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COLLECTIVE MARKING FOR ADAPTIVE LEAST-SQUARES
FINITE ELEMENT METHODS WITH OPTIMAL RATES

CARSTEN CARSTENSEN

ABSTRACT. All previously known optimal adaptive least-squares finite element
methods (LSFEMs) combine two marking strategies with a separate L? data
approximation as a consequence of the natural norms equivalent to the least-
squares functional. The algorithm and its analysis in this paper circumvent
the natural norms in a div-LSFEM model problem with lowest-order conform-
ing and mixed finite element functions and allow for a simple collective Dorfler
marking for the first time. A refined analysis provides discrete reliability and
quasi-orthogonality in the weaker norms L? x H! rather than H(div) x H!
and replaces data approximation terms by data oscillations. The optimal con-
vergence rates then follow for the lowest-order version from the axioms of
adaptivity for the newest-vertex bisection without restrictions on the initial
mesh-size in any space dimension.

1. INTRODUCTION

In its prominent divergence form, the least-squares finite element method (LS-
FEM) for the Poisson model problem minimises the least-squares functional

(1) LS(f;7rs,vis) = |ITos — Vors|Zagq) + If + div sz (q)

over all (tps,vrs) € X(T) := RIo(T) x S§(T) for a given right-hand side f €
L?(Q) in a polyhedral bounded Lipschitz domain  C R™ partitioned into shape-
regular simplices in the triangulation 7. The lowest-order Raviart—Thomas func-
tion space RTy(T) C H(div, ) and the conforming first-order polynomials S (7) C
H} () [3H5] allow for a unique minimizer (o5, urs) of the least-squares functional
LS(f;e) with quasi-optimal convergence towards the solution (o,u) := (Vu,u) €
X = H(div,Q) x H}(Q) to f + Au = 0 in Q. The quasi-optimal convergence
follows in the norms in X from the well-established equivalence

(2) LS(f;7s,ves) = lo = mos i) + lu = vesl®

for all (7ps,vrs) € X(T) (and even for all test functions in X) [2]; cf. [I4] for the
equivalence constants in () and asymptotic exactness, where H3 () is endowed
with the energy norm || e || := | @ |51 (q).
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2 CARSTEN CARSTENSEN

The natural adaptive LSFEM evaluates the contribution ||ors — VULSHQL?(T) +
If+divors ||%2(T) of asimplex T' € T to the least-squares functional as a refinement
indicator in a (collective) Dorfler marking strategy. The corresponding analysis in
[12] guarantees convergence only for a large bulk parameter ©, while all positive
theoretical results of optimal convergence rates require some very small © [IL[7
I3LI5,[I7]. This conflict in the choice of O led to the design of alternative error
estimators in a series of papers [6LITHI3], in which the norm of X enforces a separate
marking strategy [L3] for the data error |f —ILf|L2(q) of the right-hand side f and
its piecewise constant approximation IIf.

The refined analysis on the collective marking of this paper in weaker norms can
circumvent this data approximation term | f —ILf|z2(q) in this form but generates
the (much smaller) data oscillation osc(f,T) = [hr(f — ILf)|12(q) with an extra
piecewise constant factor hy, the mesh-size hr|g = hg = |K |1/ ™ for any simplex
K € T of volume |K|. The point of departure is a novel equivalence

(3)  LS(If;ors,urs) +os®(f, T) = o = orsliz(q) + llu — ursl* + osc*(f, T)

for exact solve in the sense that (ops,urs) is the unique minimizer of () in X (7).
(Notice that LS(f;ors,urs) —LS(Ilf;0Ls,urs) = |f — Hf||2Lz(Q), while the right-
hand side of (B)) involves the smaller osc?(f, 7). The point is that 0 — o015 appears
on the, resp., right-hand sides in the H(div) norm in () and in the L? norm in
@)

This paper introduces an alternative error analysis for the L? x H' norms in
@) that satisfies the axioms of adaptivity [7,[13] and therefore leads to optimal
convergence rates in adaptive mesh-refinements. In the weaker norms at hand, the
quasi-orthogonality becomes less trivial and relies on a detailed analysis as in [10]
with a surprise: The collective marking adaptive LSFEM converges with optimal
rates without any further restrictions on the initial mesh 7.

The collective marking solely utilizes the residual-based explicit error estimator

(1) = T divors|a(r) + osc*(f,T)
(4)

+ TV Z (||[ULS - vULS]EHQL?(E\E)Q)+||(ULS — Vups) X VEH%?(EmaQ))
EEE(T)

for each T € T with jumps [e]g across the side E of T with unit normal vg. The
sum 1?(7T) of those contributions n?(T) for all T € T defines the alternative error
estimator, which is reliable and efficient in the sense that

LS(Ilf;ors,urs) S o — ULSH%Z(Q) + lu — urs|?
(5) <Sn*(T) S LS(If;01s,urs) + osc®(f, T).

This paper establishes optimal convergence rates of the subsequent novel adap-
tive algorithm ACLSFEM based on the axioms of adaptivity [7,[I3] with collective
(Dorfler) marking.
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ADAPTIVE LEAST-SQUARES FINITE ELEMENT METHODS 3

Algorithm ACLSFEM

Input: regular triangulation 7y and parameter 0 < © < 1
for /=0,1,2,... do
Compute the minimizer (oy, uy) of the least-squares functional () in X (7¢)
Compute 7y(T) for any T € T, from (@)
Mark (almost) minimal subset M, C T, with O, n(T) <
>rem, 1 (T)
Refine 7, with newest-vertex bisection to compute Tyy1 with My C Ty \ Tot1
end for
Output: sequence of triangulations 7; with (ay, ue) and 7,(7)

Undisplayed numerical experiments confirm the optimal convergence rates and
also show the different performance of the alternatives adaptive schemes from [11]
with separate marking.

The remaining parts of the paper are organized as follows. Section 2 introduces
the notation and the technical tools required throughout the error analysis in this
paper and summarizes the axioms and the precise optimality statement. The proofs
follow in Section 3. The inner mechanism of the least-squares minimization in
Subsection allows a proof of a discrete reliability, but seemingly restricts the
analysis to the lowest-order case but works for any space dimension n > 2.

Standard notation on Lebesgue and Sobolev spaces L2(€2), H*(Q), H(div,Q)
and the corresponding spaces of vector- or matrix-valued functions L2(Q;R™),
L2(2; R™*"), etc., with the L? scalar product (e, e )12(0) applies throughout this
paper. For a regular triangulation 7 of Q, let H*(T) := [[p.+ H*(T) = {v €
L2(Q)|VT € T, v|r € H*(T) := H*(int(T))} denote the piecewise Sobolev spaces,
and let (Vncv)|r = V(v|7) on T € T denote the piecewise gradient for v € H*(T).
Let [[o||vc :=|®|u1 ) = [[Ve|r2q) and ||e | nc := [VNc ® |L2(q) abbreviate the
(nonconforming) energy (semi) norm. The L? projection onto the piecewise con-
stants Py(T) reads Iv|p := f,v da := [ v dz/|T| for any v € L*(Q) and T € T
and applies componentwise to vector-valued functions.

The orientation of the unit normal vector vg of a side E is fixed to define the
jump [¢]g of a piecewise smooth vector field ¢ with the normal component [¢|g - Vg
and the tangential components [¢]g X vg (with natural interpretations for n # 3).

The measure |e| is context sensitive and refers to the number of elements of
some finite set or the measure |F| of a side E, etc., and not just the modulus of a
real number or the Euclidean length of a vector.

The inequality A < B abbreviates the relation A < CB with a generic positive
constant C' independent of the underlying triangulation, but solely dependent on
the initial triangulation 7g; A ~ B abbreviates A < B < A.

2. PRELIMINARIES

2.1. Triangulations and finite element spaces. The newest vertex bisection
(NVB) applies throughout this paper with the set T of admissible triangulations
T of a bounded polyhedral Lipschitz domain 2 C R™ into simplices computed by
successive admissible refinements of an initial triangulation 7y with maximal mesh-
size hg (plus some initialization of tagged simplices as in [I8]). All triangulations
in this paper are admissible (i.e., successively generated by NVB from 7p) and so
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4 CARSTEN CARSTENSEN

regular in the sense of Ciarlet [3H5L16] (without hanging nodes or edges, etc.), and
they are also shape-regular (i.e. locally quasi-uniform).

For a triangulation 7 € T, let £ (resp., £(T)) denote the set of all sides in the
triangulation (resp., of a simplex T' € T ); side is the notion for a proper subsimplex
of n vertices of T and means an edge in n = 2 and triangle in n = 3 dimension.
Let Py (T) denote the (generally discontinuous) piecewise polynomials of degree at
most k € No; mid(T") (resp., mid(E)) denotes the center of mass of T € T (resp.,
E € &); £(Q) denotes the set of interior sides, while £(99) is the remaining set of
sides along the boundary in 7T .

The lowest-order finite element spaces named after Courant, Crouzeix—Raviart,
and Raviart-Thomas read

So(T) = Pi(T) N Hy (),
CRY(T) := {vcr € Pi(T) |vcr continous at mid(E) for all E € £(R)
and ver(mid(E)) =0 for all E € £(092)},
RTo(T) :={A+b(e —mid(T)) € H(div,Q) | A € Py(T;R™), b€ Py(T)}.

It will be used throughout this paper that the piecewise integration by parts formula
(ver, div TrT) £2(0) = —(TRT; VNCUCR)12(0) holds without jump or boundary con-
tributions for all Crouzeix-Raviart and Raviart-Thomas functions vcr € CRY(T)
and Try € RTH(T) in the same regular triangulation 7. (The proof studies the
boundary terms along a side F' along which the lowest-order Raviart—Thomas func-
tions have a continuous constant normal component (no jump), while the jump of
the Crouzeix-Raviart function arises with an integral mean zero on F.)

Each simplex T has an outer unit normal v and each side E € & is attached to
a unique orientation with vy = vp+ = —vp- for an interior side E = 0T NoT~
shared by two simplices so that [wy|g := wp|r+ — wp |- defines the jump for any
piecewise H! function wy, and wg = int(T+ UT~). Along the boundary E C 99
(with homogeneous boundary conditions), [wp]g := wp|p+ is the trace w, and
wg = int(TT).

2.2. Discrete inequalities. Besides the Poincaré-Friedrichs inequality [v|z2(q)
< Cp|v| for all v € Hi(S2), there is a discrete Friedrichs inequality for |ver |2 (o) <
Carllverllve for all ver € CRE(T) [B, p. 301] with a constant Cyr ~ 1 estimated
in [9]. The constant Cyp in the discrete Poincaré inequality,

(6) [ver — villL2(x) < Caphi [Vncver| L2 k),

for a Crouzeix—Raviart finite element function vcgr on a fine triangulation of the
simplex K and its integral mean vk := f. vcrdz, is estimated in [9] as Cqp =
\/3/2 cot(wp) with the minimal angle wy in the triangulation for n = 2 and Cyp =
CyV/5/3 with diam(K) < Cyhg = Cy|K|Y™ and the shape regularity constant
Csr = 1 for n = 3; the continuous version leads to a constant Cp. The reader is re-
ferred to textbooks [BH5LLE] for other standard estimates from Cauchy to (discrete)
trace inequalities.

2.3. Two level notation. This subsection provides the necessary notation for a
discretization of two levels for further reference throughout this paper. Given an
admissible refinement 7 € T(7) of a triangulation 7 € T, let (ors,urs) € X(T)
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ADAPTIVE LEAST-SQUARES FINITE ELEMENT METHODS 5

(resp., (675, 4zs) € X(T)) be the minimizer of (@) based on T (resp., 7). Define
(7) O*(T.T) = LS(If ~11f;675 — oLs, ULs — uLs)

and (T, '7:) = 04T, 7A')1/2 with the L? projection II (resp., ﬁ) onto Py(T) (resp.,
Po(T)). The error estimator n(T) := n*(T)"/? of {@) is based on T and the analog

definition applies to 7 and defines 7j(T) for each T € T.
The subsequent summation rule frequently abbreviates particular sums

(8) (M) = Z n*(T) for any subset M C T
TeM

and n(M) := n*(M)Y/2 (with an analog abbreviation for 72(M) and M C T).

Based on T and 7, one defines the set Rg := T \ T of refined simplices and
its supersets R (resp., Rz2) as T \ T plus one (resp., two) layers of neighbouring
simplices: Rjy1 :={T € T : dist(T,R;) = 0} for j = 0,1. Those sets of simplices
T\T =Ro C R1 C Ry C T cover certain subdomains € := int(U(T \ 7)) C
Q" = int(URq).

Based on 7 and its refinement 7, the subtriangulation %(K ):={T € T:TcC
K} is a shape-regular triangulation of K € T into one or more simplices.

2.4. Axioms of adaptivity. The first three axioms concern an admissible refine-
ment 7 € T(T) of a triangulation 7 € T and the respective estimators 7 and 7
as well as the distance §(7, 7@) and the set Ry from the previous subsection and
adopt the sum convention (§). With universal positive constants A, ... ,A57K3
and gz < 1, suppose stability (A1), reduction (A2), discrete reliability (A3), and
quasi-monotonicity (QM) as follows:

(A1) AT AT)=n(TNT)| < Md(T, T);

(A2) ATA\T) < oan(T\T) + A2d(T, T);
(A3) 82(T,T) < Asn?(Ra) + Asi*(T);
(QM) A(T) < Asn(T).

The quasiorthogonality (A4) concerns the discrete solutions (o¢,ue) and ne(7¢)
from the output of ACLSFEM from the introduction and assumes

(A4) > (T, Trsr) < A for all £ € No.
k={(

2.5. Optimal convergence. Under the assumptions (Al)-(A4) and (QM) from
the previous subsection, the techniques from [11[7, 13,1517 imply the following
statement of optimal rates: For any bulk parameter © < O := 1/(1 + A%A3), the
output of ACLSFEM satisfies for any s > 0 that

(9)

sup (1+ |7 = [Tol)*ne(T2) S sup (1+ N)* min{n(T)| T € T with [T| —[T| < N}.
£eNg NeNy

(Here n(T) is the error estimator with respect to all simplices in a competing
triangulation 7 defined by the minimizer (opg,urs) of @) in X(7) through )
and the sum convention (§).) The equivalence constants in (@) also depend on ©
and s and prove that the optimal rate (on the right-hand) is equal [7] to the rate
for ACLSFEM (on the left-hand side).
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The proof of (@) is indeed contained in [713] (for A3 = 0 in [7] and for the
general case in [I3] provided the data approximation p = 0 is neglected for collective
marking). The notion of optimal rates in approximation classes involves the total
error with the best approximation of the solution (o,u) in X(7) and the data
error osc(f,T). Because of the equivalence (@), optimality in terms of nonlinear
approximation classes (as in [IL[7L[I5L17]) follows from ().

3. PROOFS

Adopt the notation from Subsection[Z3] so (oLs,urs) € X(T) (resp., (0Ls, uLs)

~

€ X(T)) is the minimizer of (I]) based on T (resp., its refinement T).
3.1. New equivalence. This subsection establishes (B]) of the introduction, where
osc(ILf, 7\ T) abbreviates the square root of 3 ;.1 7 osc?(ILf, T) with the piece-
wise mean ILf € Py(T) of f € L2(€) with respect to the finer triangulation 7.
Lemma 1. It holds that

I67s = orsli2 () + llizs —ursl S 6(T, T) +ose(Tf, T\ T).

Proof. Recall (M), (@), expand binomial formulas, and integrate by parts to verify
l6zs = oLsl32 () + lizs — upsl® = (T, T) + [TLf — ILf + div(5Ls — o1.s)| 720
=2(ors —ors,V(urs —urLs))r2o) = —2(div(ors — ors), trs — uLs)r2(o)

= 2(Ilf ~11f, dr5 — urs)r2(a) —2(If ~ILf +div(5rs — 0rs), ULs — uLs)r2(5)-
A piecewise Poincaré inequality (@) in the second-to-last term eventually results in
(10)  (ILf — I, 25 — uzs)rz() < Cap osc(ILf, T\ T)llazs — urs|)-

The proof of ([I0) focuses on one simplex K € T \ 7 and the integral mean fi
of IIf on K. The CrouzeixRaviart function vep = (tirs — urs)|x € CRYT(K))
with integral mean vy arises in

(ﬁf —1IIf, urs — ULS)L?(K) = (ﬁf — K, Ver — UK)L?(K)
<TIf - Tl lver — vl L2 (k) -

The term ||[ver —vi || 2 (k) is bounded in (6) and leads to the extra mesh-size factor
required in the oscillations of ([I0).

This, Friedrichs’s, and Cauchy’s inequality prove that the first displayed terms
are

<2 (Cap ose(Lf. T\ T) + Crlllf - I1f +div(575 — o1s) 2oy ) 25 — wesll-
This and some rearrangements conclude the proof. O

Theorem 2. The exact (resp., discrete) solution (o,u) (resp. (ors,urs)) and the
right-hand side f € L*(Q) satisfy ().

Proof. The assertion “>” follows from Lemma [l for the fixed 7 and some sequence
of successive uniform refinements to generate a sequence of finer triangulations T
with maximal mesh-size maxhs — 0. Indeed, the convergence of the least-squares
finite element scheme in H(div) x H'(Q) as maxh= — 0 leads to 6*(T, T) =
LS(Ilf;0rs,urs). This and Lemma [ conclude the proof.
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ADAPTIVE LEAST-SQUARES FINITE ELEMENT METHODS 7

The proof of the converse estimate “<” starts with a triangle inequality |ors —
Vurs ||L2(Q) < ”O’—O’L5”L2(Q) + \Hu—uLS ”| The remaining estimate of Hf—|—d1V ors €
Po(T) in L? utilizes the inf-sup stability of the divergence operator [3}4.16]

1< inf sup
v0€P (TIN{O} 71 e RT,(T)\ {0}
with a continuous right inverse of div : RTo(T) — Po(T) to select Trr € RTo(T)
with

(vo, div Trr) L2(0) / (Jvol L2 () | TRT | H(Aiv))

I[If +diveps =divrgr and ”TRTHL2(Q) 5 "Hf + diVO’LS”Lz(Q).

The discrete Euler-Lagrange equations associated to () at the discrete minimizer
(ors,urs) follow from differentiation and read

(11) (O'LS —Vurs, TR — vvc)L2(Q) + (Hf +divoypg, diVTRT)Lz(Q) =0

for all (trr,vc) € RTo(T) x SHT). The aforementioned choice of Try and its
stability prove in (II]) that

ITLf + divors|zq) = —(oLs — Vurs, Trr) 12()
Slows — Vurs| 2o |ILf + divors|p2 ).
This and the aforementioned triangle inequality conclude the proof. (Il

3.2. An internal variable. The internal variable ucr of Lemma [ describes an
algebraic link between the two residuals in the least squares functional. Its analog
ucr on the fine level of T enables a miraculous local control of some key terms in
Lemma [ below. The definition of the piecewise constant s(7) € Py(T) involves
the affine function e — mid(7"), that equals x — mid(T) at « € T' € T, and the
integral mean IT|e —mid(7)|? on T € T of its squared norm |e — mid(T)|? € P»(T),

(12) h2 = s(T) :=n"21I| @ —mid(T)|? € Py(T).

Lemma 3. The piecewise constant L? best approzimation Ilops of the Raviart—
Thomas solution ors is equal to the piecewise gradient Vycucr = llops of a
Crouzeiz—Raviart function ucr € CRS(T) with

(13) (1+S(T))diVULS :H(UCR—’ILLs—f) a.e. in Q.

Proof. The L? scalar product (ors,TrT) r2(q) of the Raviart-Thomas functions
in (I concerns the piecewise constant contribution IlTgr and the L? orthogonal
remainder (1 — II)7ry = n~tdiv 77 (e — mid(7)); the weight s(7) enters in the
L? scalar product

(14) ((1 — H)ULs, (1 — H)TRT)Lz(Q) = (S(T) div OLS, div TRT)L2(Q).
Consequently, (1) implies
(Hf + (1 + S(T)) div JLS, div TRT)Lz(Q) = (VULS — HULS, TRT)L2(Q)

for any Trr € RTo(T). Equation () also shows that Vurs —Ilorg is L? orthogo-
nal to the divergence-free functions in RT,(7) as well as to V.S (7). Consequently,
[ors — Vurg is equal to the piecewise gradient of some Crouzeix—Raviart function
VCR, and then ucgr := vecr +urs. This is standard in n = 2 space dimensions from a
discrete Helmholtz decomposition [I1] and follows in general, also for multiply con-
nected domains, as follows: Define vor as the Riesz representation of the functional
(Ilos — Vurs, VNce) r2(q) in the Hilbert space CRG(T) with the scalar product
(VNC.7 VNC.)LQ(Q). Then orr := llors — VNcucr € PQ(T; Rn) is perpendicular
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8 CARSTEN CARSTENSEN

to the piecewise gradient Vnctg in L? for the side-oriented basis function g in
CRY(T) of an interior side E € £(Q). A piecewise integration by parts in this
orthogonality with [.[¢p]pds = 0 for all sides F leads to [,[orr]e - ve ds = 0.
Since [grT]E - VE is constant along F, it has to vanish. In other words, the normal
components of gry are continuous in 2, and so prr € RTo(T) is a divergence-free
test function. The orthogonality of Iloys — Vurs and grr € RTo(T) on the one
hand and (VNcvcr, 0rT)r2(0) = 0 for the divergence-free orr € RTp(T) on the
other imply (orT, 0rT)L2(0) = 0. Thus orr = 0 implies the claimed representation.

It follows that the previous right-hand side (Vurs —lors, TrT) 12() is equal to
—(VNcUcr, TRT) 2(0)- An integration by parts shows this is (ITvcr, div Trr) 12(0)
and so proves

(IIf+ (1 +s(7T))divors — H’UCR,diVTRT)Lz(Q) =0 forall Tpr € RT()(T).

Since the divergence operator maps RTy(7T) onto Py(7), this concludes the proof.
([

This subsection concludes with an application of Lemma [ to the last term in
0T, T) =605 — ors — V(tLs — urs)|32q) + ITdiv(ers — ons)|320)
(15) + (T = T (f + div77s) 30

The first two terms on the right-hand side in (IH) will be rewritten in Lemma [5] of
the subsequent subsection, while the last term is controlled with (I3]) even locally.

This serves as a novel and elementary estimate of some key oscillation (ﬁ -1 f
(with f shifted to f + divarg) without the mesh-size factor h by some first-order
residual contribution ||6.g — Varg|| with an additional mesh-size factor hy.

Lemma 4. ForanyT €T,
(16) (L = T0)(f + div67s) | 2(r) S hrlloTs — Vazs|lzzen-
Proof. The substitution of 7 by 7 in Lemma 3 and oo := @GR — 4z prove that
Iif + divers = ooy — s(T) divars.
The two arguments for the estimate of
(T = T0)(f + div 6725) |72y = (T = T)(f + div 6L3), tor — s(T) divors) ra(r)
are very different. The discrete Poincaré inequality allows for
((TL = T0)(f + div 575), T0R) 12 (1)
< Caphr | VNeOGR|| 20y | (T = T)(f + div625) | 22(r).
This, a Cauchy inequality, the definition of (IZ) in the second term, namely

18(T) div 575 2y < Csehr/(n+ 1)\ s(T) div 575 | 12 (1),
and a division by ||(IT — II)(f + div or5)| L2 (1) show that

I = 17 + div 778) ey 5 (I seGR 2ca) + /o) v sl )

The L? orthogonal split .5 — Vurs = llors — Virs + (1- ﬁ)cﬂ} into piecewise
averages and Ilo s — Virs = VNncUcr from Lemma [3] prove that

~

ors — Viurs = Vncicr + (1 —I)ors ae. in T.

Licensed to Humboldt Universitat zu Berlin. Prepared on Fri Sep 13 06:57:40 EDT 2019 for download from IP 141.20.213.77.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



ADAPTIVE LEAST-SQUARES FINITE ELEMENT METHODS 9

This and the computation in ([[4]) (with respect to the fine level of T and with g
and Trr replaced by o1g) imply for each T € T(T) (i.e., T € T with T C T) that

The substitution of this in the second-to-last displayed estimate concludes the proof.
O

3.3. Three auxiliary stresses. The a posteriori error analysis of mixed and LS-

~

FEM frequently utilizes three mixed finite element solutions 75,7} ¢ € RTo(T),
and s € RTy(T) defined as mixed finite element solutions to the Poisson model
problem with respective right-hand sides

divrirs =div(org —ors) and divrjg =1div(ors —ors) = divTrs.

This allows for a divergence-free ogpr 1= 015 —ors — 715 + Tjs — Tns € RTo(T).
The role of the three auxiliary stress functions is visible in the subsequent identity.
Lemma 5. Any ve € S{(T) satisfies
|ozs = ors = V(uzs — urs)|Zaiq) + 11T div(azs — ors)|720)
= (oLs —Vurs,V(urs —uLs — vc¢) — 0RT) L2(Q)
+ (6rs —ors — V(UrLs — uLs), TLs — T1.5)L2(Q)-

Proof. Appropriate test functions lead in (II)) (and in its nondisplayed analog with
respect to 7) to the lemma with elementary algebra; more details can be found (in

different notation) in [I1, Lemma 5.2]. O
The auxiliary stresses are controlled as follows.
Lemma 6. It holds that
725 = misllza@) < ose(divars, T\ T),

lorr |l r2) S 6T, T) +osc(ILf, T\ T) + |Idiv(Ls — ors)ll z2(0)-

Proof. The first inequality is from [I1, Lemma 5.3] in 2D and we give a more general
proof for completeness. Let wcr € CRG(T) solve

(VNcWeR, VNCJ(;{)L?(Q) = (gﬂZ(;{)L?(Q) for all Yor € CR(T)

for g := —div(Trs—7}g) € Py(T), which is L? orthogonal to Py(T). An integration
by parts and the mixed finite element equations in the definition of 775 and 7} ¢
show that the piecewise constant vector field

(75 — 71) — VNewer L VcCRY(T) + {Tar € RTy(T) : div 7ar = 0}
(with L denoting L? orthogonality). Since this vector field belongs to RTy(T)
(from an integration by parts) and is divergence-free, the orthogonality shows that
it has to vanish, i.e., f[(ﬁ} —7f¢) = Vncwcr. This and a standard argument
for the aforementioned nonconforming solution to the Poisson equation with the
right-hand side g L Py(7) show (with a piecewise discrete Poincaré inequality in
the final step) that

IVxnc@er |z () = (9. WeR) L2()

= (g9, wcr — Hwer) 2(0) S 0sc(g, T)||VNcwWer| L2 (o)-
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10 CARSTEN CARSTENSEN

This concludes the proof of the first asserted inequality. The proof of the second
starts with a triangle inequality followed by the L? orthogonality of 7.5 (resp., 7} 5)
and the divergence-free function 6.5 — ors — 7rs (resp., 7/ g — TLs):
1/2 HQ/R\THQLQ(Q) <loLs —oLs — 7{1':5”%2(9) + s — TLSH%Z(Q)

= llors — ULSH%Z(Q) - ||7{L\SH%2(Q) + ”TLSH%Z(Q) - HTESHQB(Q)-
The stability of the auxiliary mixed finite element solutions results in

lorrllL2(@) S llors — orsllree) + H1div(ors — ors)llr2(a)-
This and Lemma [I] conclude the proof. (I
3.4. A posteriori error analysis. This subsection collects some core arguments

for the proof of the discrete reliability. Recall {@) from the introduction and the
definitions of Rg, R1, R2 and €' := int(U(T \ 7)), etc. from Subsection [Z3]

Proposition 7. There exists a universal constant A > 0 that depends exclusively
on To such that

1575 — o5 — V(L5 — urs)|2aq) + M div(ETs — 018)| 20
e .
< ST T) + A (12(R2) + 0se? (div s, T\ 7)) -

Proof. A Cauchy inequality in the last term of the identity in Lemma [b] allows us
to absorb one factor, and, with Lemma [6] in the final step, this leads to

lozs — ors = V(azs — urs)|Za(q) + M div(ozs — ors)|Z: ()

S (os —Vurs, V(ups —urs — ve) — 0rT)r2(Q) + |75 — TZSH%"’(Q)

< (ops — Vurs, V(ups — ups — ve) — 0rT) r2(0) + osc?(divars, T\ T).
The two contributions in the second-to-last term require different arguments, which
can be collected from the literature and are merely outlined here. First, the appro-
priate choice of vo € SE(T) as a Scott—Zhang quasi-interpolation of #rg — urs in
the second-to-last term leads to #r,g —urg = vc on all simplices in 7TN7T outside .
The approximation and stability properties of 4z g —urs — vc allow standard argu-

ments after a piecewise integration by parts (as in [I1] and as for many a posteriori
error estimation with conforming finite element functions) to deduce that

(oLs —Vurs,V(urs —urs —ve)) 2 S llucs — urs||
1/2

X ”hT div ULSH%%Q’) + Z hEH[ULS - VuLs]E : VE”%?(E)
E€E(Y)
with a reduced domain € and the set £(') of sides interior in €.
Second, the divergence-free Raviart-Thomas function pr7 is piecewise constant
with respect to the fine triangulation, and so the other contribution reads
(Vups —Hors, 0rT)12(0)
= (llors — Uors, 0rr)L2(0) + (Vurs — HoLs, 0rT) 12 (0)
<\llors —Hors|2@)llorr L2 (@) — (VNCUCR, ORT) L2(0)

with vor = ucr — urg and ucr from Lemma [Bl The ansatz of the lowest-order
Raviart-Thomas functions shows (o5 —ors)(z) = (n~ ! divops)(z —mid(T)) for
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r €T €T and so implies |lors—TIlors|r2() S [|hr divors||z2(oy. The remaining
contribution (VNcUcR, 0RT) r2(q) is standard in the context of an a posteriori non-
conforming finite element error analysis. The point is that any Crouzeix—Raviart
function vcr on the fine triangulation leads to (Vncocr, 0rT)r2(0) = 0. The choice
of vcr from [8, Theorem 3.2] leads to

IVxnc(tcr = ver)lliz) S D hellVncverle X velia g
Ee?(ﬂ”)
with the domain Q" := int(UR;) and the set £(2”) of interior sides in Q” and its
superset £(Q) := £(Q") U (£(0Q) N E(Q)) with extra sides on 902 N JQ”. This
proves

(Vurs —ors, 0rT)r2(9) S lorT |2 (0)
1/2

< | Ihrdivorslie oy + Y. hellVacverle x velizg,
EeE(Q//)

Since Lemma [6] controls ||or7| 12 (o) and Lemma [l controls |[urs — urs|, the left-
hand side of the assertion is < osc?(divarg, 7 \ T) plus

((5(T, T) + osc(ILf, T\ T) + |l div(675 — ULS)HLZ’(Q)) X estimators.

Since the square of |[IIdiv(6s — ors)|/L2(q) appears in the controlled left-hand
side, it can be absorbed; notice that osc(ILf, 7 \ 7) < osc(f, 7 \ 7). Hence the

remaining proof focusses on the estimators, i.e., on

estimat0r52 = ||th1V O'LS”%z(Q/) -+ Z hEH[O—LS — VULS]E . VEH%P(E)
EcE(QY)
+ Z hel|MoLs — Vursle X veliz g)-
EeE(Q)

Since (o5 — lors)(z) = (n~tdivors)(x — mid(T)) for € T € T, triangle and
trace inequalities show that

Mors — Vursle x vellr2p) — llors — Vursle X vel|lL2(p)
<|llors —Towsle x villae S b divorsllzer)

for the side patch wg of the at most two simplices T with the side E € £(T). The
last contribution leads to ||hr div ULSH%Q(ME) for all E € £(”) and eventually to
an enlargement of the set from R to Ry. In conclusion, it follows that estimators <
N(R2) in terms of the error estimator in (@). O

3.5. Reliability. The first corollary from the previous analysis is reliability.

Theorem 8. The exact (o,u) and the discrete solution (ors,urs) and the error
estimator [ ) satisfy ([@).

Proof. Given the fixed 7 € T, consider the sequence of its successive uniform
refinements and let 7 be one member of this sequence with maximal mesh-size
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12 CARSTEN CARSTENSEN

max hz. Passing to the limit with maxhs — 0, the convergence of the least-
squares finite element scheme in H(div) x H'(2) allows for the substitution of
(oLs,urs) by (o,u) in Proposition [l Consequently,

lors — VULSH%Z(Q) + [1Lf + diVULSH%%Q)
1
< SLS(Ifi 05, uss) + A (n(T) + 0se?(£,T)) .
Since the left-hand side is LS(ILf; 015, urs) and since osc?(f, T) < n(T),

LS(If;0rs,urs) < 4An*(T).

This and Theorem [ conclude the proof of the reliability. The efficiency holds
even in a local form for (a) |T|Y/"| divors| 2y = lors — Hors||rery < llons —
Vursl|/r2(ry and for (b) the jump terms can be controlled by triangle and trace
inequalities. ([

3.6. Discrete reliability. The previous subsections allow the proof of (A3).

Theorem 9. The discrete solution (ors,urs) (resp., (6Lg,urg)) on the triangula-
tion T € T (resp., its admissible refinement T ) and the error estimator {) satisfy
(A3) with a universal constant A3 and A3 := h? Az for h := maxper hr.

Proof. The combination of Lemma [ and Proposition [7] in the split (I3 shows
(T, T) S0’ (Re) + osc®(divars, T\ T) + |hr (375 — Vizs) 1)
Since osc(ILf, 7\ T) < n(Ry), the triangle inequality shows
osc(divars, T\ T) < osc(Ilf + divars, T\ T) + n(Ra).

Notice the extra factor h7 in the oscillation term so that the previous estimate
reads
ST, T) S n*(Ra) + h*LS(ILf; 7ps, urs).

Theorem [ applies to the fine triangulation as well, and so h27? (7A') controls the
last term to conclude the proof. O

3.7. Quasiorthogonality. The main novel argument in the proof is an inequality
on the least-squares functional. Straightforward algebra with the least-squares
functionals and (II]) lead to the (well-) known identity [11, Eq (4.5)]

(17)  LS(0;6L05 — oLs, ins — urs) + LS(Tf; 605, uns) = LS(TIf; ons, uLs).

The point is that the data approximation I f is the same on both sides of the
equality and so leads to the 0 in the leading term of ([I7). This paper suggests a
modification.

Theorem 10. It holds that
6*(T.T) + LS(ILf; 575, azs) — LS(Lf; 015, uLs)
< LSY?(1Lf; 673, ars) ose(Ilf, T\ T).
Proof. An elementary modification of (I7)) shows that
LS(If —11f; 675 — ous,uLs — urs) + LS(ILf; 675, uzs)
(18) = LS(If;0s,urs) + 2(ILf — I, I1f + div 675) 2(0) -
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The identity ([I3]) applies to the finer level as well and allows the substitution of
IIf +divors = Hocg — s(7) divarg in the last term of (I8):

(ILf — f, 10 + div 7s) p2 () = (ILf — If,50R — s(T) div 573) 120 -

The first contribution in the last term allows a discrete Poincaré inequality as in

(I0) and leads to

(Iif — 11, icr — I6GR) £2(0) < Cap osc(ILf, T\ T)|[ck|nc-
The second contribution relies on 4/ 8(7A') < /8(T) < Cshr ae. and reads
—(ILf = T1f, s(T) div 675) 2() < Cor 0sc(ILf, T\ T) ||\ 8(T) div 575 L2 (-
The sum of the two contributions utilizes Vncoor = 115 — Virs and

1/ s(T)divars |z oy + locrlie = loTs — Virs|?e o)

Consequently,
(TLf = T0f, TLf + divars) 2 S ose(llf, T\ 71615 — Vars| Lo (a)-
The substitution of this in [I8)) concludes the proof. O

3.8. Quasi-monotonicity. For small Kg (e.g., for a sufficiently fine initial trian-
gulation) (QM) holds [I3]. In the general situation, Theorem [0l implies that

LS(Tif;675,a15) S LS(f; 018, urs) + osc(TLf, T\ 7).

This and the equivalence ([B) with respect to the coarse triangulation 7 and to the
fine triangulation 7 imply (QM). O

3.9. Finish of the proof. The axioms (A3) and (QM) are proven explicitly in this
paper. The axioms (A1) and (A2) follow with standard arguments like triangle,
(discrete) trace, and Cauchy inequalities as in [I3}[15]. The axiom (A4) requires a
generalisation (A4.): Theorem [I0] leads to a universal constant C; > 0 such that,
for any € > 0,

6% (Ths Trg1) + (1 — €) LS (g1 f5 01, 1)
< LSy f; ok, ug) + C1 /e 0sc® (W1 f, Tro).-

Given any /,m € Ny, the sum over all k =4,/ +1,...,¢+ m leads to

l+m l+m
> 8 (Th Tarr) < LS f00,u0) +€ Y LS (M1 f 041, k1)
k=¢ k=¢
l+m
+Ch/e Z osc?(My 41 f, Te)-
k=t

Up to the mesh-size weight factors, the oscillations osc(Il; 41 f, T ) contain pairwise
orthogonal terms (41 — i) f which add up to (IIp4mm41 — Ig) f. This leads to
a proof that the sum over all (squared) oscillations in the last displayed inequality
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14 CARSTEN CARSTENSEN

is < 0sc?(g4m+1f, Te). The reliability of () bounds LS (Il f; ok, uk) < Con?(Tx)-
The combination of the aforementioned arguments proves

4+m l+m+1
Z 8% (Ths Ter) < (Cr/e + Co)j + €Co Z i (Th)-
k=t k=t+1

This and the application of (QM) to n7,,,,,; < Asn} provides the generalisation
(A4.) in [7[13], where it is shown that the other axioms plus (A4.) for some suffi-
ciently small € > 0 imply (A4). O
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