimator strongly underestimates and is omitted. Apart from that case, the values of the averaging
error estimator are very close to the exact error. This example therefore serves as an empirical validation
of the averaging error estimator in the following examples where it is expected to indicate the (unknown)
errors to high accuracy.

Equivalent convergence rates are observed for all three FEMs with a strong dependency on A for
CFEM, while the errors in KS-NCFEM and CR-NCFEM are of similar size. Table 1 displays the quo-
tients (6.1) and reveals a linear dependency on A. This is clear numerical evidence that the dependence
on A in the first estimate of (1.1) and in Theorem 2.4 is sharp.

(a) (0) |

F1G. 4. (a) Red-refined triangle. (b) Initial triangulation 7o on the unit square from Section 6.2.
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(a) (b) eor

44}

ot

F1G. 5. (a) Initial triangulation 7y on the L-shaped domain in Sections 6.4 and 6.5. (b) Cook’s membrane and initial triangulation
7o in Section 6.3.

TABLE 1 Quotient q(v, ¢) from (6.1) for CFEM and KS-NCFEM in Section 6.2

% =1 2 3 4 5 6 7 8 9

0.4 0.8461 1588 2411 2947 3.165 3.229 3.246 3.250 3.251
0.49 0.6717 3.327 9.667 17.95 24.84 28.46 29.71 30.05 30.14
0.499 0.6498 4.053 17.61 56.26 1275 207.0 264.0 289.3 297.3
0.4999 0.6476 4.150 1952 7829 277.7 778.8 1556 2301 2755

6.3 Cook’s membrane benchmark

This benchmark in linear elasticity concerns the domain 2 of Fig. 5(b) with vertices (0, 0), (48, 44),
(48,60), (0, 44) and the Dirichlet boundary I'p := conv{(0, 0), (0,44)} and I'y := 952 \ Ip. The applied
forces are f =0 in £ and g(x) = (0,1) if x, =48 on the right vertical edge of 952 while g=0 on
the remaining two parts of I'y. The Neumann boundary of the problem excludes CR-NCFEM. The
estimated errors of CFEM and KS-NCFEM are plotted against the number of degrees of freedom in
Fig. 7. For v =0.49, 0.499, 0.4999 the values of the averaging error estimator for KS-NCFEM lie on
top of each other and the values of the residual error estimator for KS-NCFEM behave in the same way.

The locking behaviour of CFEM and the robustness of KS-NCFEM (with respect to A) is clearly
visible in the sense that the preasymptotic range for CFEM is so big that it covers the full range of our
computational capabilities with the effect that, for v =0.4999, none of the computational values are
better than the initial stress approximation (relative to the L? norm).

Note that the jump in the boundary conditions at the vertex (0, 44) causes a solution u ¢ H?(£2; R?)
in agreement with the reduced convergence rates (under uniform mesh refinement) and, hence, the
conditions of Kouhia & Stenberg (1995) are violated.

6.4 L-shaped domain without locking

This example shows that the equivalence constant in the second inequality of (1.1) cannot be replaced
by any negative power of A. The underlying domain of this example is the L-shaped domain §2 :=
(—1,1)%\ [0, 1] x [—1, 0] with I'p = 32 and the initial mesh 7 of Fig. 5(a). The piecewise constant
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ES

errors and error estimates
) )

=y
o
w
T

10 ‘ ‘ ‘ ‘ ‘ ‘

ndof

FiG. 6. Estimated errors of CFEM (residual estimator (e), averaging estimator (A) and exact error (o)), CR-NCFEM (residual
estimator (4), averaging estimator (M) and exact error (¢)) and KS-NCFEM (residual estimator (x), averaging estimator (x) and
exact error (O)) for v =0.4, 0.49, 0.499, 0.4999 (from dark to light; in the color picture in the online edition of this paper the
values correspond to red, blue, green, cyan) on uniform red-refined meshes for the unit square from Section 6.2.

error estimates

.

10 : :
10’ 10° 10

° 10" 10
ndof

F1G. 7. Estimated errors of CFEM (residual estimator (e) and averaging estimator (A)) and KS-NCFEM (residual estimator (x)

and averaging estimator (x)) for v = 0.4, 0.49, 0.499, 0.4999 (from dark to light; in the color picture in the online edition of this

paper the values correspond to red, blue, green, cyan) on uniform red-refined meshes for Cook’s membrane from Section 6.3.
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volume force f reads

(0,-1) ifx<0O0andy>0,
fxy) =< (@ -1) ifxy=>0,
(0,0) if x,y<O0.

Figure 8 displays the averaging and residual error estimators for a sequence of red-refined triangulations
against the number of degrees of freedom. For v = 0.49, 0.499, 0.4999 the values of the averaging error
estimator lie on top of each other for all three FEMs and the values of the residual error estimator
behave in the same way. In Table 2, the quotients from (6.1) are approximated by the corresponding
values of the averaging estimator. The values of these quotients are all of the same order of magnitude;
this indicates no dependency on A in the second inequality of (1.1).

Since f is a gradient, we do not expect and do not observe the locking behaviour while A increases
over several orders of magnitude.

error estimates
o
.

ndof

F1G. 8. Estimated errors of CFEM (residual estimator (e) and averaging estimator (A)), CR-NCFEM (residual estimator (¢) and
averaging estimator ((J)) and KS-NCFEM (residual estimator () and averaging estimator (x)) for v = 0.4, 0.49, 0.499, 0.4999
(from dark to light; in the color picture in the online edition of this paper the values correspond to red, blue, green, cyan) on the
L-shaped domain from Section 6.4.

TABLE 2 Approximated quotient q(v, £) from (6.1) for CFEM and KS-NCFEM in Section 6.4

v (=1 2 3 4 5 6 7 8

0.4 1.123 1.502 1.762 1.931 2.037 2.097 2.123 2.118
0.49 1.348 2.057 2.705 3.291 3.807 4.252 4.641 4.989
0.499 1.371 2.130 2.790 3.342 3.869 4.393 4.882 5.334

0.4999 1.373 2.138 2.803 3.336 3.783 4.211 4.666 5.127
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B
=

e

. —

error estimates
)

ndof

F1G. 9. Estimated error for CFEM (residual estimator (e) and averaging estimator (A)) and KS-NCFEM (residual estimator ()
and averaging estimator (x)) for v = 0.4, 0.49, 0.499, 0.4999 (from dark to light; in the color picture in the online edition of this
paper the values correspond to red, blue, green, cyan) on the L-shaped domain from Section 6.5.

6.5 L-shaped domain with Neumann boundary conditions

This example confirms our theoretical findings in the case of a nonempty Neumann boundary. The
boundary conditions change type at the re-entrant corner point. This means that one cannot expect a
regularity of H3/2+¢ for some positive . The empirical convergence rate 1/6 of Fig. 9 in terms of the
number of degrees of freedom clearly indicates that u ¢ H%2(£2; R?). This situation excludes even a
mathematical justification via a straightforward though technical generalization of the error analysis
from Kouhia & Stenberg (1995).

The domain 2 and the initial triangulation 7; is as in Section 6.4, while the volume force f reads

(0,00 ifx<O0andy=>D0,
fxy) =401 ifxy=>0,
(1,00 ifxy<O.

The boundary is divided into the Neumann boundary I'y := {(X1, X2) € 082 | x; > 0} with applied trac-
tions g =0 and the Dirichlet boundary I'o = 92 \ I'y. Figure 9 displays the estimated errors in terms of
the number of degrees of freedom. For v = 0.499 and 0.4999, the values of the averaging error estimator
for KS-NCFEM lie on top of each other and the values of the residual error estimator for KS-NCFEM
behave in the same way. The equivalence of KS-NCFEM and CFEM up to a multiplicative factor which
scales linearly in A is visible also for this singular problem. The numerical experiments provide striking
empirical evidence for robustness with respect to the locking behaviour and to possible singularities and
mark the superiority of the somehow bizarre but simple and well-justified KS-NCFEM.
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