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1. Introduction

Given some external force f € L2(£2;R?) in some polygonal Lipschitz domain $2, the Stokes equations seek the velocity
field u € H)(2;R?) := {u € H'(2; R?) | uls = 0 in the sense of traces} and the pressure distribution p € L3(22) :={q €
L2(£2)| [, qdx =0} with

—Au+Vp=f and divu=0 in§2. (1.1)

This paper compares several standard mixed finite element methods for the numerical approximation of the unknown
solution pair (u, p) € H(l)(.Q; R?) x L%(Q) in terms of accuracy. Comparison results for the Poisson model problem of [7,12]
give rise to the conjecture that first-order finite element methods (FEMs) for the Stokes problem are comparable in the
sense that their errors on the same mesh are equivalent up to multiplicative constants, which are independent of the
local mesh-size. The aim of this paper is to investigate the comparability of FEMs that are conceptually very different. The
considered FEMs are MINI-FEM, CR-NCFEM, P, Py-FEM and BR-FEM (cf. Figs. 1-2). Since they use different continuous and
discontinuous approximations of the velocity and/or the pressure, the approximation properties of the ansatz spaces do not
allow for equivalence but only for a comparison in one direction.

The constraint divu = 0 excludes standard piecewise affine FEMs based on continuous piecewise affine approximations of
the velocity components (see, e.g., [8]). The MINI-FEM from Fig. 1(a) (see Section 2.3 for a precise definition) is a conforming
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Fig. 1. MINI-FEM and CR-NCFEM for the Stokes equations.
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Fig. 2. P, Po-FEM and BR-FEM for the Stokes equations.

method which fulfils the constraint divu = 0 in a weak sense only. It is based on a piecewise affine approximation of the
velocity with an additional bubble function on each triangle for each component of the velocity.

The P non-conforming FEM, CR-NCFEM, from Fig. 1(b) (see Section 2.3 for the precise definition), however, fulfils this
constraint element-wise. While for the MINI-FEM the best approximation result

IV —umm) | +1lp —pvmill S min ||V — v | + min P — gmnill
vminiE Vi (7) quiNiEP1(TINC(2)NLE(L2)

is a direct consequence of the conformity and stability, this paper proves the best approximation result

[Vnc@ —ucg)| + P — perll S min__||Vnc(u — ver) || + min IP = derll + 0se(f. 7
vereVer(T) aeRePo(THNL(R2)

for the CR-NCFEM. The notation A < B abbreviates the inequality A < CB with a mesh-size independent generic constant
C > 0. The constant C may depend on the minimal angle in the triangulation but not on the local mesh-size. The best
approximation result leads to the comparison

[Vnc@ —ucg) | + lIp — perll < | V@ — umin) | + 10 — pmmall + I1h7 £
with the additional term |h7 f| with the piecewise constant mesh-size h.

The P, Po-FEM and the BR-FEM, from Fig. 2(a) and 2(b), approximate the velocity by piecewise P, and some enriched Pq
functions and the pressure by piecewise constant functions. The conformity of the P,Po-FEM and the inclusion Vgr(7) C
Vp2(T) for the underlying finite element spaces of the velocity approximation of BR-FEM and P,Po-FEM imply

|V —up2) | +1lp = pr2ll S | VW — upr) | + IIp — parll-

Since there exist examples where the convergence of the P,Py-FEM is of second order and the BR-FEM is a first order
method the converse direction of this estimate cannot be expected to hold in general (see Remark 4.5). The use of a
conforming companion of the non-conforming solution ucg € Vcr(7T) of the CR-NCFEM yields

[V —ug)| +1Ip — perll < || Vnc(u — ucR) || + P — Perll-

Altogether, the main comparison results of this paper read

IV —up) | + Ip = pr2ll S |V — ugp) || + IIp — perll
S Ve = uew)|| + 1P = perl
S|V —umn | + e — pynall + 1B f11. (12)
Furthermore this paper discusses the pressure approximation by piecewise constant functions and by continuous piece-
wise affine functions. Theorem 4.9 proves that
Ip — pull S | V@ —uw)| + lp — pull 4+ osc(f, T)
does not hold in general for solutions (up, py) and (uy, py) of FEMs with piecewise constant resp. continuous piecewise
affine approximations of the pressure. On the other hand, the continuity of the pressure approximation is not a natural
restriction and causes that
Ip = pull S || Vnc@ —up)|| + lIp = pall
does not hold in general.
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Additionally the paper includes a comparison of CR-NCFEM with a pseudostress approximation.

All of the results are proven by medius analysis. This means that arguments from a posteriori techniques lead to a priori
results. The notation medius analysis was introduced in [17] and this technique leads to results which rely on minimal
regularity of the weak solution (i.e. f € L%(£2)) and hold even for arbitrary coarse meshes.

For all four considered FEMs a three-dimensional extension [6] exists. In this situation all the arguments of this paper
are applicable and the results remain true.

The remaining parts of this paper are organised as follows. Section 2 introduces the FEMs as well as underlying triangula-
tions, corresponding operators, and other notation. Section 3 performs a medius analysis of the CR-NCFEM. The comparison
results are stated and proven in Section 4. In particular Section 4.1 presents the comparison between CR-NCFEM and MINI-
FEM, Section 4.2 is devoted to the comparison between P, Po-FEM, BR-FEM and CR-NCFEM. The comparison of the pressure
approximations is performed in Section 4.3 and the inclusion of further methods is discussed in Section 4.4. Section 5 il-
lustrates the behaviour of the four FEMs from Fig. 1 and Fig. 2 in numerical experiments. Section 5.3 summarises the paper
with some conclusions.

Throughout this paper, standard notation on Lebesgue and Sobolev spaces is employed and || e || := | ® [[;2(;) ab-
breviates the L? norm. The formula A < B abbreviates an inequality A < CB for some mesh-size independent, positive
generic constant C; A ~ B abbreviates A < B < A. The space C(£2) denotes the space of continuous functions and
Co(£2):=C(2)N Hg)(.Q) the space of continuous functions with homogeneous Dirichlet boundary conditions. A : B denotes

the scalar product A:B=Y7,_; AjBj for A, B e R?*2,
2. Preliminaries

This section introduces precise definitions of the Stokes equations and the FEMs under consideration.
2.1. Stokes equations

Given a right-hand side f e L2(£2;R?) in some polygonal Lipschitz domain, the weak formulation of (1.1) seeks u e
H{(£2;R?) and p € L3(£2) with

/Vu:Vvdx—/pdivvdx:/f-vdx forall v e H}(£2; R?),
2 2

Q
/qdivudx:O forallqeL%(Q). (2.1)
Q

2.2. Triangulations

A shape-regular triangulation 7~ of a bounded Lipschitz domain £2 C R? is a set of triangles T € 7 such that 2 =J7T
and any two distinct triangles are either disjoint or share exactly one common edge or one vertex. Let A/ denote the set of
vertices of 7 and £ the set of edges. The set of interior nodes is defined by NV (£2) := A N £ and the set of interior edges
by £(2) :={E €& |E Z 382}. Let N(T) denote the nodes of a triangle T € 7, T(2) :={T € T | ze N(T)} the elements
which contain the node z € N, and |7 (z)| the number of elements in 7 (z). Let

Pe(T:R™) :={vg:T—R™|Vj=1,...,m, the component vi(j) of v is a polynomial of total degree < k},
Pi(T:R™) :={vi: 2 > R" VT € T, vilr € Pi(T: R™)}

denote the set of piecewise polynomials and abbreviate Py(7) = Px(7; R). The L? projection
Mo : L?(2; R™) — Po(T; R™)

is given by T -piecewise constant functions or vectors (ITof)|r := fT fdx:= fT fdx/|T| for all T € T with area |T| and all
f € L2(£2;R™). Let h7 € Po(T) denote the piecewise constant mesh-size with hy|r := diam(T) for all T € 7.

For piecewise affine functions v, € P1(7T) the T -piecewise gradient Vncvy, with (VncVvy)|t = V(vplr) for all T € 7 and,
accordingly, divnc T, for 7, € P1(7; R?) exists with Vcvy € Po(7;R?) and divne t € Po(T).

The oscillations of f € L>(£2) read osc(f, T) := [[h7(f — o).

2.3. Finite element methods
This section presents different finite element methods that have a piecewise polynomial approximation of the velocity

field. The pressure is approximated with either piecewise constants or continuous piecewise affine functions. All methods
are first-order accurate for a general smooth solution (u, p) € H2(§2; R?) x H'(£2).
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CR-NCFEM. The P1 non-conforming finite element method CR-NCFEM after Crouzeix and Raviart [13]| employs the space

CR(l)(ﬂ = {VCR e P1(7) | VR is continuous at midpoints of interior edges and
vanishes at midpoints of boundary edges}.
The velocity is approximated in the space
VeR(T) := CRG(T) x CRG(T).
The CR-NCFEM seeks (ucr, pcr) € Vcr(T) x (Po(T) N L%(.Q)) such that

/VNCUCR3VNCVCRdX_/pCRdiVNC VCRdX=/f~VCRdX,
2 2 2

/QCR divnc ucrdx =0 (2.2)
Q
for all veg € Ver(T) and qcgr € (Po(T) N L(Z)(.Q)); the CR-NCFEM is inf-sup stable [13].

MINI-FEM. In the MINI-FEM [1] the continuous piecewise affine approximation for the velocity is enlarged with cubic
bubble functions, namely by elements of

B:={y € P3(T) N Co(£2) | YT = conv{a, b, c} € T 3ar € R: Y1 = a1 Pappc ),

where @, (resp. ¢p, @) is the piecewise affine nodal basis function of the node a (resp. b, c). The MINI-FEM space for the
velocity reads

Vmni(T) == ((P1(T) N Co(£2)) + 8)2.
The MINI-FEM seeks (umini, pminD € Vvini (7) x (P1(T)NC(2) N L%(.Q)) with

/VUMINIIVVMlNldX—/pMINldiVVMINldX=/f'VMINIdX,
2 2 2

/QMINI divumndx =0 (2.3)
2

for all viyni € Vvini(7) and guint € (P1(T) N C(2) N L%(.Q)); the MINI-FEM is inf-sup stable [1].

P2Po-FEM. The P;Po-FEM seeks upy € Vpo(T) := (P2(7T) N Co(£2))2 and pps € Po(T) NL2(2) with

/VuPz:Vvadx—/ppzdiVszdx=/f-szdx,
Q

2 2

/C]pz div up2 dx=0 (2.4)
Q
for all vpy € Vpa(7) and all gpy € Po(7) N L%(Q); the P,Po-FEM is inf-sup stable [5].

BR-FEM. The BR-FEM after Bernardi and Raugel [4] is a modification of the P;Pg-FEM. It is sometimes also called reduced
P, Po-FEM [5]. For a node a € \V, let ¢, denote the P; nodal basis function and for an edge E € &, let vg denote the outer
unit normal. The space of edge bubbles reads

2
Be :={¥ € (P2(T) N Co(£2))” | VE = conv{a, b} € £ Jag € R: Y |g = g @aPpVE}.
The BR-FEM approximation seeks ugg € Vpr(7) := (P1(T) N Co(£2))*> ® Be and p € Po(T) N L3(£2) with

/VUBRZVVBRdX—/pBRdiVVBRdX=/f-VBRdX,
2 2 2

/qBR div UBR dx=0 (2.5)
Q
for all vpgr € Vpr(7) and all ggr € Po(7T) N L(Z)(.Q); the BR-FEM is inf-sup stable [4].
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2.4. Conforming companions

The design of three conforming companions to any vcg € Vcr(7) begins with the map J; : CR})(T) — P1(T) N Co(£2)
defined by

Jva= Y [T@[ Y valr@e:.
zeN(2) TeT (2)

where ¢, denotes the conforming nodal basis function with respect to the node z. For a given edge E := conv{a, b} € £ let
bg :=6¢,¢p denote the edge bubble function. Then the operator J, :CR(])(T) — Po(T) N Co(£2) is given by

Javer = J1ver + Z (][(VCR_]vaR)dS)bE-

Eec£(2) g

For any triangle T € 7 with T := conv{a, b, c} define the element bubble function by := 60¢,@p@.. The operator s :
CRY(T) — P3(T) N Co(R2) is given by

J3Ver = Jover + Z (][(VCR — Javer) dx>bT.

TeT ™y

Lemma 2.1. (See [9].) The operators Jy : CR(l) (T) = (P(T)NCo(£2)), k=1, 2, 3, defined above satisfy the conservation properties

/VNc(VCR — Jkver)dx =0 forallT € T andk =2, 3, (2.6)
T
/(VCR — J3ver)dx=0 forallT €T, (2.7)
T

and the approximation and stability properties fork =1,2,3

IhH (ver = Jkver) || = | Vne(ver — Jikver) | & min | Vne(ver — @) || < IIVneVerll- (2.8)
PeH ()

3. Medius analysis for CR-NCFEM

This section states and proves a best-approximation result for CR-NCFEM.

Theorem 3.1 (Best-approximation result). Any vcgr € Ver(T) and qcr € Po(7T) N L%(.Q) satisfy
[Vnc@ —ucg) || + P — perll S [ Vne( — ver)|| + IIp — qerll + osc(f, 7).

The error analysis of [13] employs a Strang-Fix decomposition. To obtain an error estimate this approach requires u €
H2($2; R?) and p € H(£2). For the medius analysis of Theorem 3.1 this assumption is dropped.

Proof of Theorem 3.1. The non-conforming interpolation operator denoted by Inc : Hg)(_Q; R2) — Vcr(T) is defined by

Incv(mid(E)) := ][ vds forallv e H}(2; R?) and all E € £(2).
E
The error of the velocity satisfies

2
[Vnc(u — uc) | =/VNC(U — INct) @ Ve (U — Ucr) dX+/VNc(1Ncu — UcR) : VNc (U — ucg) dx.
2 2

In order to estimate the second term consider the function Js3wcr for wcer := Incu — ucg from Lemma 2.1. Since
divne wer =0, the second term reads

/VNC(INCU —ucr) : Vnc(u — ucg) dx
2

Z/VUZVNC(WCR—]3WCR)dX+/f'(]3WCR—WCR)dX+/PdiV]3WCRdX-
2 2 2
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Since IToV(J3wcr) = VNcWcr, this equals

/(VU — IToVu) : Vnc(Wer — J3wcr) dx + /(f — Iy f)(J3wer — Wer) dx + /(P — ITop) div J3wcrdx
o) 2 2

< || Ve — Incw) | | Vnc(Wer — J3wer) || + || Vne(J3swer — wer) | ose(f. T) + [lp — Mopll IV J3werl-
The stability of J3 leads to

/VNC(U —ucr) : Vnc(nct — ucr) dx < (|| Vne(u — Incw) || + osc(f, T) + lIp — Mopll) VNeWerll-
2

This implies

[Vncw —ucr) | S | Vncu — Incw) || + lp — Mopll + osc(f, T).

For the error of the pressure the discrete inf-sup condition implies that there exists vcg € Ver(7T) with ||[VncVer|l =1 such
that

Ipck — Mopll < / (Pk — Mop) div vg dx.
2

The integral mean property IToV J3Vcr = VncVer implies

lpcr — Hopll =/VNCUCR2VNCVCRdX—/f~VCRdX—/HopdiVNc J3verdx
2 2 2

:/VNC(UCR—U)5VNCVCRdX+/f'(JBVCR—VCR)dX+/(p—Hop)diVJ3VCRdX
2 2 2

+ /(VU — IIpVu) : Vnc(Ver — J3Ver) dX.
2

The approximation and stability properties of J3 and IToV J3Vcr = VncVer imply

Ipcr — Mopll < | Vne(u — ucr)|| + osc(f, T) + IIp — Mopll.

This concludes the proof. O
4. Comparison results

This section establishes comparisons between the FEMs introduced in Section 2.3.
4.1. CR-NCFEM versus MINI-FEM

This section compares CR-NCFEM with MINI-FEM.

Theorem 4.1. The solution (ucg, pcr) € Ver(T) X (Po(T) N L%(Q)) of the CR-NCFEM and the solution (upni, pmint) € Vming (7) X
(P1(T)NCo($2) N L%(.Q)) of the MINI-FEM satisfy

[Vnc@ —ucg) | + lIp — perll < | V@ — umid) | + 12 — pvmill + 1R £
Remark 4.2. Since CR-NCFEM has a piecewise constant and the MINI-FEM has a globally continuous and piecewise affine
pressure approximation, the converse estimate cannot be expected to hold in general, cf. Theorem 4.8. The question remains
open whether the unnatural continuous or the natural discontinuous pressure approximation is better.

The following lemma is essential in the proof of Theorem 4.1.

Lemma 4.3. Let upini = Ujin + Up € Vi (7)) denote the solution of (2.3) which is split into uji, € (P1(7) N Co(§2))? and uy, € B2.
Then it holds

IV —win)| < |V —um) | + 11p — pvmaill 4 ose(f, 7).
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Proof. The arguments of [18] determine the bubble part up with a general function f e L?(£2). For br = @,@p¢@c € B with
the piecewise affine nodal basis functions @4, @3, ¢c of a,b,c and T =conv{a, b, c} € T this yields

uplr = / br dxbr (ITo f — Vpwmin)/IIVbr |I? + / (f — Mo f)br dxbr /|| Vbr 2.
T T

This implies

IVupll < |7 (o f — Vpm || + osc(f, 7).
It holds

Auplr = / br dx(Vpmini — ITo f)/|IVbr|I> Abr + / (f — Mo f)br dxAbr /|| Vbr||?.
T T

Since Vpwmint — Ip f is piecewise constant and fT brdxAbt ~ 1 the previous two displayed formulas result in

IVupll < [h7(Vomint — Mo f — Aup)|| +osc(f, T).
The bubble-technique of [20] leads to the efficiency

[ (Vpmint — Mo f — Aup) | S ||V — uvino || + 1P — pvall + ose(f, 7).

This and a triangle inequality conclude the proof. O
Proof of Theorem 4.1. Theorem 3.1 implies for umni = Ujin + up With ujin € (P1(7) N Co(£2))? and uy, € B2 that

|Vnc(u —ucer)| + P — perll S | V@ — i) || + 1p — Hopmmill + osc(f, T)
S|V = uin) || + Ilp — pvmall + I pmint — Hopmmill + ose(f, 7).

Since Ancljin = 0, a Poincaré inequality yields

Ilpvint — Mopmini | < I1h7Vpwinill < |h7(Vpumin + f 4 Anctiin) | + 17 1.
The efficiency [19] of ||h7(Vpmini + f + Ancuiin) || reads

|h7 (Vv + f + Ancuin) | S | V@ = win) | + 1P — pvmill + ose(f, 7).

This and Lemma 4.3 conclude the proof. O
4.2. Comparison of Py Po-FEM, BR-FEM and CR-NCFEM

First, Theorem 4.4 and Theorem 4.6 of this section complete the comparisons (1.2). Afterwards, Theorem 4.7 discusses
converse directions of those comparisons.

Theorem 4.4. The solution (ugg, pgr) € Ver(T) x (Po(T) ﬂL%(Q)) of the BR-FEM and the solution (upy, pp2) € Vp2(T) x (Po(T)N
L23(£2)) of the P, Po-FEM satisfy

IV —up) | + Ip — pr2ll S || V(u — ugr)|| + IIp — parll-
Proof. This follows from the conformity and stability of the P, Po-FEM and Vgr(7) C Vpa (7). O

Remark 4.5. The P, Py-FEM and the BR-FEM approximate the velocity field with different polynomial order. In the case of
vanishing pressure p =0 and smooth regularity, the P, Po-FEM converges like a second-order method, whereas the BR-FEM
remains a first-order method. Thus, the converse estimate cannot be expected to hold in general.

Theorem 4.6. It holds

|V —upr) |+ Ilp — perll < || Vnc @ — ucr) | + P — perll-



C. Carstensen et al. / Applied Numerical Mathematics 95 (2015) 118-129 125

Proof. Consider the operator J; :CR(])(’T) — P1(T) N Co(£2) from Lemma 2.1. Since the BR-FEM is a conforming FEM, it
holds

IV —upr) |+ Ilp — perll < |V = Jiucw) | + P — perll-

(Here, the operator J; is applied componentwise.) The operator J; satisfies

IV — Jiuw) | < ||Vnc@ — ucr) | + | Vne(ucr — Jiuer)|| S | Vnc(u — ucr) |-

This concludes the proof. O

Theorem 4.7. It holds

[Vnc —ucr) || + P — perll S | V@ — up2) || + lp — pr2ll + 0sc(f, T) + [ Vupz — Mo Vupy || (4.1)
as well as
[Vnc( —ucr) || + P — perll S |V — upr) | + lIp — perll + 0sc(f, T) + [ Vupr — [ToVugk|l. (4.2)

Proof. Theorem 3.1 immediately leads to

[V —ucp)|| +1Ip — perll S || Ve @ — Incup2) || + IIp — pr2ll 4 0sc(f, 7).
A triangle inequality and VncIncupy = IToVup; yield

[ ¥nc( = Incup2) | < | V(u —up2) | + Vupz — MoVupy||.

This completes the proof of (4.1).
The same arguments prove the second statement. O

4.3. Non-comparability of continuous and discontinuous pressure

This section compares FEMs with pressure approximations in P1(7)NC(£2) N Lg(.Q) with FEMs with pressure approxi-
mations in Po(7) N L%(.Q). The subsequent theorems state that FEMs with discontinuous pressure approximations are not
comparable with FEMs with continuous pressure approximation.

Theorem 4.8. Let (uy, pp) denote the discrete solution of the Stokes equations for any finite element method which approximates the
pressure p with continuous piecewise affine functions p, € P1(7)NC(2)N L%(.Q). Let (uy, py) denote the solution of the CR-NCFEM,
the P, Po-FEM or the BR-FEM. Then, in general,

Ip — pull Z |[Vncw —um) | + Ilp — pull.

Proof. On the rhombus 2 := conv{(1, 0), (0, 1), (—1,0), (0, —1)} define the right-hand side f, € L2(§2;R?) by fe(x,y) =
e71(1,0) for —e <x< e and fe(x, y) =0 otherwise. Then (u, p¢) € H}(£2; R?) x L2(£2) with u=0 and
-1 for—-1<x<—¢,
pPe(X,y) = [x/s for —e <x<e,
1 fore <x<1
satisfies

/Vu:Vvdx—/pgdivvdx=/f€~vdx,
Q

2

Q2
/qdivudx:O.
Q2

Let 7 := {T1, T2} be the triangulation with T; := conv{(0, 1), (0, —1), (1,0)} and T, := conv{(0, —1), (0, 1), (—1,0)}. The
solutions of the CR-NCFEM for the right-hand side f; € L%(£2; R?) then read (ucg, pcr) € Vcr(T) x Po(T) with ucg =0 and
PR, y)=—-1+¢/2+ 282/3 for —1<x<0and pcr(x,y)=1—¢/2— 282/3 for 0 < x < 1. This shows |ju — ucgr|| =0 and
lpe — pcrll = O for € — 0. On the other hand, symmetry arguments imply pp|(0)x(—1,1) =0 and, hence, ||ps — pll 2 1. This
proves the assertion in the case that (upy, py) is the solution of the CR-NCFEM. Since the P;Po-FEM and the BR-FEM are
conforming, the best-approximation property implies for the solution (uy, py) of the P, Pg-FEM or the BR-FEM that

|V —uw)|+1p—pull SlIp - perll-
This concludes the proof. O
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Theorem 4.9. Let (up, py) denote the discrete solution of the Stokes equations for any (conforming) FEM which approximates the
pressure p with piecewise affine functions and let (uy, py) be the solution of the CR-NCFEM, P, Po-FEM or BR-FEM. Then it holds

Ip—pull £ | V@ —up)| +lp — pull + osc(f, 7). (4.3)

Proof. On the rhombus £2 := conv{(1, 0), (0, 1), (-1, 0), (0, —1)} with the triangulation 7 := {Tq, T>} with Ty := conv{(0, 1),
(0,-1),(1,0)} and T; := conv{(0, —1), (0, 1), (—1,0)} and the right-hand side f = (1,0), the exact solution equals u =0
and p(x, y) = x. This is approximated exactly by any (conforming) FEM with pressure approximation in P{(7) N C(£2) N
L%(.Q). Hence, the right-hand side in (4.3) vanishes. The fact that the exact pressure is not piecewise constant p ¢ Po(7),
implies for the left-hand side ||p — pyl|#0. O

Remark 4.10. Theorem 3.9 of [16] states that if (u, p) € H3(£2)? x H2(£2) the pressure of the MINI-FEM even converges with
the rate of —3/4. This can be seen in Section 5.1 and underlines the above result.

4.4. Further finite elements

This section discusses how the Taylor-Hood-FEM, stabilised P1Py-FEM, discontinuous Galerkin FEM and a pseudostress
FEM can be included in the comparisons (1.2).

Taylor-Hood. The most common second-order FEM is the Taylor-Hood FEM [6] with P, velocity approximation and con-
tinuous Pq pressure approximation. The conformity of this method and Lemma 4.3 immediately shows

IV —um)| +lIp — prull S |V — umd) || + 1P — pvntl
for the solution (urty, pty) from the Taylor-Hood FEM. The comparison to the P,Py-FEM, BR-FEM, and CR-NCFEM is not

clear because of the different ansatz spaces for the pressure.

Stabilised P1Po-FEM. A direct consequence of Theorem 3.1 is a comparison result for CR-NCFEM with the stabilised
P1Po-FEM [15]. Let (up, pr) € P1(T;R2) x (Po(T) N L%(.Q)) denote the discrete solution of the stabilised P{Po-FEM, then
the CR-NCFEM is superior in the sense that

[Vnc@ —ucr) | + P — perll < [ V@ — up)|| + lp — pall + osc(f, 7).

Discontinuous Galerkin FEM. For the weakly over penalised discontinuous Galerkin FEM (WOPSIP) in [3,2], a similar best-
approximation result to Theorem 3.1 is proven in [2]. Since the norm || e ||, defined therein equals the norm |Vnc e || for
the CR-NCFEM, the two best-approximation results immediately yield equivalence of CR-NCFEM and WOPSIP discontinuous
Galerkin FEM.

Pseudostress FEM. The pseudostress-velocity approximation of the stationary Stokes equations [11] seeks ops € PS(T) :=
{(t1, T2) € RTo(T) x RTo(T)) | Tj € H(div, £2) for j=1,2 and [, tr(t1, 72)dx =0} and ups € Po(T; R?) with

/‘L’ps :devops dx + /Ups divtpsdx =0 for all tps € PS(7),
2

7]
/vlas div ops dx :/f -vpsdx forall vps € Po(T; RZ).
2 2

Theorem 4.11. The pseudostress approximation satisfies

[Vu — devops|| + l|p + trops/2|| < | Vnc( — ucr) | + Ip — perll + osc(f, T)
S IVu —devops| + |p + trops/2[| + |hr f1I. (4.4)
Proof. Let (UcRr, Pcr) € Ver(T) x Po(T) N L%(Q) denote the solution to the CR-NCFEM for the right-hand side ITpf. Let

(e —mid(7)) abbreviate the function (x —mid(T)) for x € T € 7 with midpoint mid(T). The solution ops of the pseudostress
approximation of the Stokes equations [10] reads

~ 11 . ~
ops = VNclcr — %f ® (o —mid(7)) — Perl2x2- (4.5)

The deviatoric part of a matrix A € R?*? reads dev(A) := A — tr(A)/2I2x>. Since divncTicg = 0, it holds
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~ I
devops = Vnclicr — dev(%f ® (o — mid(T))).

This implies
IVu — devops|| < || Vnc(u —Ticr) | + ||dev(iTo f @ (¢ — mid(7)))| /2.
For the pressure approximation, the representation formula (4.5) leads to

Ip + trops /2|l < [Ip — Berll + || tr(To f @ (o — mid(T))) | /4.

The orthogonal split in the trace and the deviatoric part and the obvious estimate | ¢ —mid(7)| < hy in £2 lead to

|dev(iTo f ® (o — mid(T))) | + |tr(TTo f ® (o — mid(T))) || < A7 £1.
The efficiency of ||h7 f|| [14] leads to

lh7 FII S || Ve — ucr) | + IIp — perll + osc(f, 7).

The discrete inf-sup condition for CR-NCFEM guarantees the existence of vcg € CRE)(T ) with ||Vncver|| =1 and

Ipcr — Perll S /(PCR — Der) divne verdx
2

=/VNC(UCR_aCR) : VNCVCRCIX-i-/(f — o f)vcrdx.
2 2
This yields

Ipcr — Perll < || Vnc(ucr — Ucr) || 4 osc(f, 7).

Since divnc ucr = divnc Uicgr = 0, the problem (2.2) implies ||Vnc(ucr — Ucr) |l < osc(f, T). The combination of the previous
inequalities gives the first inequality in (4.4). The same arguments yield the second inequality in (4.4). O

5. Numerical illustration

This section illustrates the behaviour of the CR-NCFEM, the MINI-FEM, the P,Po-FEM and the BR-FEM in two examples
(Sections 5.1-5.2). Section 5.3 draws some conclusions from the numerical experiments.

5.1. Colliding flow
On the square domain £2 = (—1,1) x (—1, 1) with right-hand side f =0, the exact velocity to the corresponding bound-

ary conditions is given by u(x, y) = (20xy* — 4x>, 20x*y — 4y°) with pressure p(x, y) = 120x2y? — 20x* — 20y* — 32/6. The
convergence history plot of Fig. 3 shows the errors

I ¥ne —un)|? +1p — pal2

for the discrete solutions (up, py) of the CR-NCFEM, the MINI-FEM, the P,Po-FEM and the BR-FEM plotted against the
number of degrees of freedom. The four FEMs yield the same rate of convergence of —1/2 with respect to the number of
degrees of freedom and the errors are all of the same size.

Fig. 3 shows that the MINI-FEM converges with an improved convergence rate in a pre-asymptotic range. This is due
to the pressure approximation which converges with a rate of —3/4. This numerically highlights the result of Theorem 3.9
from [16] which was stated in Remark 4.10. Fig. 4 clearly shows the difference of convergence rates for the pressure and
velocity approximations. The pressure approximation converges with a rate of —3/4 whereas the velocity converges with a
rate of —1/2 which also explains the overall convergence rate of —1/2 in the asymptotic regime.

5.2. L-shaped domain

On the L-shaped domain £ =(—1,1) x (=1,1) \ ([0, 1] x [—1, 0]) with right-hand side f =0, the exact solution, with
the characteristic singularity at the origin, for the corresponding boundary conditions, reads

u(r. 9) = r%((1 4+ ) sin(3)w(®) + cos(P)wy (1))
TN (=1 4 ) cos(M)w(P) +sin(H)wy (3)) )’

pr, ) = =" (1 + )’ wy (NwWygs (9))/(1 — )
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Fig. 3. Convergence history for the colliding flow of Section 5.1.
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Fig. 4. Convergence history for the pressure and velocity approximation of MINI-FEM for the colliding flow of Section 5.1.
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Fig. 5. Convergence history for the L-shaped domain of Section 5.2.
in polar coordinates with o =0.54448373 and
w() = (sin((1 4 a)?) cos(aw)) /(1 + ) — cos((1 +a)®)

— (sin((1 — @)?) cos(aw)) /(1 — ) 4 cos((1 — &) ?).

Fig. 5 shows the equivalence of all four FEMs also for this example with a reduced convergence rate of —1/4 with respect
to the number of degrees of freedom.
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5.3. Conclusions
The considered methods allow for comparison in one direction

IV —up) | + Ip = pr2ll S |V — ugp) || + IIp — perll
< [ Vne@ —ucr) | + Ip — perl
S|V —uvin) | + Ilp — pvnill + 7 £

In typical situations, for example, if p # 0, numerical experiments show, that all the methods (and also stabilised P1Py,
discontinuous Galerkin, and pseudostress FEMs) exhibit equivalent accuracy on a per-degree-of-freedom basis.

It is clear that this observation disregards other measures for the quality and performance of FEMs such as application-
driven error functionals or even the effort of implementation. Other performance measures may lead to different assess-
ments of the methods in practise.
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