ROBUST RESIDUAL-BASED A POSTERIORI
ARNOLD-WINTHER MIXED FINITE ELEMENT ANALYSIS IN
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ABSTRACT. This paper presents a residual-based a posteriori error estimator
for the Arnold-Winther mixed finite element that utilises a post-processing
for the skew-symmetric part of the strain. Numerical experiments verify
the proven reliability and efficiency for suitable approximation of the skew-
symmetric deformation gradient. Numerical evidence supports that the L2-
stress error estimator is robust in the Poisson ratio and allows stable error
control even in the incompressible limit.

1. INTRODUCTION

The problem in linear elasticity considers the connected reference configuration
of the elastic body Q C R? with polygonal boundary 92 = I'p UT';y with closed and
connected T'p of positive surface measure and 'y = 9Q\I'p for applied tractions.
Given a volume force f : ) — R?, a displacement up : I'p — R2, and a traction
g : Ty — R?, find a displacement u : @ — R? and a stress tensor ¢ : @ — S :=
{r € R?*?: 7 = 7T} such that

—dive=f, oc=Ce(u) inQ,

1.1
(1.1) u=up onlp, ov=g only.

Throughout this paper, C denotes the bounded and positive definite fourth-order
elasticity tensor for isotropic linear elasticity. The symmetric mixed finite element
method is a very popular choice for a robust stress approximation; cf. [AWO02,
BBF13, Bra01, BS94, CEG11, CGS14] for details and related references.

The a posteriori error analysis for the Arnold-Winther finite element method
may follow the ideas of [CD98, Car05, CHO7| to derive a stress error control

o — oawl|z-: < Hg‘l}HC*lUAW —e(up +v)[|g + Crosc®(f, T) + Caos¢* (g, E(T )

for the stress error 0 — ooy even with a rather explicit estimate of the constant in
front of the oscillations and the (unwritten) multiplicative constant 1 in front of the
first term that measures the quality of the approximation C 1o 41 of symmetric
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2 C. CARSTENSEN AND J. GEDICKE

gradients €(v) := (Dv + DTv)/2 for v € V. The space V consists of all square-
integrable displacements with homogeneous boundary conditions along I'p and with
a square-integrable functional matrix Dv.

A severe additional difficulty of this approximation is that only the symmetric
part is approximated and not the full gradient Dv so that [CHO7] cannot be applied
for a residual-based a posteriori error estimation of the aforementioned first term.
Other mixed finite element schemes like PEERS in [CD98] involve some additional
variable to approximate the asymmetric part of the gradient. This paper presents
an explicit error estimate which involves an arbitrary asymmetric approximation
v, and provides an abstract a posteriori error control of the residual type, which is
useful for adaptive mesh-refining algorithms,

g = osc (f, )+oscz( ,E(TN))
+ Z h[lewrl(C™ oaw +’Yh)||L2(T)

TeT

+ Z hel[C oaw + 'Yh]E'TE||2L2(E)
EEE(Q)

+ > hel(C'oaw +n — Dup)Tl|7z ().
Ec&(T'p)

(The details on the standard notation can be found below for computable volume
contributions on a triangle T of diameter hpr and various jumps across an edge
E of length hg.) For any (piecewise smooth) choice of 73, this a posteriori error
estimator is reliable in the sense that

(1.2) lo = oawllc-1 < Crane

with some A-independent constant Cye ~ 1. One opportunity to ensure efficiency
is a global minimization over all piecewise polynomial v, of the error estimator 7.
The bubble function technique shows that the particular choice of 7, enters the
efficiency estimates with some A-independent constant Ceg = 1,

(1.3) e < Cest (o — oawllc-1 + llskew(Du) — vallr2)) -

Hence, one efficient choice for 4, is to choose it as a sufficiently accurate polynomial
approximation of the asymmetric gradient skew(Du) := (Du — DTu)/2. Since a
global approximation or even minimization may be too costly, this paper proposes
to apply a post-processing step to compute such a sufficiently accurate approxima-
tion vy, = skew(Du’y,) for the post-processed displacement u¥;, in the spirit of
Stenberg [Ste88]. The approximation ~y, = skew(Du%y,) is proven to be robust in
the Poisson ration v — 1/2 for sufficiently smooth functions. For domains with re-
entrant corners or incompatible boundary conditions, numerical experiments con-
firm that the proposed computation of v, leads empirically to reliable and efficient
a posteriori error control independent of the Poisson ration v — 1/2.

The remaining parts of this paper are organised as follows. In Section 2 the
notation, the weak formulation of (1.1) and the Arnold-Winther finite element space
[AWO02] are defined. Section 3 derives the a posteriori error analysis for the residual-
based a posteriori error estimator and proves reliability and efficiency. Section 4
outlines a post-processing of the displacement that leads to an approximation ~y; of
the asymmetric gradient. Section 5 presents numerical results of four benchmark
problems that verify reliability and efficiency of the residual-based a posteriori error
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estimator in combination with the post-processing and illustrates its robustness for
Poisson ratio v — 1/2.

The main parts of this research are restricted to 2D because the Argyris finite el-
ement method is employed to allow for a quasi-interpolation in the Arnold-Winther
finite element functions.

2. PRELIMINARIES
For v = (v1,v2) € R? and 7 = (7)) j k=12 € R?*2, set
__{ Ov /Oy —0vi/0x
Curl(v) := < Ovg Oy —0ve/Ox )’

curl 7 := ( Or12/0 = 0711 /0y ) ) divr := < Or11/0z + Om2/ Oy ) .

8722/8x—3721/6y 87’21/8z+8722/8y
Standard notation on Lebesgue and Sobolev spaces and norms is adopted through-
out this paper and, for brevity, ||| := ||[|z2(q) denotes the L? norm. In addi-

tion to the spaces V := {v € H'(4R?) | v|r, = 0} and H(div,Q) = {q €
L2(R?) | divg € L2(Q)} set

H(div,Q;S) := {r € L*(%;S) | divr € L*(Q;R?)},

S = {a € H(div,%S) | [ - (ov) ds =0 for all ¢ € D(FN;]RQ)},
I'n
Y, = {0’ € H(div,S) |

b (ov)ds= | - gdsforall i€ D(PN;R2)},
T'n I'n
where the last two spaces involve the traction boundary conditions for g € L?(T'x; R?)
and D denotes the space of test functions. Let M%2 := {r € R?*? : 7 = —7T}
and let S the symmetric 2 x 2 matrices.
The dual weak formulation of (1.1) reads: Given data up € HY(Q;R?), f €
L*(Q;R?), and g € L?(I'n; R?), seek the solution (o,u) € ¥, x L*(2;R?) with

/J:C_lea;—l—/u-diVde:/ up - (tvq) ds for all T € X,
Q Q I'p

(2.1)
/v~divodw=—/f~vda; for all v € L?(Q; R?).
Q Q

Let 7 be a shape-regular triangulation of Q into triangles with the set of interior
edges £(1), the sets of Dirichlet and Neumann boundary edges £(I'p) and E(T'y),
and the set of nodes N. For any triangle T' € T, let £(T') be the set of its edges
and hr denotes the diameter of T. For any edge E € £(T), let 75 = (—n2,n1)? be
the unit tangential vector along F for the unit outward normal vg = (n1,n2)t to
E with the diameter hg. The jump [w]g of w across E =T, NT_ reads

[w]s = (w] ;)| = (] )]

This applies to an interior edge, written £ € £(f2), with edge-patch wg as the
interior of T, UT_ = wg. (The jump term along the boundary will be specified
when it arises.)
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Throughout this paper, A < B abbreviates the inequality A < CB for some
constant C that does neither depend on the mesh-sizes nor on A\ but only on some
lower bound of the minimal interior angle in the triangulation 7 and on p.

The piecewise action of a differential operator is denoted with a subindex h, e.g.,
V. denotes the piecewise gradient (Vj,+)|r := V(:|r) for all T € T.

The finite element spaces associated with the regular triangulation 7 of £ into
triangles involve the Arnold-Winther finite element AWy (7)) of index k > 1 [AW02]
and the set P, (7;R™*™) and read

P (T;R™™™) = {v € L2(Q; R™™) |Uj’k|T is polynomial of total degree
atmostk:forallTET,lSjgn,lglﬂgm}7
AWR(T) == {7 € Puy2(T;S) | divr € Pu(T;R?)},

Yon =S NAWR(T), Zgn:=%,NAWL(T), Vi = Pu(T;R?).

The space AW (T) consists of all symmetric polynomial matrix fields of degree
< k + 1 together with the divergence-free matrix fields of degree < k + 2.
The mixed finite element method seeks oaw € X, and uaw € Vj, such that

/ oaw : C lraw dz +/ Uaw - div Taw do

Q Q

(2.2) = / up - (Tawv)ds for all Taw € 3o p,
I'p

vh~divaAde:/f-vhdx for all vy, € Vj,.
Q Q

Theorem 2.1 ([AW02]). The exact solution (o,u) € ($,NHFT2(Q;S)) x H*2(Q)
of problem (1.1) and the approximate solution (ocaw,uaw) of problem (2.2) satisfy

||O—70—AW||L2(Q) ShmHJ”Hm(Q) for1<m < k+2,
|div(o — oaw)l|L2) S R"||divo|lgm@) for 0 <m <k+1,
Hu—uAWan(Q) ShmHuHHerl(Q) fort<m<k+1. O

3. RESIDUAL-BASED A POSTERIORI ERROR ANALYSIS

3.1. Orthogonal error split. For v € V := {v € H'(Q)|v = 0 on I'p}, define
the residual by

Res(v) ::/wadm—i—/r g~vds—/QUAW:E(U)da:

with its dual norm

IRes||« := sup Res(v)
veV
lloll=1

with respect to the energy norm
ol = [ &(0): Ce(w)do.

Let
)|z, = / 7:C lrdx
Q
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and
distZ(C'r,e(up + V) := min [|[C™ 7 —e(w)]|3.
weup+V
Theorem 3.1. The exact (resp. discrete) stress field o (resp. caw) satisfies
o — UAW”%—l = |HReSH|z + diSt(%(Cilo'Avwéf(uD +V)).
Despite that Q is a bounded domain in R? with polygonal boundary, the (rela-
tive) open part I'y of the boundary T' := 99 is supposed to have a finite number

of connected components I'g,...,I's, and I'p of positive surface measure is closed
and connected.

Proposition 3.2 (Helmholtz decomposition [CD98, Lemma 3.2]). Given any o —
oaw € L?(Q;S), there exists a € {v € HY(Q;R?) : v = 0 onTp} and B € {¢ €
H?(Q) : ngbdx =0,Curlp =c; €ER? onT; CTn,j=0,...,J, cog =0} such that

(3.1) o —oaw = Ce(a) + CurlCurlg. O

Proof of Theorem 3.1. The Helmholtz decomposition of Proposition 3.2 leads to
some unique a € V and 8 € H(Q) N L3(Q) for which Curl 8 equals a constant c;
on I'; for any j = 0,...,J with ¢o := 0. The decomposition (3.1) is orthogonal
with respect to the L? scalar product when weighted by C™1, i.e.,

lo = oawllg-+ = lall* + [|Curl Curl Bl[2—..

For any v € V with [Jv|| = 1, an integration by parts with the exact stress field
o := Ce(u) shows

Res(v) = /Q(a —oaw) : €(v) dx.

This implies

Res(v) = /Q(C€(a) te(v) da < [lal|,

and so
IRes|l. < flafl.
Conversely,
lal* = Res(a) < [Res]l.[lal-
Altogether,
(3.2) IResl. = llall-

The Helmholtz decomposition (3.1) shows for any w € up + V that
e(w) — Cloaw = e(w — u + a) + C~* Curl Curl 3.
The aforementioned orthogonality reveals
I oaw — e(@)|I2 = Jw — u+al]? + | Curl Cuxl B3
This is minimal for w = u — a € up + V and the minimum equals
(3.3) dist?(C ' oaw, e(up + V) = ||Curl Curl B||2_,.
The combination of (3.1)-(3.3) concludes the proof. O



6 C. CARSTENSEN AND J. GEDICKE

3.2. Reliability. The data oscillations for the right-hand side f, with piecewise
L? projection f;, onto Py(7T;R?), and the Neumann boundary condition g, with
piecewise L? projection g, onto Py(I' x;R?) read

osc(f,T)* =Y Wgllf = fullecrs

TeT
osc(g, E(Tw))* = Z hellg *gh||2L2(E)-
Eeg(TnN)
Let j1,1 < 3.83170597 be the first positive root ji ;1 of the Bessel function of the
first kind.

Lemma 3.3. There exist constants C1,Cs, Crorn > 0 such that
IRes|l« < Crorn 0se(f, T)/d1.1 + C1C2(1 + 1/41.1)Chorn 05¢(g, E(Tn)).
Proof. An integration by parts shows for any v € V' that

(3.4) Res(v) = — /Q v-div(ec — oaw) dx + /F v (0 —oaw)vde.

N

Let f, be the piecewise L? projection onto Py (7;R?) and vr := £, vdx € R?, then

—/Qv-diV(U—UAw)dxz Z/T(U—UT)'(f—fh)dx'

TeT
The Poincaré inequality [LS10], namely

lv —vr|L2ry < he/jiall Dl 2 ery,

for each triangle T' € T, shows
—/ v-div(c — oaw) dz < ||Dvll osc(f, T)/j11-
Q

The trace inequality shows for the piecewise L? projection g5, = oawv onto Py (' y; R?),
and vg == f, vdr with E€ E(T)NE[TN) and T =g € T,

/FNv.(U—aAw)z/dx: Z )/E(“_UE)'(Q—gh)dx

EcE(T'n

<G > (hlé/zllv—vEllm(wE)+hbeDv|\L2(wE)) 19 — gnllL2(m)

Ee&(Tw)
< C1Co(1+1/j1a)[|Dv] ose(g, T).
The Korn inequality || Dv| < Chorn||v|| concludes the proof. O

Lemma 3.4. Given 8 € H*(2) with Curl 8|r, = ¢; € R? for j =0,...,J, Iy =
U;-]zofj, there exists Ba € Ps(T) N H?(Q) and some constant C(T) > 0 such that

(3.5) lh3" Curl(8 — Ba)|| + [|Curl Curl(8 — Ba)[| < C(T)|Curl Curl 5.

Proof. Given 8 € H*(Q) with Curl Blr, = ¢; € R? for j =0,...,J, vg-c; = 9B/0s
for any E € £(I';) and hence 3 (resp. Curl 3) are piecewise affine (resp. constant)
and continuous on I';. Therefore, 9 Curl 3/0s = 0 along E € £(I';) may serve as
values for the Argyris quasi interpolation, 8o = 8 in N(E) = {a,b}, DBr = D
in M(F) and mid(E), Curl Curl(8 — Ba)vg = 0 in N(E), cf. Figure 3.1. Only
the two degrees of freedom Curl Curl 8 - 75 are left unpredicted at the endpoints
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FIGURE 3.1. Edge degrees of freedom for the Argyris FEM

a or b from the conditions on E but these may be determined by the condition
Curl Curl(8 — Ba)ve = 0 on the neighbouring edges in I'; that may have different
normal vectors. All remaining degrees of freedom are values of a patchwise polyno-
mial L? approximation as in [C1é75]. This leads to (3.5) with a constant C(7) > 0
that does only depend on the interior angles of the triangulation. (I

The skew-symmetric functions vy in L?(€; M2X2 ) with curl y belongs to L?(Q|R?)

skew
form the vector space H (curl, T; Mkaei) Those functions have a trace in the tangen-

tial direction 7 in the dual space H~'/2(99Q); R?) of the trace space H'/?(99Q); R?)
written y7 € H~1/2(98); R?). Tt is a technical extra smoothness assumption (which
is met in all the numerical examples below) that yr € L?(99); R?) is a measurable
function.

Lemma 3.5. Any v € H(curl, T;M2X2 ) with vr € L*(Tp; R?) satisfies

skew

dist2(C Yo aw, e(up + V)) < Z ha||cur(C o aw + 7)||%2(T)
TeT

+ > hellC'oaw +ETEN 2 (k)
Ee&(Q)

+ > hel(C'oaw+v — Dup)7lliz g
Eec&(Tp)

Proof. The decomposition (3.1) and the identity (3.3) prove that
LHS := dist?(C loaw, e(up + V))

= /Q(Curl Curl B) : (e(u — a) — Croaw) dz
= /Q(Curl Curl B) : (e(u) — C loaw) de.

Given B from Proposition 3.2, let 54 be defined as in Lemma 3.4. The point
is that Taw = Curl Curl 8o € ¥y, is an admissible divergence-free test function
in the AW-MFEM because divCurl Curl 54 = 0 a.e. in Q and dCurl 84/0s =
0Curl /0s = 0 along any E € £(T'y). Therefore (2.1)—(2.2) prove

/(U —oaw) : Clraw dz = 0.
Q
Recall C~!o = £(u) and reformulate this to prove

(3.6) /Q Curl Curl(B4) : (e(u) — Cloaw) dz = 0.
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The combination with the above identity of LHS plus the symmetry of Curl Curl(8—
Ba) show that

LHS = / Curl Curl(8 — B4) : (D(u) — C ™ oaw) da.
Q
An integration by parts provides the boundary term

/ Curl Curl(8 — Sa) : D(u) dx = — Curl(8 — B4) - Ou/0sds
Q o0

Since Curl(f) = ¢; = Curl(B4) onT'; for any j =0,...,J and since u = up on I'p,
it follows that

(3.7 /QCurl Curl(8 — B4) : D(u)dz = 7/1“ Curl(8 — Sa) - Qup/0sds.

On the other hand, any v € H(curl, T;M2X2 ) with y7 € L?(T' p; R?) satisfies

skew

Z /TCurlCurl(B — fBa):ydx =0.

TeT

Since Curl(8 — B4) = 0 along T'y, an elementwise integration by parts shows
— / Curl Curl(8 — B4) : Clopw dx
Q

=— Z / Curl(B — Ba) - curl(C toaw +7) dz
T

TeT
(3.8)
+ D /E Curl(8 — Ba) - ([C 'oaw +]e7E) ds
ECE(Q)
+ Z /ECurl(ﬂ — Ba) - (C ' oaw +7)7) ds.
Eel'p

The combination of the previous identities (3.6)—(3.8) reads

LHS < ) hyllewrl(C oaw + )22y by | Curl(8 = Ba)llz2r)
TeT

+ ) hil*[C Yoaw + M eTell2mhs 2 IICul(8 — Ba)ll 2
BEEE(Q)

+ ) hi2(C Yoaw + 7 — Dup)7l z2(myhi 1 Curl(8 — Ba)ll2(m)-
EcE(Tp)

The Cauchy-Schwarz inequality, the error estimate (3.5), plus
LHS'? = distc(C ™ oaw, e(up + V) = ||Curl Curl 8|1

conclude the proof. O

The subsequent theorem summaries all the terms as indicated in (1.2) of the
introduction.
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Theorem 3.6. Any v € H(curl, T;M2X2 ) with y7 € L*(Tp;R?) satisfies

skew

||U - O—AVVHK%*1 5 OSCz(f, ) + OSC2(975(F ))
+ Z h? ||CUI‘1 (C JAW+7)||L2(T)

TeT

+ Z hel[C™ oaw + YeTelllzm)
EcE(9Q)

+ Z hE||((C_10Aw+’Y—DUD)TH%?(Ey
Ec&(Tp)

Proof. The result follows from the combination of the previous Theorem 3.1, Lem-
ma 3.3, and Lemma 3.5. ([

The a posteriori estimate of Theorem 3.6 holds for any v € H(T; Mkaefv) The
particular choice of the polynomial approximation 7, of v enters the efficiency esti-
mate in Lemma 3.7-3.8 and therefore should be a sufficiently accurate approxima-
tion of skew(Du). Hence, one might solve the displacement formulation with high
polynomial degree or even minimise the a posteriori error estimator with respect to
~p. Since this does involve high computational costs, a cheap local post-processing

is introduced in the next section.

3.3. Efficiency. Any practical choice of v in the a posteriori error bounds of Theo-
rem 3.6 involves some polynomial approximation vy, € Py (T; Mgkxefv) of 7. Then the
inverse estimate technique from [Ver96] guarantees local efficiency in the sense that
all the volume and edge contributions are bounded in terms of the local error plus
the error term ||skew(Du) — || as shown in the three lemmas of this subsection,
which imply (1.3) of the introduction.

The analysis involves an extension operator L : CO(E) — C%T), E € &(T),
T € T, that extends polynomials of degree < k on F to polynomials of the same
degree on T and satisfies (Lp)|g = p|g [Ver94, (4.1)—(4.2)]. Let by := 27 A1 A2)3
denote the volume-bubble function and bg := 4 A\, A, the edge-bubble function for
the three barycentric coordinates A1, Ao, Az of the triangle 7" with an edge E of
vertices @ and b. Any v € P,(T) with v € P (E) satisfies [Ver94, Lemma 4.1]

Ibroll L2y S vllzery S 163 20l 21y,
(3.9) [bEv|L2z) S IvllLee) S by vl 2(B),

1/2 1 2
hi? ol rzm) S K Lol 2 ery S hd ol 2 (m)-

Lemma 3.7. Any T € T satisfies

hrllearl(C oaw + )l L2¢r) S NC o — oaw)llLzcr)
+ ||skew(Du) — Y L2 (1)-
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Proof. An integration by parts together with (3.9) yields
leurl(C™ oaw + 7)1 227

< [lby/? curl(C  oaw + 1) 1221

=— / br(curl(Du — C loaw — ) - curl(C oaw + Y1) da
T

= / (Du—C 'oaw — ) : Curl(br curl(C ' oaw + V1)) dz
T

< |Du—C  oaw — llp2(r | Curl(by curl(C oaw + 1)) |l 22(7)-
An discrete inverse inequality plus (3.9) leads to
[|[Curl(by curl(C™ oaw + v )l r2(r) S by llbr curl(C™ oaw + ) |22 (r)
< hy'llewrl(C™ oaw + )|l L2 (r)-
The previous two estimates and the triangle inequality conclude the proof. O
Lemma 3.8. Any E € £(12) satisfies
2N o aw + Wil L2y S 1€ 0 = cam)ll2(wn)
+ ||skew(Du) — Yn |22 (wp)-
Proof. Given vy, = [C™loaw + Vn]|7E, (3.9) reads

(310) HU}LH%Z(E) 5 ||blE/2’Uh||%2(E) = /E’thEL’Uh ds.

An integration by parts with Du = C~'o + skew(Du) and the piecewise curl oper-
ator curly, shows

/ vy, - bgLvy, ds = / curly, (C™'oaw + 1) - (bgLvy) dx
E

WE

(3.11)
+/ (Du — C 'oaw — ) : Curl(bgLvy) da.

E

Hence, (3.10)-(3.11) lead to
[onllF2(my S llewrln(C™ oaw + o)l L2 (wr) 105 Lonl| L2 ()

+ ||Du — (C_la'Aw — '7h||L2(wE) ||CUT1(bELUh)HL2(wE)~

The proof of Lemma 3.7 shows
lewrl (C oaw + )| L2(we) S bt [1Du — C™ oaw — |2 (wp)-

Together with the discrete inverse estimate

|Cwrl(beLon) | L2 wr) S B 105 Lol L2 (wp)
plus (3.9), this yields

hg Jonlae) S I1Du = C ouw =l 2 r)-

The triangle inequality concludes the proof. O
Lemma 3.9. Any E € £(I'p) satisfies

h*(C o aw + 9 — Dup)7|r2m) S IC (0 = 0aw)l| 12 (wn)
+ || skew(Du) — Ynll L2 (wp)-
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Proof. Set wg =T € T and vy, := (C™'oaw + v — Dup)7. Then (3.9) and an
integration by parts lead to

th||2L2(E) S /Evh -bgLvpds = / curl(C™roaw + 1) - (bpLvy) dv
wE

+ / (Du — C topaw —n) : Curl(bgLuy,) de.
wEg
The arguments of the proof of Lemma 3.8 conclude the proof. (]

4. POST-PROCESSING

Since oy, approximates Ce(u), an improved approximate solution of the displace-
ment u follows from local post-processing in the spirit of Stenberg [Ste88]. Let

RM(T) :={v e L*(T;R?) |v=c+blxy, —21)',c ER* bER, forall T € T}

denote the space of rigid body motions. For m > k + 2 define u} € P, (T;R?)
on each T' € T with the (local) L? projection Il onto RM(T) under the side
condition Il7u; = Ilrus as the solution to

(4.1) /T(Ce(u’,';) te(v)de = /Tah ce(v)dr  for all v € (id — TIp) Py, (T; R?).

In other words, u}|r € P,,(T; R?) is the Riesz representation of the linear functional
J7on : €(-) dx in the Hilbert space
(id — II7) P (T3 R?) = {v,, € P, (T;R?) | / Uy - widr =0
T

for all wy, € RM(T)}.

The post-pocessing on each triangle with Lagrange-multiplier A, € RM(T) can
be implemented as the linear system of equations

/ e(uy,) : e(vm) dx +/ Arm - Uy, = / C oy e(vm) de
T T T
for all vy, € Pp,(T;R?),

/ Up  Wey dT = / up, + Wem, dz for all wy,, € RM(T).
T T

Since RM(T) C P,,(T;R?), the first Korn inequality [Bra01] shows for any A, €
RM(T), with (M) = 0,

m

Jp A2, da

N H)\rm||L2(T) + ||5(>\rm)HL2(T)
>\'I"m md
- sp Jr U d
vme P (1) [0mll L2y + 1E(vm) | 201

Um

H)\rmHLQ(T)

Arm U dx
< Ck_olrn sup M
Vim € Ppy (T5R?) va”Hl(T)
Vi Z0
Thus, the Brezzi splitting theorem [Bre74] shows that there exists a unique solution

uj|r on each triangle T € T that lead to the globally discontinuous solution u} €
P (T;R?).
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The following theorem serves as a motivation for the choice of 7, := skew(Du}) €
HY(T; I\\/Jlglfcfv) in the numerical examples. For sufficiently smooth boundary and

smooth data f, g =0, and up = 0, the following regularity
(4.2) llull g2y + llolla1@) < Cllfllz2@)s

is known with a constant C' > 0 that is independent of the Poisson ration v — 1/2
[Vog83, Theorem A.1]. It appears as a gap of the theory to pose the regularity
assumption (4.2) (having a smooth boundary 0§ in mind) and assume triangles
(matching a polygonal boundary 9 exactly). However, this is not the place to
discuss curved triangles and the boundary approximation for practical examples
face points on the boundary, where the type of the boundary condition changes
or other inconsistent boundary conditions enforce singular solutions and require
adaptive mesh-refining. Nevertheless, the subsequent theorem indicates that the
post-processing leads to a better approximation in a smooth situation at least. It
will be the outcome of the numerical experiments to justify indirectly this form of
a post-processing.

Theorem 4.1. Suppose the reqularity assumption (4.2) and thatu € H™1(Q), o €
H*+2(Q;8S), and f = dive € H*1(Q). Then the post-processed displacement uj, €
P (T3 R?) and the corresponding post-processed stress o}, := Cep(u}) € Pp_1(T;S)
satisfy

lu = ujll 2y S B2 (lollarei) + [divoll gee @) + ™ ull gm ),

||U — U;HLQ(Q) S Chk+2||0'||Hk+2(Q) + hmHu||Hm+1(Q).

Recall that the generic constant C' hidden in the notation < only depends on the
Lame parameter u and neither on the critical Lame parameter A nor the maximal
mesh-size h in the shape-regular triangulation 7.

The proof is based on the following lemma where P, is the L? projection onto
V;, with the well-known approximation property

(43) ||Ph1} - U||L2(Q) S hk+1||1}||Hk+1(Q) for all v € Hk+1(Q).

Lemma 4.2. With sufficiently smooth boundary 0, o € H*2(Q;S) and f =
dive € H*1(Q), it holds that

(4.4) 1Pou = unllz2) S B*F2 (ol ez + [div ol g q)) -

Proof. Let (n,z) € %o x L?(€2;R?) be the dual solution to

/n:@‘lrdx+/z~div7'dx20 for all 7 € 3,
(45) Q Q

/v-divndxz/(Phu—uh)-vdx for all v e V.
o o

Let ITaw denote the projection onto AWy (T) that satisfies divIIaw = P, div
[AWO02], then (4.5) leads to

(4.6) || Pru— uh|\2L2(Q) = / (Pru —up) - divyde = / (Pru —up) - Py divydx
Q Q

(4.7 = / (u — up) - div T awn de.
Q
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The difference of (2.1) and (2.2) reads

/(U —op):C i d + / (u—up)divr, =0 for all 7, € g p,
Q Q

/ vp - div(c — op)dx =0 for all v, € V.
Q

This, (4.5) and (4.6) lead to

([ Pru — uhH%Z(Q)

:—/(a—ah):(C_l(HAwn—n)dx—/(U—Uh):(C_lnd;v
Q Q

= —/(0 —op) : C Y (Mawn — ) dz + / (z — Ppz) -div(o — op) dz
Q Q

S hflo - 0h||L2(Q)H77HH1(Q) + h2||diV(U - Uh)||L2(Q)HZHH2(Q)~
The a priori estimate (4.2) implies

lzlla2 ) S 1Phu —unllz2) and  |[nllgr @) S 1Phu — unllz2(0)-
This together with Theorem 2.1 yields

1Pou = unllz2) S B*F2 (ol ez + [div ol g q)) - O

Proof of Theorem 4.1. Let @ be the L? projection of u onto P,,(7;R?) and IIj
denote the L? projection onto RM. The triangle inequality shows
lu = upllL2) < llu—dllp2@) + [Ma (@ — up)l 29

+[1(d = I (@ — up )| L2 (0)-

Since  is the L2-projection of u onto P,,(7;R?), the a priori estimate (4.3) shows
for the first term on the right-hand side of (4.8) that

(4.9) ||u - 11||L2(Q) 5 hm_‘—l”u‘ Hm+1(Q) for all u € Hm_H(Q).

(4.8)

For the second term of (4.8), notice that IIpu; = Ilruy on each T implies || (4 —
uy)||z2(ry = |[1I7@ — Ipup || L2(ry. This and the boundedness of Il show

Iz (6 — up)ll2r) S llu = @llL2ery + [Tz (w = un)l L2 (1)
The first term is estimated in (4.9), since Iy Py |7 = Ir, the second term yields
1T (w — w2 (ry = 1M (Pru — up)llL2(r) S [[Prw — unll L2 (7)-
Theorem 4.2 shows
(4.10) 1 Pau — unllr2g0) S B2 (o]l grezq) + 1div ol g q)) -

In order to bound the third term on the right-hand side of (4.8), consider the
perturbed saddle point problem to (4.1). With Ce = 2ue + Aid tr(e), it reads

2,u/ e(uy) : e(v) dx + / pp divede = / oy, : e(v) dx
T T T
(4.11) for all v € (id — M) P, (T; R?),

1
—X/p;:qdz+/qdivu2dx:0 for all ¢ € P,,,—1(T; R).
T T
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The solution of (4.1) satisfies (4.11) with pj = Adivuj. The stability of the unper-
turbed saddle point problem (with A = 00), namely
qdivodx
lallz2(r) S sup fTi for all ¢ € P,,,—1(T;R),
0#£vE (id—TIr) Py, (T5R2) ||€( )||L2(T)

implies uniform stability of the perturbed problem with respect to A [Bra01]. Hence,
there exist v € (id—Il7) P, (T;R?) and g € P,,—1(T;R) such that the L? projections
@ € (id — Hrp) P (T;R?) of w and p € P,,—1(T;R) of p satisfy

e, — @)l z2qry + 105 — Bllzacry < 20 / e(uf, — ) : £(v) da

+/T(p,*l le?)d‘T—f/ qdw—l—/qdiv(u;‘l—ﬁ)dx
and there exists a constant C' > 0 independent on A such that
(4.12) le()llzcry + llall ey < C-
Let p = Adiv u, then (4.11) and divv € P,—1(T;R) yield
le(up, —a)|| 221y + Pk — Pllz2(1)

SQM/Te(u—a):e(v)dH/T(p—ﬁ)divvdx—%/T(p—p)qu
+/quiv(u—1l)dx—/(a—ah):6(v)da:

T
< 2ullu — al| g1y lle() 2 (ry + Jw — @l g2y |l 2 (1)
+llo = onlle2(m lle(@) | L2 (z)-
This and (4.12) show for some C' that does depend on p but not on A,
(4.13)  le(uy, — )|l 2¢ry + oy, = Bllezery < C (lu — @llgrcry + llo — onllL2(ry) -

Define v € P,,,(T;R?) by v = (id —II7) (4 — u}). Since vLRM(T), the second Korn
inequality [Bra01] leads to

[vllzz2(ry S hrlle()llrz2(r).-
Since e(Ily (4 — u})) = 0, this and (4.13) show
[Gid = T7) (@ — up)llL2(ry < hrllu = @l gy + hrllo = onll2(r)

Let I;, denote the nodal interpolant I |7 : H™Y(T) — P,,(T;R?) with the inter-
polation estimate [BS94]

(4.14)  Ju— Ipulgecry S AR T [ulgmea ey for all w € H™H(T), =0, 1.
The triangle inequality and an inverse estimate show
lw— @l 7y < [u—Tpulgr) + [Inw — @l g )
< lu— Inulp oy + ht [ Ihvu — @l g2 r)
< |u— Inul g1y + htllu — Inul|peery + hztllu — @l g2
The interpolation estimates (4.14) and the approximation property (4.3) yield

lu =il ) S A" Jullgmer ),
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This and Theorem 2.1 lead to the estimate for the third term of (4.8)
G = ) (i — i) 2y S A7l e oy + A5+ o ko

For the second assertion a triangle inequality for the L? projection 6 € P,,_1(T;S)
of o shows

lo = onllzz@) <llo=6dllz2@) + llog, = ollz2 (-
Since
oy, — 6“L2(Q) < le(up, — fL)Hm(T) + llph *ﬁ||L2(T)7
the estimates for (4.13) and the L? projection estimate
o = 6&llz2) S P20l e a),
show that

o —onllz) S thHUHHH?(Q) + B [ull gt - O

5. NUMERICAL EXPERIMENTS

This section is devoted to four numerical benchmarks. The experiments verify
reliability and efficiency of the proposed residual-based a posteriori error estimator
for uniform and adaptive mesh-refinements.

5.1. The adaptive finite element method. The adaptive finite element method
computes sequences of discrete subspaces (X,¢)¢ and (V) throughout successive
local refinement of the domain . The corresponding sequence of meshes (7¢)s
consists of nested regular triangulations. The AFEM consists of the following loop

Solve — Estimate — Mark — Refine.

Solve. Given a mesh 7, the step Solve calculates the solution of the finite-
dimensional saddle point problem

(5 7)0)-00)

The system matrices A and B, and the right-hand sides bp and b, are computed
for the basis span{r;} = X, and span{v,} = V; by

Aj Z:/Tj :C ' dr and Bjj, ::/vj~divakdx;
Q Q

bp,; ::/ up - (1jv)ds and by ; ::/f-vjd:c.
I'o Q

The discrete solutions for the stress tensor o, and the displacement u, are given by

dim(Zg.¢) dim(Vy)
oy = E T and  up = YkUk-
k=1 k=1

For more details on the assembly of these matrices cf. [CGRT08, CEG11]. In
contrast to [CGRTO08], for adaptive computations the basis functions 7, need to
be scaled in order to improve the condition number. Nodal degrees of freedom are
weighted with w, L/ 27 edge degrees of freedom with wgl/ % and element degrees of
freedom with \T|*1/2, where w, and wg denote the nodal and edge patches. This



16 C. CARSTENSEN AND J. GEDICKE

3 3
red green
news news
1 2 1 2
newip newx
3
blue left blue right
news news
1 > 2 1 2
newi newp

FIGURE 5.1. Refinement rules: Sub-triangles with corresponding
reference edges depicted with a second edge.

improvement over [CGRTO08] allows more stable calculations and appears to be
significant.
Estimate. The error [0 — oaw||%_. is estimated a posteriori by
n; = 0sc®(f,T) + osc*(g,€(Tw))
+ Z h||curl(C oy + skeW(DuE))H%Q(T)

TeT

+ Z hEH[(C_lO'e—I—SkeW(Duz)]ETEH%z(E)
Ec&(Q)

+ Z hE||((C_1<74—|—skew(Du}f)—DuD)TH%z(E)7
Ee&(T'p)

where uj denotes the post-processed displacement of Section 4. Note that the
unknown reliability constant of Theorem 3.6 is set to one and therefore 7, possibly
underestimates the error in the numerical experiments.

Mark. Based on local values 7,(T) of n, and a bulk parameter 0 < 6 < 1, some
triangles are marked for refinement in a bulk criterion [Dér96] such that M, C Ty
is an (almost) minimal set of elements with

7 < > np(T).
TeM,

Refine. Once an element is selected for refinement, all of its edges are marked
for refinement. In a closure algorithm additional edges are marked, such that once
an edge of a triangle is marked for refinement, its reference edge is marked as
well. After the closure algorithm is applied, one of the following refinement rules
is applicable, namely no refinement, red refinement, green refinement, blue-left or
blue-right refinement depicted in Figure 5.1.
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1
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10°H —S— llu-ur]| (v = 0.4999)

—one=03)
10°H 4 n, (v =0.4999)

I I

107 10°

FiGure 5.2. Convergence history with uniform and adaptive
mesh-refinements for the academic example

Further details and references on related adaptive finite element methods in
elasticity can be found in [CFPP14] with an axiomatic approach for optimal con-
vergence rates.

5.2. Academic example. Consider the model problem (1.1) on the unit square
Q2 =(0,1) x (0,1) with homogeneous Dirichlet boundary conditions. The elasticity
modulus is set to £ = 10° and the Poisson ratio is chosen either v = 0.3 or
v = 0.4999. The right-hand side reads

filz,y) = —2um cos(my) sin(my) (2 cos(2rx) — 1),
fa(z,y) = 2um cos(ma) sin(mz)(2 cos(2my) — 1),

and depends only on the Lamé parameter p and not on the critical Lamé parameter
A. The corresponding displacements read

up(z,y) = mcos(my) sin’(mz) sin(my),
us(z,y) = —m cos(mz) sin(mz) sin? (7y).

Uniform refinement leads to optimal convergence rates as shown in Figure 5.2.
Since the solution is smooth, the proposed post-processing with third-order poly-
nomials shows higher-order converge rates for the L2, the energy and the error of
the asymmetric part of the gradient. The a posteriori error estimator 7, is an upper
bound of the energy error and the oscillations of the right-hand side dominate the
a posteriori error estimator in this example. Note that all the errors of the post-
processed solution are independent of the Poisson ration v — 1/2 which verifies the
robustness of the post-processing.
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I'p

1/4

3 lllo-g,l (uniform)

—O— lllo-g/l|| (6=0.5, k=3)
|| (6=05,k=3) . i :
[| —<— lllo-o|l|| (8=0.5, k=4)
——n,(6=0.5, k=4)
—+— lllo-g}ll| (6=0.1, k=3)
10° 1 —¥—n, (6=0.1, k=3) |
—&— lllo=g)l|] (8=0.1, k=4) 3/2
—#— N, (6=0.1, k=4) I
N |||0—0|||| (6=0.1, P4 solution) 2
10| | A n, (6=0.1, P4 solution) 1

I | |

10° 10 10° 10°

N

10

FicUrRE 5.4. Convergence history with uniform and adaptive
mesh-refinements for the L-shaped benchmark

5.3. L-shaped benchmark. The second example considers the model problem
(1.1) on the rotated L-shaped domain 2 as depicted in Figure 5.3. The exact
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FIGURE 5.5. Domain circular inclusion.

solution read in polar coordinates

ur(r, ) = % (=(a+1)cos((a+1)¢) + (C2 —a = 1)Cy cos((a — 1)¢))
ug(r,¢) = % ((a+1)sin((a+1)¢) + (Ca + a—1)Cy sin((a — 1)¢)) .
The constants are C := — cos((a+1)w)/ cos((a—1)w) and Cy := 2(A+2p) /(A + ),

where o = 0.544483736782 is the positive solution of asin(2w) + sin(2wa) = 0 for
w = 37w /4 and with Lamé parameter A\ and p according to the elasticity modulus
is £ = 10° and the Poisson ratio v = 0.4999. The volume force and the Neumann
boundary data vanish, and the Dirichlet boundary conditions are taken from the
exact solution. The exact solution exhibits a strong singularity at the origin. Fig-
ure 5.4 shows that adaptive mesh-refinement leads to better convergence rates than
uniform refinement. The convergence rate of uniform refinement is smaller than the
expected rate 1/3. This loss of convergence results from the Neumann boundary
condition that leads to the pre-described zero values for the nodal stress degrees of
freedom in the origin. This is a particular difficulty of the Arnold-Winther finite
element method. The experiments show that a bulk parameter § = 0.5 with third-
order post-processing for uj leads to suboptimal convergence rates, while the choice
of @ = 0.1 leads to super-convergence of the energy error of O(/\f[Q). Note that this
super-convergence phenomenon has also been observed in [CGP12, CGRT08]. In
that case the third-order post-processing is not efficient. Therefore, in the following
examples the polynomial degree of the post-processing is chosen to be four which
leads to efficient a posteriori error estimators. The comparison of the residual-based
a posteriori error estimator with fourth-order post-processing to the residual a pos-
teriori error estimator with a conforming fourth-order displacement-based FEM
shows comparable results and that the values of the estimator with post-processing
are even slightly smaller.

5.4. Circular inclusion. A rigid circular inclusion in an infinite plate for the
domain € is shown in Figure 5.5. The exact solution [KS95] to the model problem
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FiGUurRE 5.6. Convergence history with uniform and adaptive
mesh-refinements for the circular inclusion domain

(1.1) in polar coordinates (r, ¢) reads

1 2 1)a®  2a*
Up = —— ((Fé —1)r? + 2ya® + (27“2 _ 2k a? + a2> cos(2¢)) ,
KT

8ur K
1 5 2(k—1)a®> 2a*\ |
u¢ = _87/17’ (27“ — T — m Sln(2¢),

where Kk =3 —4v, v =2v — 1, a = 1/4 and p is the Lamé parameter determined
by E = 10° and the Poisson ratio v = 0.3 or v = 0.4999. The linear boundary
approximation of the circular inclusions is critical for the higher-order Arnold-
Winther FEM. Theorem 3.1 and Lemma 3.3 show
o — oawl|Z-1 S osc?(f,T) +osc(g,E(Tn)) + distd (C  oaw, e(up + V).
This gives rise to the a posteriori error estimator g
ui = osc(f, T) +osc®(g,E(Tn)) + [IC oe — e(ap) |
+ Z hi|0(up —ﬂﬁ)/as\\%%ma
E€&,,ECTp

where the conforming approximation @} € Py(7;,R?) is obtained from the post-
processed (possibly) discontinuous approximation u} € Py(7¢,R?) by taking the
arithmetic mean value

~ % R 1 *
g (2) = {T €T, 2T} 2wl

TETh:z€T

for each vertex and edge degree of freedom in z € R2. The boundary degrees of
freedom in points z € R? are interpolated @}(z) = up(z). Hence, the Dirichlet
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FIGURE 5.7. The Cook’s membrane.

boundary conditions might not be fulfilled exactly and the last a posteriori error
term of py controls that difference [CGP12, Remark 5.3]. Adaptive mesh-refinement
leads to optimal convergence rates while uniform mesh-refinement is suboptimal.
The a posteriori error estimator 7, is robust in v while the other a posteriori error
estimator p, increases as v — 1/2. The empirical observation is that while the
discontinuous approximation u; is robust in v, the averaged approximation u; is
not. Hence, the new residual a posteriori error estimator 7, is better for the linear
elastic problem (1.1) than the a posteriori error estimator .

5.5. Cook’s membrane problem. This benchmark problem considers the model
problem (1.1) with © depicted in Figure 5.7. The domain describes a tapered panel
which is clamped on the left side and subject to a surface load in vertical direction
on the right side. The interior load is zero, f = 0. For (z,y) € 'y, the surface
load is given by g(z,y) = (0,1) if + = 48 and g(x,y) = 0 elsewhere. Since the
plate is clamped, up = 0 on I'p. This benchmark problem is a standard test for
bending dominated response. In the numerical experiments, the elasticity modulus
is E = 10° and the Poisson ratio v = 0.499. This example is a particular difficult
example for the Arnold-Winther MFEM because of the incompatible Neumann
boundary conditions on the right corners. As described in [CGRTO08] the nodal
degrees of freedom in the two right corners are chosen to be a discrete least-squares
fitting of the neighbouring boundary conditions. Therefore at the beginning, the
Neumann boundary oscillations dominate the a posteriori error estimator while the
error of the solution is governed by the singularity at the top left corner. Due to
the lack of an analytic solution, the unknown energy error is approximated by a
P; solution on the red-refinement of the last and sufficiently fine mesh. Figure 5.8
shows for uniform refinement the huge pre-asymptotic range of the a posteriori
error estimator which covers the whole range of computed values while for adaptive
refinement it ends around N, = 4000. Beyond that the energy error converges
and the a posteriori error estimator becomes a lower bound of the error due to
the chosen value one for the unknown generic constant in the reliability estimate.
The pre-asymptotic refinement in the Neumann boundary corners is illustrated in
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FiGure 5.8. Convergence history with uniform and adaptive

mesh-refinements for Cook’s membrane

Figure 5.9 where the coarse mesh is in the pre-asymptotic regime while the fine mesh
is in the range of optimal convergence. Different choices of the bulk parameter lead
to different convergence rates and the choice 6 = 0.1 leads to the super-convergence
of O(N,?). The energy error does not decrease below 1076 because the accuracy
of the method or the accuracy of the error approximation is reached.

[AW02]

FicUre 5.9. Adaptively refined meshes for # = 0.1 with 150 and

764 nodes for Cook’s membrane

D. N. Arnold and R. Winther, Mized finite elements for elasticity, Numer. Math. 92

(2002), no. 3, 401-419.
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