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Abstract

This paper proposes two convergent adaptive mesh-refining algorithms for the hybrid
high-order method in convex minimization problems with two-sided p-growth. Exam-
ples include the p-Laplacian, an optimal design problem in topology optimization, and
the convexified double-well problem. The hybrid high-order method utilizes a gradi-
ent reconstruction in the space of piecewise Raviart-Thomas finite element functions
without stabilization on triangulations into simplices or in the space of piecewise
polynomials with stabilization on polytopal meshes. The main results imply the con-
vergence of the energy and, under further convexity properties, of the approximations
of the primal resp. dual variable. Numerical experiments illustrate an efficient approx-
imation of singular minimizers and improved convergence rates for higher polynomial
degrees. Computer simulations provide striking numerical evidence that an adopted
adaptive HHO algorithm can overcome the Lavrentiev gap phenomenon even with
empirical higher convergence rates.
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1 Introduction

Adaptive mesh-refining is vital in the computational sciences and engineering with
optimal rates known in many linear problems [19, 21, 29, 54]. Besides eigenvalue
problems [6, 23, 24, 33] much less is known for stationary nonlinear PDEs. The few
positive results in the literature concern mainly conforming FEM with plain conver-
gence results [4, 12, 22, 41, 56]. An important exception is the p-Laplacian in [5],
where the notion of a quasi-norm enables two-sided error control. The next larger class
of convex minimization problems from [27] emerged in the relaxation of non-convex
minimization problems with enforced microstructures and this is in the focus of this
paper. This class is characterized by a two-sided growth condition on a C' energy
density W with an additional convexity control that enables a unique stress DW (Du)
independent of the multiple minimizers « on the continuous level. In fact, there is no
further control of the convex closed set of minimizers in beyond a priori boundedness.
This leads to the reliability-efficiency gap [14] in the a posteriori error control: If the
mesh-size tends to zero, the known guaranteed lower and upper error bounds converge
with a different convergence rate. In other words, the efficiency index tends to infinity.
This dramatic loss of sharp error control does not prevent convergence of an adaptive
algorithm in general, but it makes the analysis of plain convergence much harder and
seemingly disables any proof of optimal rates.

The numerical experiments in [28, 38] motivate this paper on the adaptive HHO.
The only nonconforming scheme known to converge for general convex minimization
problems is [52] for the first-order Crouzeix—Raviart schemes and, according to the
knowledge of the authors, there is no contribution for the convergence of an adaptive
higher-order nonconforming scheme for nonlinear PDEs in the literature. In fact, this
paper is the first one to guarantee plain convergence even for linear PDEs for the HHO
schemes at all. The reason is a negative power of the mesh-size in the stabilization
terms that is overcome in dG schemes for linear PDEs by over-penalization in [7]
to be close to conforming approximations (and then enable arguments for optimal
convergence rates) and recently by generalized Galerkin solutions in a limit space in
[47] for plain convergence. One advantage of the HHO methodology is the absence
of a stabilization parameter and, hence, this argument is not employed in this paper.

The main contributions of this paper are adaptive HHO methods with and without
stabilization with guaranteed plain convergence for the class of convex minimization
problems from [27]. Three types of results are available for those schemes.

(a) If Wis C! and convex with two-sided p-growth, then the minimal discrete energies
converge to the exact minimal energy.

(b) If furthermore W satisfies the convexity control in the class of degenerate convex
minimization problems of [27], then the discrete stress approximations converge
to the (unique) exact stress o .

(c) If W is even strongly convex, then the discrete approximations of the gradients
converge to the gradient Du of the (unique) exact minimizer u.

The two-sided growth condition excludes problems that exhibit the Lavrentiev gap
phenomenon [48] and so we only comment on the lowest-order schemes that overcome
the Lavrentiev gap owing to the Jensen inequality.
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Numerical experiments are carried out on simplicial meshes, but the design of
the stabilized HHO method allows for polytopal meshes for a fairly flexible mesh-
design, e.g., in 3D. The mesh-refinement of those schemes is less elaborated (e.g., in
comparison with [55] on simplicial meshes) and remains as an important aspect for
future research.

The remaining parts of this paper are organized as follows. Section 2 introduces the
continuous minimization problem, the adaptive mesh-refining algorithm, and the main
results of this paper. Section 3 reviews the discretization with the HHO methodology
on simplicial triangulations without stabilization. Section 4 departs from discrete com-
pactness, proves the plain convergence of an adaptive scheme, and concludes with an
application to the Lavrentiev gap. Section 5 treats HHO methods on general polytopal
meshes with stabilization and proves the results of Sect. 4.2. Numerical results for
three model examples from Sect. 2.4 below are presented in Sect. 6 with conclusions
drawn from the numerical experiments.

2 Mathematical setting and main results

This paper analyzes the convergence of an adaptive mesh-refining algorithm based on
the hybrid high-order methodology [35, 37, 39] for convex minimization problems
with a two-sided p-growth.

2.1 Continuous problem

Given a bounded polyhedral Lipschitz domain 2 C R" and 1 < p < oo, let W €
C'(M) with M:=R"™*" satisfy

(A1) (convexity) W is convex;

(A2) (two-sided growth) c1|A|? — ¢y < W(A) < c3|A|P + ¢4 forall A € M.

The constants ¢y, ¢3 > 0 and ¢3, ca4 > 0 are universal in this paper and independent of
the argument A € M the same universality applies to cs, c¢ in (2.5)—(2.6). Throughout
this paper, the boundary 9€2 of the domain €2 is divided into a compact Dirichlet part
I'p with positive surface measure and a relatively open (and possibly empty) Neumann
part Ty = 0Q\ I'p. Given f € L (; R™), g € LV (I'n; R™) with 1/p+1/p' =1,
and up € V:=W1P(Q; R™), minimize the energy functional

E(v)::/(W(Dv)—f~v)dx —/ g vds @2.1)
Q r

N

among admissible functions v € A:=up + Vp subject to the Dirichlet boundary
condition v|r, = up|r, and Vp:={v € V : v|r, = 0}.

2.2 Adaptive hybrid high-order method (AHHO)

The adaptive algorithm computes a sequence of discrete approximations of the mini-
mal energy min E(A) in the affine space A = up + Vp of admissible functions in a
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successive loop over the steps outlined below. The first version of the adaptive algo-
rithm focuses on the newest-vertex-bisection (NVB) [55] and the first HHO method
without stabilization on triangulations into simplices. It will be generalized to poly-
topal meshes in Sect. 5.

1. INPUT. The input is a regular initial triangulation 7y of €2 into simplices, a
polynomial degree k > 0, a positive parameter 0 < ¢ < k + 1, and a bulk
parameter 0 < 0 < 1.

2. SOLVE. Let 7; denote the triangulation associated to the level £ € Ny with
the set of all sides ;. The hybrid high-order method utilizes the discrete ansatz
space V(7p):=Pi(Zy; R™) x Pr(Fy; R™) with a split of the discrete variables
v = (v7;, vF,) into a volume variable vy, € P(7¢; R™) and a skeleton vari-
able vr, € Py(F¢; R™) of polynomial degree at most k > 0 with respect to the
simplices (7y) and the sides (F) in the triangulation 7;. The proposed numeri-
cal scheme replaces Dv in (2.1) by a gradient reconstruction G, in the space of
piecewise Raviart-Thomas finite element functions X(7;) = RTEW (7¢; M) for
a shape-regular triangulation 7, of € into simplices. The details on the gradient
reconstruction Gy are postponed to Sect. 3.4. The discrete problem computes a
discrete minimizer uy of

Ee(vz):/ (W(Gve) — f -vg)dx —/ g-vr,ds (2.2)
Q I'n

among vy = (vy, vg,) € A(7¢) with the discrete analog A(7¢) of A so that
VE IR = H"FuD for any Dirichlet side F € F¢(I'p), where H’; is the L? projection
onto the polynomials Py (F) of degree at most k. Let o¢:=I157,,DW (Gug) €
¥(7;) be the L? projection of DW (Gu,) onto X (7y). Further details on the hybrid
high-order method follow in Sect. 3 below.

3. REFINEMENT INDICATORS. The computation of the refinement indicator 7,
utilizes an elliptic potential reconstruction Ryuy € Pr41(Z¢; R™) of the discrete
minimizer uy = (u7;,,ur,) € A(7y) computed in SOLVE. The definition of
Reug follows in (3.4)—(3.5) below. Any interior side F € Fy(S2) is shared by
two simplices T4, T— € 7, with F = T4 N T_. The jump [Reu¢]F along F is
defined by [Reue]r:=(Reue)lr, — (Reue)lr_ € Pry1(F; R™). Given a positive
parameter 0 < ¢ < k + 1, compute the local refinement indicator

nés)(T)::|T|(sp*p)/n||l'[1}(’Rgug — MT)”ZP(T) +|TEP /n||015 —DW(Gup)||”

LP'(T)
p'/n _ ik 4 1/n Mk P
TP A =T LIy )+ 1T > la=Thely,
FeFy (T)NFy(I'n)
+ |T|(sp+l—17)/n IRty — ”‘D”IL)P(F)
FeF (T)NF¢(Tp)
+ ) MRwdr N,y + Y ||H’,%(<Rm)|r—w)ﬂi,,(p))
FeF (T)NF(2) FeFy(T)
2.3)
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for all T € 7, of volume |T| and sides F¢(T') with the abbreviation ur:=u7, |7
andur:=ug,|r.Let nég) = Zreﬂ '7/56) (T). The refinement indicator is motivated

by the discrete compactness from Theorem 4.1 below. In fact, if limy_, o nf) =0,
then there exists a v € A such that, up to a subsequence, Gyu,— Vv weakly in
LP(2; M) and u7,—v weakly in L?(Q2; R™) as £ — oo. It turns out that v is a
minimizer of the continuous energy E from (2.1).

4. MARK and REFINE. Given a positive bulk parameter 0 < 6 < 1, select a subset
M, C 7 of minimal cardinality such that

on <0 @M= > a (D). 2.4
TeM,

This marking strategy is known as Dorfler marking. The marked simplices are
refined by the newest-vertex bisection [55] to define 7,4 .

5. OUTPUT. The output is a sequence of shape-regular triangulations (7¢)cn,, the
corresponding discrete minimizers (u¢)¢en,, the discrete stresses (o¢)¢en,, and
the refinement indicators (né‘g)) teNy- On each level £ > 0, let Jyuy € V denote
the conforming post-processing of u; from Lemma 3.4 below.

2.3 Main results

The main results establish the convergence of the sequence (E¢(u¢))¢en, of minimal
discrete energies computed by AHHO towards the exact minimal energy.

Theorem 2.1 (plain convergence) Given the input Ty, k € No, 0 < ¢ < k + 1,
0 <0 < 1, let (Tg)eeny, (te)eeN,, and (0¢)een, be the output of the adaptive algorithm
AHHO from Sect. 2.2. Assume that W satisfies (A1)—(A2), then (a)—(d) hold.

(a) limy— oo E¢(ty) = min E(A).

(b) The sequence of the post-processing (Jgug)¢eN, is boundedin V- = W”’(Q; R™)
and any weak accumulation point of (Jyu¢)¢en, in V minimizes E in A.

(b) Suppose there exists cs5 > 0 such that W satisfies, for all A, B € M,

|A = B|" = cs(1+ A + [BI))(W(A) — W(B) —DW(B) : (A— B)) (2.5)

with parameters r, s from Table 1. Then the minimizer u of E in A is unique and
limy_, 00 Getty = Du (strongly) in LP(2; M) holds for the entire sequence.
(d) Suppose there exists ce > 0 such that W satisfies, for all A, B € M,

IDW(A) = DW(B)|” < cs(1 + |A[* + | B) 26)
x (W(A) — W(B) —DW(B) : (A — B)) '
with parameters 7,5 from Table 1. Then the stress o:=DW (Du) € Lp/(Q; M)
is unique (independent of the choice of a (possibly nonunique) minimizer u)
and limy_, oo DW(Geuy) = o (strongly) in LP (2; M) and oy—o (weakly) in
L7 (2; M) hold for the entire sequence.
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Table 1 Parameters r, s, 7,5 in

Theorem 2.1 and ¢, 7 in Sect. 4.2 Case " y ! " 5 !
2<p<o0 p 0 1 2 p—2 2/p’
l<p<2 2 2—p 2/p P’ 0 1

A second focus is on the classical HHO method [34, 35, 37] on general polytopal
meshes M, with a stabilization s¢ (e, e) defined in (5.1) below. The convergence of
AHHO for the stabilized HHO method on polytopal meshes is established under two
assumptions (M1)—(M2). Further details on (M1)-(M2) and on the stabilized HHO
method follow in Sect. 5.

Theorem 2.2 (plain convergence for stabilized HHO) Given the input Moy, k € Ny,
0 <& <minfk+1, (k+1)/(p—1)},0 < 0 < 1, let (M) ey, (Ue)eeny, and (0¢) e,
be the output of the adaptive algorithm from Sect. 2.2. Suppose that (M1)—(M2) hold,
then (a)—(d) from Theorem 2.1 hold verbatim and limy_, o S¢(ug; ug) = 0.

Notice that an additional restriction on the parameter ¢ is imposed in Theorem 2.2

to control the stabilization s;. The proofs of Theorems 2.1 and 2.2 are postponed to
Sects. 4 and 5.

2.4 Examples

Theorem 2.1 applies to the following scalar examples with m = 1.

2.4.1 p-Laplace

The minimization of the energy E : A — R with the energy density W € C'(R"),
W(a):=|a|?/p foranya € R" with 1 < p < o0,

is related to the nonlinear PDE —dive = f € Ll’/(Q) with 0:=VW(Vu) =
[Vul|P~2Vu € Lp/(Q; R™) subject to the boundary conditions cv = g on I'y and
u = up on I'p. The energy density W satisfies (A1)—(A2) and (2.5)—(2.6) [15, 44]. It
is worth noticing that the convergence results of this paper are new even for a linear
model problem with p = 2 for the two HHO algorithms.

2.4.2 Optimal design problem
The optimal design problem seeks the optimal distribution of two materials with
fixed amounts to fill a given domain for maximal torsion stiffness [4, 46]. For fixed

parameters 0 < & < & and 0 < p; < up with &1 ur = &y, the energy density
W(a):=y(£),a € R", £:=|a| > 0 with
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p2E?/2 if0 <& <ég,
V()= E g — £1/2) ifé <& <&,
mE2)2 — E\ua(E1/2 — &/2) ifE <&

satisfies (A1)—(A2) and (2.6) [4,Prop. 4.2].

2.4.3 Relaxed two-well problem

Given distinct Fy, F> € R" in the two-well problem of [30], the convex envelope W
of |F — F1|?|F — F»|? for F € R" reads

W(F) = max{0, |F — B|* — |AI*}* + 4(JAI*|F — B|* — (A - (F — B))?)
with A = (F» — F1)/2, B = (F, + F»)/2, and satisfies (A1)~(A2) and (2.6) [22, 27].

2.5 Notation

Standard notation for Sobolev and Lebesgue functions applies throughout this paper
with the abbreviations V:=Wh?(Q; R™) = WLP(Q)" and VD::WI;”’(Q; R™) =
{v eV :v|r, = 0}. In particular, (e, ®), 2 denotes the scalar product of L%(Q) and
we' (div, 22; M)::Wf’/ (div, )™ is the matrix-valued version of

WP (div, Q):={tr € L” (; R") : divt € L” (Q)}. 2.7

For any A, B € M:=R"*", A : B denotes the Euclidean scalar product of A and
B, which induces the Frobenius norm |A|:=(A : A)'/2 in M. The context-depending
notation | e | denotes the length of a vector, the Frobenius norm of a matrix, the
Lebesgue measure of a subset of R”, or the counting measure of a discrete set. For
1 < p < oo, p’ = p/(p—1)denotes the Holder conjugate of p with 1/p+1/p’ = 1.
The notation A < B abbreviates A < C B for a generic constant C independent of the
mesh-size and A ~ B abbreviates A < B < A.

3 Hybrid high-order method without stabilization

This section recalls the discrete ansatz space and reconstruction operators from the
HHO methodology [35, 37, 39] for convenient reading.

3.1 Triangulation

A regular triangulation 7; of €2 in the sense of Ciarlet is a finite set of closed simplices
T of positive volume |T'| > O with boundary a7 and outer unit normal vy such
that Ure7, T = € and two distinct simplices are either disjoint or share one common
(lower-dimensional) subsimplex (vertex or edge in 2D and vertex, edge, or face in 3D).
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336 C. Carstensen, N. T. Tran

Let F¢(T) denote the set of the n+ 1 hyperfaces of T, called sides of T'. Define the set of
all sides Fp:=Ure7, F¢(T), the set of interior sides F¢ (2):=F ¢ \{F € F¢ : F C 92},
the set of Dirichlet sides F; (I'p):={F € F; : F C I'p}, and the set of Neumann sides
Fe(N):={F € F¢ : F C I'n} of 7.

For any interior side F € F;(£2), there exist exactly two simplexes 74, T_ € 7y
such that 074 N 07— = F. The orientation of the outer normal unit vp =
vr, |F = —v7_|F along F is fixed beforehand. Define the side patch wp:=int(T3 U
T_) of F. Let [v]p:=(|r)|F — (WIT)|F € LY(F) denote the jump of v €
L' (wF) with v € Wl’l(T+) and v € WHI(TL) across F (with the abbreviations
WLL(T):=Wh(int(T,)) and Wh1(T_):=W!!(int(T_))). For any boundary side
F € Fp(0Q):=F; \ Fi(R), there is a unique T € 7, with F € Fy(T). Then
of = int(T), vp:=vr, and [v]F:=(v|7)|F. The differential operators divpw and Dpy
depend on the triangulation 7, and denote the piecewise application of div and D
without explicit reference to 7.

The shape regularity of a triangulation 7 is the minimum miny¢7 o(7T') of all ratios
o(T):=r;/r. < 1 of the maximal radius r; of an inscribed ball and the minimal radius
r. of a circumscribed ball for a simplex 7 € 7.

3.2 Discrete spaces

The discrete ansatz space of the HHO methods consists of piecewise polynomials on
the triangulation 7, and on the skeleton d7,:= U F;. For a simplex or a sidle M C R”
of diameter 5y, let P, (M) denote the space of polynomials of degree at most k € Ny
regarded as functions defined in M. The L? projection H’Z‘VIU € Py(M)ofve L' (M)
is defined by l'I]va € Py (M) with

/Mgok(l — H],“,,)vdx =0 forany ¢y € Pr(M).

The gradient reconstruction in 7 € 7y maps in the space of Raviart-Thomas finite
element functions

RTi(T):=P(T; R") + x Px(T) C Pr1(T; R").

Let Py(Zy), Pr(Fg), and RTEW(’]Z) denote the space of piecewise functions with
respect to the mesh 7; or Fy and with restrictions to 7 or F in Pi(T), Pr(F),
and RTy(T). The L? projections H% and 1'[’}[ onto the discrete spaces Py (7p)
and Py (Fy) are the global versions of l'[l; and Hl}, e.g., (H% v)|T:=l'[kT(v|T) for
v E LI(Q). For vector-valued functions v € L](Q; R™), the L2 projection 1'[%
onto Py (Zy; R™):=Pr(7y)™ applies componentwise. This convention extends to the
L? projections onto Py(M; R™):=Py(M)™ and Py (Fy; R™):=Py(F;)™. The space of
lowest-order Crouzeix—Raviart finite element functions reads
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CR'(77):={vcr € Pi(Tp) : vcr is continuous

3.1
at midpoints of F for all F € F,(2)}. G-

Define the mesh-size function hy € Po(Ty) with hy|ly = |T|V/" for all T € Ty,

the (volume data) oscillation osc( f, Tg)p/:: ZTG% hr|(1 — H];)fllzp,(m, and the

(Neumann data) oscillation oscn (g, F¢(T'n))? = > Fer, ) HEI = Hkp)g”pl

LY (F)
with the diameter A = diam(F) of F € F;. (Notice that the shape regularity of 7,

implies the equivalence hr ~ hr ~ IT|V/" forall T € Ty, F € Fo(T).)

3.3 HHO ansatz space

For fixed k € Ny, let V(Zp):=Pr(Ty; R™) x Pr(Fe; R™) denote the discrete
ansatz space for V in HHO methods [35, 37]. The notation v, € V(7Z;) means
that v¢ = (v, vr,) = ((vr)reT;, (WF)Fer,) for some vy, € Pu(7Z¢; R™) and
vr, € Pr(Fe; R™) with the identification vr:=v7, |7 € P (T; R™) and vp:=vg,|F €
P (F; R™) forall T € 7y, F € Fy. The discrete space V (7y) is endowed with the
seminorm

1—
el =Dtz gy + . S hy Plor —vellyr  (B2)
TeT; FeFy(T)

forany v, = (vy;, vr,) € V(Z¢). The set F; \ F¢(I'p) of non-Dirichlet sides gives rise
to the space Py (F¢ \ F¢(I'p); R™) of piecewise polynomials vy, € Pi(Fe; R™) with
the convention vr,|F = 0 on F € F¢(I'p) to model homogenous Dirichlet boundary
conditions along the side F' C I'p. The discrete linear space Vp(7y):=Pi(7y; R™) x
Pe(Fe \ Fe(Tp); R™) € V(Zy), equipped with the norm || e ||, from (3.2), is the
discrete analogue to Vp = Wé’p (€2; R™). The interpolation

2V = V(To), v e (g, T v) 3.3)

gives rise to the discrete space A(7;):=I;up + Vp(7Z¢) of admissible functions.

3.4 Reconstruction operators

The reconstruction operators defined in this section link the two components of v, €
V (7¢) and provide discrete approximations R¢v, and Gpvy of the displacement v € V
and its derivative Dv € L2(€2; M).

Potential reconstruction Given ' € 7; and v¢ = (v, vE,) € V(7;) with the

convention vy = vy, |7 and vgp = vg,|F forall F € F;(T) from Sect. 3.3, the local
potential reconstruction Rrvy € Pr41(T; R™) satisfies
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/ DRTW . D(pk_H dx
T
(3.4)
= —f Ay -vrdx + Z vr - (D@k+1vr)|Fds
r rerm ' F

for all ggy1 € Pr+1(T; R™). The bilinear form (De, De);2(ry on the left-hand side
of (3.4) defines a scalar product in the quotient space Py (7; R™)/R™ and the right-
hand side of (3.4) is a linear functional in P41 (7T; R™)/R™. The Riesz representation
Rrve € Pry1(T; R™) of this linear functional in Py (7; R™)/R™ equipped with
the energy scalar product is selected by

erv@dx=/dex. (3.5
T T

The unique solution Rrvy € Pry1(T;R™) to (3.4)—(3.5) gives rise to the
potential reconstruction operator Ry : V(Zy) — Pry1(Ze; R™) with restriction
(Reve)|7:=Rr v on each simplex T € 7y for any vy € V(7).

Gradient reconstruction The gradient is reconstructed in the space X (7p) =
RT}"(7y; M) of piecewise Raviart-Thomas finite element functions [1, 28]. Given
vy = (v7,, vr,) € V(1yp), its gradient reconstruction Gevy € X(7;) solves

/ Gevy e dx = —/ vy, - divpy e dx + Z / vE - [tevE]E ds 3.6)
Q Q F

FeFy

for all ty € X(7y). In other words, Gyv, is the Riesz representation of the linear
functional on the right-hand side of (3.6) in the Hilbert space X (7;) endowed with the
L? scalar product. Since Dpy Pi+1(Ze; R™) C £(7y), it follows that Dpy R vg is the
L? projection of Gyvy onto Dpw Pry1(Zg; R™).

Lemma 3.1 (properties of G) Any v € V and vy € V(1) satisfy (a) ||velle ~
Gevellr () and (b) Mg, Dv = Gelpv. There exist positive constants Cqr and
Caw that only depend on R, the shape regularity of Ty, k, and p such that (c)
lvzliLr@) < CarllGevellLr(@y and (d) |lvg,liLrry) < CaunllGevellLr(@) hold for
allve = (vy,, vr,) € Vp(To).

Proof The proofs of (a)—(b) are outlined in [1, 28]. The discrete Sobolev embedding
lvzllzr@) S llvelle follows as in [11, 34, 36]. Theorem 4.4 in [11] and (c) lead to
vz lLrry) S llvelle- This and the triangle inequality |[vr, || Lrry) < vz ey +
lvz, —vEllLery) imply vz, ey S llvelle + vz, — vr, llLery)- The latter term
is controlled by diam(€2)'/?'||v¢||¢. This concludes the proof of (d). O

3.5 Discrete problem

Lemma 3.1 implies the coercivity of Ey in A(7;) with respect to the discrete seminorm
|Ge @ || Lr () and the existence and the boundedness of discrete minimizers u, below.
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Theorem 3.2 (Discrete minimizers) The minimal discrete energy inf E;(A(7y)) is
attained. There exists a positive constant C1 > 0 that depends only on c1, ¢z, 2, I'p,
up, f, & the shape regularity of 1y, k, and p with ||Geu¢llrr (@) < Ci for all discrete
minimizers uy € argmin E¢(A(7y)). Any discrete stress op:=I1x 7, DW (Geuy) €
Lp/(Q; M) satisfies the discrete Euler—Lagrange equations

/agzg/gv/gdxsz'vgzdx—i—/ g-vr,ds 3.7
Q Q I'n

forall vy = (v, vr,) € Vp(Ty). If W satisfies (2.5), then uy = argmin E¢(A(7y))
is unique. If W satisfies (2.6), then DW (Gouy) € Lp,(Q; M) is unique (independent
of the choice of a (possibly non-unique) discrete minimizer uy).

Proof The boundedness inf Ey(A(7y)) > —oo of E; in A(7y) follows from the
lower p-growth of W, the discrete Friedrichs, and the discrete trace inequality from
Lemma 3.1, cf,, e.g., [27, 28, 32]. The direct method in the calculus of variations
[32] implies the existence of discrete minimizers uy € arg min E¢(A(7;)). The bound
IGeucllLr) < Ci is a consequence of the coercivity of Ey in A(7;) with respect
to || e |l¢ as in [28]. If W satisfies (2.5), then W is strictly convex and the discrete
minimizer uy € arg min E¢(A(7;)) is unique. If W satisfies (2.6), then the uniqueness
of DW (Gyuy) follows as in [16, 27, 28]. O

Remark 3.3 (H (div) conformity) The discrete Euler—Lagrange equations (3.7) imply
the continuity of the normal jumps [o¢vr]F of op = I1x(7,)DW (Geue) along all inte-
rior side F € F;(2) [28,Theorem 3.2]. In other words, oy € X (7)) N wr' (div, 2; M)
with divoy = —H%f and oyvp = Hl}g forall F € Fy(I'n).

3.6 Conforming companion

The companion operator Jp : V(7;) — V is a right-inverse of the interpolation
Iy : V — V(7y) in spirit of [18, 23, 26, 42]. In particular, 7, preserves the moments

H%jgve =vg7, and H]}-Zjevg =vg, foranyv, = (vy;,vE,) € V(Ty). (3.8)
An explicit construction of Jy vy on simplicial meshes is presented in [42,Section 4.3]
for simplicial triangulations with the following properties.

Lemma 3.4 (right-inverse) There exists a linear operator [J; : V(Zy) — V with (3.8)
such that any v¢ = (v, vr,) € V(1) satisfies, forall T € Ty,

1—
IGeve =DTevellpiry S Y. g PIRevelel] )
Ee€F (), ENT #0

+ > hp IR T — v ]y + b TS (Reve = vr) D) .
FeFu(T)
3.9
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In particular, Jy is stable in the sense that ||DJgvellLr9) < Aollvelle holds with the
constant A that exclusively depends on k, p, and the shape regularity of Ty.

Proof For p = 2, the right-hand side of (3.9) is an upper bound for |D(R¢v, —
Jeve) ||i2 Ty cf. [42,Proof of Proposition 4.7], and scaling arguments confirm this for
1 < p < co. The L? stability of the L? projection [34,Lemma 3.2] and the orthog-
onality Gevy — DJpve L RTx(T; M) in L?(T; M) imply [|Geve — DJevellLrry S
ID(Reve—Teve)llLr (). This proves (3.9). The right-hand side of (3.9) can be bounded
by

1- 1—
Yoo g PNReveelpmy + Y by PITE(RevdT = v oy
EcFi(Q),ENT#) FeF(T)
— 1—
+h I Reve — o)y S Y Yo kg "k = vEl e
KeTy, KNT#S E€Fy(K)
(3.10)

with a hidden constant that only depends on the shape regularity of 7;, k, and p
[42,Proof of Proposition 4.7]. The sum of this over all simplices T € 7y, a triangle
inequality, and the shape regularity of 7, imply [|Geve —DJevellLr (@) S llvelle. This,
a reverse triangle inequality, and the norm equivalence from Lemma 3.1a conclude
the stability [[DTpvellLr@) S llvelle- m

4 Proof of Theorem 2.1

This section is devoted to the proof of the convergence results in Theorem 2.1.

4.1 Discrete compactness

The proof of Theorem 2.1 departs from a discrete compactness in spirit of [11, 34, 36]
and generalizes [34]. Recall the mesh-size function iy € Py(7y) from Sect. 3.2 with
helr = |T|"/" for T € T, and the seminorm || e ||, in V (Z;) from (3.2).

Theorem 4.1 (discrete compactness) Given a uniformly shape-regular sequence
(To)een, of triangulations and (ve)een, with ve = (vy,,vE,) € A(Zy) for all
£ € No. Suppose that the sequence (||v¢ll¢)eeN, is bounded and suppose that
limy_ oo e (ve) = O with

kp+1
peo):=hg Geve = DI gy + D, B I Teve —upllfp ). A1)
FeFy(Tp)

Then there exist a subsequence (U/Zj)jeNo of (vp)¢en, and a weak limit v € A such
that Jgj Vg, v weakly in V and gei,. Vg, —Duv weakly in LP(2; M) as j — oo.
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Proof The first part of the proof proves the uniform boundedness
| Tevellwiry S lvelle + llupliwirgy S'1 (4.2)

of the sequence J,v¢ in wbhP(Q; R™). Since |DJ;ve lLr@) S llvlle from the stability
of Jy in Lemma 3.4, it remains to show || Jevellr (@) S llvelle+llupll wl.p(q) to obtain
(4.2). The triangle inequality implies

ITevell oy < 1Teve — vz llr) + vy, — g upllLe) + T upllLr (@)
4.3)

The right-inverse J; of the interpolation I, from Lemma 3.4 satisfies the L?> orthog-
onality Jeve — vy, L Pi(7g; R™). This, a piecewise application of the Poincaré
inequality, a triangle inequality, and ||/¢]| > (q) < diam(£2) lead to

| Teve — vy llLr @) S MheDpw(Teve — vr) e ()
S IDJevellLe @) + IDpwvT; L (9)- 4.4

Since v¢ — Iyup € Vp(7y), the Sobolev embedding from Lemma 3.1¢ and a triangle
inequality show |vz, — H%”D”LP(Q) S NGe(ue — Teup) ey < IGevellre) +
|Geleup |l Lr (). This, the equivalence [|Gevellzr() ~ llvelle from Lemma 3.1a, the
commutativity Geleup = Iy (7;)Dup from Lemma 3.1b, and the L? stability of the
L? projection Iy (7;) [34,Lemma 3.2] provide

lvz; = T unliLr@) S llvelle + IIDupllLr()- (4.5)

Lemma 3.4 and the definition of the discrete norm |v¢|l¢ in (3.2) prove that the
right-hand side of (4.4) is controlled by ||v¢||¢. Hence, the combination of (4.3)—(4.5)
concludes (4.2).

The Banach—Alaoglu theorem [10,Theorem 3.18] ensures the existence of a (not
relabelled) subsequence of (Jyv¢)¢en, and a weak limit v € V such that Jyve—v
weaklyin V as £ — oo. Lemma 3.1a assures that the sequence (G v¢)eN, is uniformly
bounded in L?(£2; M). Hence there exist a (not relabelled) subsequence of (v¢)¢en,
and its weak limit G € L?(£2; M) such that Gyvy—G weakly in L? (2; M) as £ — oo.
The second part of the proof verifies Dv = G in Q and v = up on I'p (and so v € A).
Since Iy Jpve = vg, the commutativity Geve = Iy (7;)DJev, from Lemma 3.1b proves
the L? orthogonality Gevy — DJpve L ¥(7y). This and an integration by parts verify,
for all ® € C®°(Q; M) with ® = 0 on I'y, that

/ Gevy : @ dx =/(ggve —DJeve) : d>dx+/ DJyve : ®dx
Q Q Q
= / (Geve — DJgve) = (1 — Mg e7;)) P dx —/ Jevg - divd dx
Q Q

+ (Jeve — up) - dvds + / up - dvds. 4.6)
I'p I'p
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The approximation property of piecewise polynomials, also known under the name
Bramble-Hilbert lemma [9,Lemma 4.3.8], leads to

—(k+1
Iy V1 = @)@l gy S 1Py (g)- %)

This and a Holder inequality imply

/;z(gfvf —DJpve) : (1 — HE('D))CDdx

S I (Geve = DTevo) Lo @) Plyyisnp -

4.8)

The L2 orthogonality (Jeue — up)|r L Px(F; R™) for each side F € Fy(I'p) on the
Dirichlet boundary, a piecewise application of the trace inequality, and (4.7) imply

1/p
kp+1
(ﬂve—uD)~<1>UdS§( > ot ||ﬂU£—MD||IZp(F)> Pl i1 ()

I'p FeF,('p)

(4.9)

The right-hand sides of (4.8)—(4.9) vanish in the limit as £ — oo by assumption (4.1).
This, (4.6), Gevg—G in L?(2; M), and Jyvg—v in V prove

/(G:®+v~div®)dx—/ up - ®vds =0
Q I'p

for all ® € C>®(Q2; M) with ® = 0 on I'y. This implies Dv = G a.e. in 2 with
v = up on I'p and concludes the proof. O

Since Jyv, cannot attain the exact value up on I'p in general, a (Dirichlet boundary
data) oscillation arises in (4.1), but is controlled by the contributions of ngs).

Lemma 4.2 (Dirichlet boundary data oscillation) Given F € Fy¢(I'p), let T € T; be
the unique simplex with F' € F¢(T) N F¢(I'p). Then it holds, for all v, = (vy,, vr,) €
V (1y), that

1Teve —unllfpiey S D, RN o
EeFi(Q2),ENF#)

+ I (Reve = v 7 oy + IReve = unll] -

Proof The proof of Lemma 4.2 utilizes standard averaging and bubble-function tech-
niques, cf., e.g, [20, 42, 57, 58]; further details are therefore omitted. O

4.2 Plain convergence
Before the remaining parts of this subsection prove Theorem 2.1, the following lemma

establishes the reduction of the mesh-size function k¢ with h¢|r = |T|/" for all
T €71y.
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Lemma 4.3 (Mesh-size reduction) Given the output (1) ¢cnN, of AHHO from Sect. 2.2,
let Qg:=int(U(Ty \ T¢41)) for all level £ € Ny. Then it holds

lim ||he|lLo@,) = 0. (4.10)
L— 00

Proof The proof is omitted for two reasons. First this is known from [50,Lemma 9]
and second it is a particular case of Lemma 5.2 below. O

Proof of Theorem 2.1 This proof is motivated by [4, 13, 22, 49, 50, 52] and is divided
into five steps.

Step 1 establishes limg_, nég)(% \ Z¢+1) = 0. Since no suitable residual-based
a posteriori control is available in the general setting (A1)—(A2), standard arguments,
e.g., reliability, efficiency, or estimator reduction [22, 41, 49] fail. The proof of Step
1 rather relies on a positive power of the mesh-size that arises from the smoothness
of test functions in Theorem 4.1. This is done in [52] for a similar setting and in [11,

34, 36] for uniform mesh-refinements. Let pL (T) abbreviate some contributions of
;)(T) from (2.3) related to ¢ (u¢) in (4.1), namely

i (T):=|T PP T (Ryue — up)1]

TN R = up gy

FeF,(T)NFe(Tp)
+ Y MReadEN gy + Y ||n§<(Rzue>|T—up)uipm).
FeF(T)NFy(2) FeFu(T)

@.11)

Denote M(S)(’Tl \ Toa1):i= ZTG%\?}H /,Lf)(T). Given any T € 7; and F €
Fe(I'N), the LY stability of the L? projection IRT, (7;M) TESP. H or I"Ik
[34,.Lemma 3.2] implies [[o¢ — DW(Geuo)ll 7y S IIDW(Qeue)IILp T) reSP (1 —

) fllwry S 1l or I = gl ey S 8l ey Sinee nf? (72 \

Tis1) < ||he||mmu§°><7z\7z+1) with ||hﬁ||Loome> = suprez\7i,, 171" and
Q¢ = int(U(Zy \ Zp+1)) from Lemma 4.3, this leads to

T\ Torn) S el o (T \ Tosn) + ||he||mm)an<guz>||”

Ly ()
+ Wl o 1 F17 o + el gl (4.12)

LY () LY (M)’

The two-sided growth [A]? — 1 < W(A) < |A|? + 1 implies |DW(A)|1’/ < AP +1

[28,Lemma 2.1] and so Theorem 3.2 provides ||DW(Q4W)||’L’F @ < < ||ggug||£p(g) +
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|Q2] < 1. This and (4.10) prove

Jlim (||he||LM(Q,)||DW<gue)||’L’p @
(4.13)

el I £ 12 gy + Whell =@l ) =0,

LY (Q)

whence, in order to obtain limg_, né‘?) (7¢ \ T¢+1) = 0, it suffices to prove that

(0) (7¢ \ Z¢41) is uniformly bounded. The estimate (3.10) provides control over all
but only one contribution of M(O)(T) in (4.11); that is ||h;1/p/ (Reug —up)llpr(r) for
any F € F;(I'p). Triangle inequalities and u p = H’;uD imply

—1/p —1/p
(L P (Reug — up)llLerry < llhg - ) Reuell Lo r)

ek Uy . (4.14)
+ lh P M (Reue — up)llrry + Il 7 (1 = Tp)upllLrr).

Given any F € Fy(I'p), let T € 7; be the unique simplex with F € F¢(T) N
F¢('p). The L?P stability of the L? projection l'IkF [34,Lemma 3.2] and a trace

inequality show [[h;"” (1 — M )upllzery S [Duplizrery and A7 (1 —
Hl})(RzW)IFHLP(F) < IDReuellLr(r)- Recall that DRyuy is the L? projection of
Geuy onto Dyy Pry1(7), whence the L? stability of L? projections [34,Lemma 3.2]
proves |[DReuellr(ry S I1Geuellr(ry- Hence, the right-hand side of (4.14) is con-
trolled by [|Geue |l Loy + IDupll Loy + 1A 5P TIA (Reue —ur) || Lo ). This, (3.10),
and [luglle ~ |GeuellLr (@) < Ci from Lemma 3. la and Theorem 3.2 lead to

0
w (T o) < =Y w(T) < lluell? + IDuplly gy < 1.
TeTy

Hence, the combination of (4.12)—(4.13) with limy_, o [|¢]| L(,) = O in (4.10)
confirms limy_, o nff)(’]} \ Z¢+1) = 0.
Step 2 establishes limy_, n(g) = 0. Recall the set 91, of marked simplices on
level £ € Ny from Sect. 2.2. Since all simplices in My C 7y \ 7Ty4 are refined and
the Dorfler marking enforces n(s) <6~ n(s) (M) <6~ 117(8)(’22 \ Z¢+1) in (2.4), the
convergence limy_, oo W (’]Zz \ Z¢+1) = Oin Step 1 implies lim;—, o0 n,(f) =0.

Step 3 provides the lower energy bound (LEB)

LEB;:=E(ug) + fg(l — Mz (7;))DW (Geur) : Dudx (4.15)

— C3(osc(f, To) + osen(g, Fe(I'N))) < E(u).
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The convexity of W € C!' (M) implies DW (Geug) : (Du—Goug) < W(Du)—W (Geug)
a.e. in Q. The integral of this inequality with o¢:=ITx7,)DW (Geue) reads

0< /Q (W(Dw) — W(Geue) — (1 = Ts7,))DW (Geue) : Du) dx
—/ o¢ . (Du — Gouy) dx. (4.16)
Q

The commutativity Ix7,)Du = Gylyu from Lemma 3.1b and the discrete Euler—
Lagrange equations (3.7) lead to

/Qag:(Du—ggug)dx:/Qf-(l'l%u—uﬂ)dx—i—/ g-(l'lk}-/u—u}-@)dx.

I'n

The substitution of this in (4.16), the definition of E in (2.1), and the definition of E},
in (2.2) result in

0= £ ~ Ertuo) ~ [ (1= Ty )DW (G : Duda
@ 4.17)
+/Q(u— H%u)~(f— H%f)ds—i—/rN(u—l'II}_-ku)-(g— H%g)ds.

The final two integrals on the right-hand side of (4.17) give rise to the data oscillations
osc(f, 7¢) and oscn(g, F¢(I'n)) defined in Sect. 3.2. In fact, a Holder inequality and
a piecewise application of the Poincaré inequality show

| = (= T ) dx S Dl @yosec s T

A trace inequality and the Bramble—Hilbert lemma [9,Lemma 4.3.8] lead, for all
F € Fy(I'n) and the unique T € 7y with F € F¢(T) N Fy(n), to ”h;l/p u —
kW) llLr(r) S IDullLr(r). Consequently,

- M u) - (g — M, @) ds < IIDullLr@)0sen (g, Fe(TN)).
N

The lower p-growth ¢;|A|P —ca < W(A) forall A € M implies the coercivity of E in
the seminorm ||D e ||1.»(q) and so the bound ||Du|| (@) < C with a positive constant
C», that exclusively depends on ¢y, ¢2, 2, I'p, f, g, and up, cf., e.g, [32,Theorem
4.1]. Thus there exists a positive constant C3 independent of the mesh-size with

== s+ [ = - g ds
N

< C3(osc(f, Ty) + osen (g, Fe(I'N))).

(4.18)

The combination of this with (4.17) concludes the proof of (4.15).
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Step 4 establishes limy_, o, E¢(1¢) = E(u). On the one hand, the discrete compact-
ness from Theorem 4.1 and the weak lower semicontinuity of the energy functional
imply E(u#) < liminf,_, o, LEB;. On the other hand, LEB, < E(u) from (4.15). This
proves limy_, oo E¢(ug) = E(u) as follows. Given any ® € C°°(2; M), the definition
o¢:=Ily7,)DW (Geuy), a Holder inequality, and (4.7) show

ng—DW(gm» L b dx| = ‘/Q(UZ—DW(QKM)) (1= Myez)®dx

S IR o0 = DW Geute)) |y )| Pl -
(4.19)

Since ||h’g+l(ag — DW(ggug))Hz/p,(Q < r/ék'H) < nég) — 0 as £ — oo from Step
2, the right-hand side of (4.19) vanishes in the limit as £ — oo. This, the density
of C°°(2; M) in L?(Q2; M), and the uniform boundedness of the sequence (o; —
DW (Geur))seny, in LP (S2; M) prove o¢ — DW (Geug)—0 (weakly) in LP' (2; M) as
£ — oo. In particular,

lim / (o¢ — DW(Geuy)) : Dudx = 0. (4.20)
Q

{— 00

Recall pp(uy) from (4.1) and /‘28) from (4.11). The combination of (3.9) with the
bound of the Dirichlet data oscillation from Lemma 4.2 and the equivalence hp ~
hr ~ |T|Y/" forall T € Ty, F € F¢(T) from the shape regularity of 7; result in

k+1 . —
pe(ue) S pf ™Y < diam(@ O <,

This and limy—, e 7" = 0 from Step 2 imply limy_, o ¢ (it¢) = 0. Since |[ugl¢ ~
IGeuellLr(@ < Ci from Lemma 3.1a and Theorem 3.2, the discrete compactness
from Theorem 4.1 leads to a (not relabelled) subsequence of (u¢)¢en, and a weak
limit v € A such that Jpuy—v weakly in V and Gyuy—Dv weakly in L7 (£2; M)
as £ — oo. The boundedness of the linear trace operator y : V. — LP(9Q; R™)
[10,Chapter 9] implies (Jeue)|ago—v|sq (weakly) in LP (9€2; R™). Hence

lim g~ﬂugds=/ g -vds.
{—00 rN FN

This, Jeug—v (weakly) in V, Gouy—Dv (weakly) in L7 (2; M), the sequential weak
lower semicontinuity of the functional f o W(e)dx in LP($2; M), and (3.8) verify

E(v) < liminf (/ (W(Geug) — f - Jeug) dx — / g Joug ds)
{— 00 Q I'n

= limnf (Eg(ug) - /QJW (-1 fdx — er Jout - (1 — l‘[l}l)gds).
4.21)
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Asin (4.18), a piecewise application of the Poincaré inequality, the trace inequality, the
approximation property of polynomials, and the uniform bound | DJeug|lrr@) S 1
from (4.2) confirm

‘/szur(l—l'l%)fdx‘ﬂ [ G- (1= 1 e s
N

Sosc(f, Tg) + osen(g, Fe(I'n)).

(4.22)
Since osc(f, Tp)? + osen(g, Fe(Tn)? < nés) and limg_, oo nés) = 0 from Step 2,
the LEB from (4.15) and (4.20)—(4.22) lead to

E) < E() < liminf E;(u;) = liminf LEB, < E ().
{—00 £—>00

Hence limy_, oo E¢(ug) = limy_, oo LEB; = E (1) for a (not relabelled) subsequence
of (u¢)een,- Since the above arguments from Step 4 apply to all subsequences of
(1¢)¢eN, and the limit £ (u) is unique, this holds for the entire sequence.
Step 5 is the finish of the proof. Suppose that W satisfies (2.5). Then the arguments
from [27, 28] show, for all o, & € LP(2; M) and r, ¢t from Table 1, that
llo — &Ny < 3es(Q1+ llel] gy + 1617, @)""

(4.23)
« /Q(W(Q) _W@E) —DWE) : (0 — &) dx.

The choice g:=Du and &:=Gpu, in (4.23) and the bounds ||Du|rr) < C> and
GeuellLr(@) < Ci lead, with the constant C4:=3c5(|Q| + C] + Cf)’/t/, to

¢ IDu — Gouelly o g
(4.24)
< / (WDu) — W(Geug) — DW(Geup) : (Du — Geup)) dx.
Q

The right-hand side of (4.24) coincides with the right-hand side of (4.16). The latter
is bounded by the right-hand side of (4.15) in Step 3. This implies

C4_1 IDu — qugHrL,,(Q) < E(u) — LEBy. (4.25)
Step 4 proves that E (u) — LEB, vanishes in the limit as £ — co. Thus,

Elim Geug = Du (strongly) in L (2; M).
—00
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If W satisfies (2.6), then [28,Lemma 4.2] implies, for all ¢, & € L?(2; M) and 7, 7
from Table 1, that

> I
IDW (o) — DW(S)”ZP(Q) < 3ce6(12] + ||Q||€p(g) + ||$||€p(g))[/t

(4.26)
X /Q(W(Q) —W(E)—DW(): (0 —§))dx,

whence the left-hand side of (4.25) can be replaced by Cs ! lo — DW(Q@M@)H?L ’ @)
with C5:=3ce(|2| + Clp + Cé’)?/?. This and Step 4 conclude the proof of

Jim DW (Geur) = o (strongly) in LP (S M).
—00

Remark 4.4 (necessity of ¢ > 0) The counter example in [52,Subsection 3.4] shows
that the restriction ¢ > 0 is necessary. Indeed, for k = 0, the data W, @, I'p, I'n, f,
8, up, and (7¢)¢en, from [52,Subsection 3.4], there exists a sequence of discrete min-
imizers (u¢)¢en, such that Jpu,—0 weakly in V and Gou,—0 weakly in L?(€2; M)
as £ — 00, but limy_, 0o 0 # 0.

4.3 The Lavrentiev gap

A particular challenge in the computational calculus of variations is the Lavrentiev
phenomenon inf E(A) < inf E(A N whoo(Q)) [48]. Its presence is equivalent to
the failure of standard conforming FEMs [17,Theorem 2.1] in the sense that a wrong
minimal energy is approximated. As a remedy, the nonconforming Crouzeix—Raviart
FEM in [3, 51, 52] can overcome the Lavrentiev gap under fairly general assumptions
on W: Throughout the remaining parts of this section, let W € C! (M) be convex with
the one-sided lower growth

c1|AlP —cp < W(A) forall A € M and some 1 < p < oc.

(A two-sided growth of W excludes a Lavrentiev gap.) Since there is no upper growth
of W, the dual variable o :=D W (Du) is not guaranteed to be in L” ' (€2; MD). This denies
an access to the Euler—Lagrange equations and, therefore, the convergence analysis of
[51, 52] solely relies on the Jensen inequality. For k = 0, HHO methods can overcome
the Lavrentiev gap because the Crouzeix—Raviart FEM can.

Lemma 4.5 (Lower-energy bound for k = 0) Let k = 0. There exists a positive
constant Cg such that, for all level £ € Ny,

min E¢(A(T0)) — Co(llhe f1l 7 () — 0sen(g, Fe(Tn))) < min E(A).

Proof Recall the discrete space CR!(7y; R™) of Crouzeix—Raviart finite element func-
tions from (3.1). Define

CR}(To; R™):={vcr € CRY(Ty; R™) : ver (mid(F)) = 0 for all F € Fy(I'p)}
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and the nonconforming interpolation Icr : V — CR! (7¢; R™) [31] with
ICRv(mid(F)):/ vds/|F| forall F e Fy,veV.
F
The discrete CR-FEM minimizes the non-conforming energy

ENC(UCR)3:f (W(Dpyvcr) — M7, f - ver) dx —/ M%,g - ver ds
Q I'n

among vcr € Anc:=Incup + CRIID (7¢; R™). A straight-forward modification of the
proof of [52,Lemma 4] shows, for a positive constant Cg > 0, that

min Enc(Anc) — Co(llhe fll Ly g, — 05eN(g, Fe(IN))) < min E(A).  (4.27)

Notice that Icr does not provide the L? orthogonality Icrv — v L Py(Z¢; R™) in
L2(Q; R™), but (Icrv — v)|F L Po(F;R™) in L2(F;R™) for all F € Fy(I'n)
and v € V. Hence the Neumann boundary data oscillations oscn(g, F¢(I'N))
arise in (4.27), but ||hgf||Lp/(Q) cannot be replaced by osc(f, 7y). For any vcr €
Anc, UgZZ(Hg—(UCR,HO}-ZUCR) € A(7y) satisfies Govy = Dpwucr and hence,
min E;(A(7y)) < min Enc(Anc). This and (4.27) conclude the proof. O

The discrete compactness from Theorem 4.1, the LEB in (4.27), and straightforward
modifications of the proof of Theorem 2.1 lead to limy—, o E¢(u¢) = min E(A) for
the output (u¢)¢en, of the adaptive algorithm in Sect. 2.2 with the refinement indicator,
forall T € 7y,

ng) (D= O+ TN, H 1T 0 =gl
FeFo(T)NF¢(IN)

For k > 1, the consistency error o, — DW (Gyuy) arises in (4.15), but is not guaranteed
to be bounded in L?' (£2; M) in the limit as £ — oo in general. Thus, in the absence of
further conditions, the convergence limy_, oo E¢(1¢) = min E(A) cannot be proven
for k > 1 with this methodology.

5 Stabilized HHO method on polytopal meshes

The classical HHO methodology [35, 37] allows even polytopal partitions of the
domain €2. The assumption (M1) on the mesh follows the works [35, 37, 40].

5.1 Polytopal meshes

Let M, be a finite collection of closed polytopes of positive volume with overlap of
volume measure zero that cover Q2 = Uge g, K. A side S of the mesh M, is the (in
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general disconnected) closed subset of a hyperplane Hs C 2 with positive ((n — 1)-
dimensional) surface measure such that either (a) there exist K|, K, € M, with
S = 0K N3 K,NHjg (interior side) or (b) there exists K € M, withS = 0 KNIQNHg
(boundary side). Let X, denote the set of all sides of M and adapt the notation ¢ (K),
30(2), 2¢(I'p), and Xy (I'y) from Sect. 3.1. The convergence results of this section
are established under the assumptions (M1)—-(M2) below.

(M1) Assume that there exists a universal constant ¢ > 0 such that, for all level
¢ € Ny, M, admits a shape-regular simplicial subtriangulation 7, with the
shape regularity > o defined in Sect. 3.1 and, for each simplex 7' € 7y, there
exists a unique cell K € M, with T C K and phg < hr.

(M2) Assume the existence of a universal constant 0 < y < 1 such that |I? | < vIK]|
holds for all K € My \ Mgy, K e M1 with K C K and level £ € No, i.e.,
the volume measure of all children K of a refined cell K is at most y|K]|.

The assumption (M1) is typical for the error analysis of HHO methods on polytopal
meshes, cf., e.g., [34, 35, 37, 40, 42]. The assumption (M2) holds for the newest-vertex
bisection on simplicial triangulations with y = 1/2.

Remark 5.1 (equivalence of side lengths) The assumption (M1) ensures that hg ~
hg ~ |K|'" holds for all K € My and S € %;(K) with equivalence constants that
exclusively depend on the universal constant ¢ in (M1) [40,Lemma 1.42].

Lemma 5.2 (mesh-size reduction) Suppose that the sequence (M) ¢en, satisfies (M2),
then the mesh-size function hy € Po(My) withhy|g:=|K|'/" forall K € M satisfies
limg— oo 17¢ | Lo (2,) = O for Qe:=int(U(M \ Me41)).

Proof Given any j € Ny and ajzzyf|9|, define the set M(j) C Ugen, M, of all
polytopes K with volume measure ;11 < |K| < «;. Since the volume measure of
any refined polytope is at least reduced by the factor y, the polytopes of M(j) are not
children of each other and so |K N 7’| = 0 holds for any two distinct polytopes K, T’ €
M (). This implies that the cardinality | M (/)| of M () satisfies | M (j)] < y~U+D.
For any level £ € Ny, select some Ky € My \ M4 with | K| = ||hg||'ioo(m). Since
K¢ ¢ M; forall j > ¢, the polytopes Ko, K1, K2, ... are pairwise distinct. Given
N € Ny, the number |{£ € Ny : |K¢| > ay+1}| of all indices £ € Ny with |K,| >
an-+1 is bounded by [M(O)] + [M(D] + - + MM = (y "NV = D/(1 - y).
Hence there exists a maximal index L such that ||, ||’}400 @) = |K¢| < a4 for all
£ > L. Notice that Lemma 4.3 follows for simplicial triangulations withy = 1/2. O

5.2 Stabilization

The classical HHO method [1, 34] utilizes a gradient reconstruction Gy : V(M,) —
3 (M) in the space X (M): =Py (My; M) of matrix-valued piecewise polynomials
of total degree at most k. The discrete seminorm || e ||, of V (M) and the operators Iy,
Re, Ge of this section are defined by the formulas (3.2)—(3.6) in Sect. 3.3 with adapted
notation, i.e., 7y (resp. Fy) is replaced by M, (resp. X¢).

Remark 5.3 (need of stabilization) The kernel of the gradient reconstruction G
restricted to Vp(M,) is not trivial. For instance, any vg = (vaq,,0) € Vp(My)
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with vpq, € Pe(MgR™) and vy, L Pi1(Mg; R™) (with the convention
P_1(My; R™):={0}) satisfies Gyvy = 0 and the norm equivalence in Lemma 3.1a
fails. On simplicial meshes, a gradient reconstruction in any discrete space X (My)
with RTy (My; M) C Z(My) is stable, but the commutativity from Lemma 3.1b may
fail if £ (M) is too large, e.g., X (My) = Pr1(Myg; M) [1].

The stabilization function sy : V(M) x V(My) — R in the HHO methodology is
defined, for any ug, vp = (Vpq,, Vs,) € V(My) and any side S € X¢(K) of K € M,
with diameter hg = diam(S), by s¢(ue; ve):= ZKEMg Sk (ug; vg) and

Sk sve:=TTk(vs — vk — (1 — TT&)(Reve) k) € Pi(S; R™),

. _ 5.1
sk (ug; ve)i= E hg p/ Sk ste|” Sk, sue - Sk, sve ds. -1
SeX(K) S

Notice that sy (e; e) is linear in the second component, but not in the first unless p = 2.
The relevant properties of sy (e; @) are summarized below.

Lemma 5.4 (stabilization) Any u¢, ve = (vpq,, vx,) € VM), v e V,and K € M,
satisfy (a)—(e) with parameters p,r, s, t from Table 1.

@ Nvelly = 1Gevell] p gy + seve; ve).
(b) sk (ev; Lv)l/P < ming,ep,,, (k&) IDW — @)l e (k). In particular, if v €
W2 (K R™), then sk (Tev; Tev) VP < i vl sz k).

(©

sk (ve; ve) S hg” I (Reve = vi) 1] k)

1—
+ Y hg PITS((Reve ke — o)l s)-
Sex(K)

(d) sk (ue; ve) < sk (ug; ue)/?7 sk (vg; ve) 7.

(e)

—1 /
o3 g Sk s — vl s

KeMy SeX(K)
S (14 seues ug) + se(ve; Uz))t/t (se(ve: ve)/p — se(ugs ve) + se(ugs ug)/p').
Proof The norm equivalence in (a) is established in [37,Lemma 4] for p = 2 and
extended to 1 < p < oo in [34,Lemma 5.2]; the approximation property (b) is

[42,Lemma 3.2]. The upper bound (c) follows immediately from a triangle and a
discrete trace inequality. The proof of (d) concerns K € My and S € X,(K). A
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Holder inequality with the exponents p, p’and 1 — p + 1/p’ = (1 — p)/p’ show

1- -2
hg p/ ISk, suel’ Sk sue - Sk sve ds
s

1— ’ _ —1/0
< Ihg PP Sk suel P2 Sk suell Ly sy s Sk svellLos)
—1/p ’ —1/p
= llhs "7 Sk sucll Pl Ihg P Sk svellLecs).
The sum of this over all S € ¥,(K) and a Cauchy inequality prove (d). The proof of

(e) departs from the function W(a):=la|?/p for a € R™ with the convexity control
(2.5). The integral of (2.5) over the side S leads to (4.23) for all o, & € LP(S;R™)

and 2 (resp. M) replaced by S (resp. R™). The choice Q::hgl/p/SK,Svg and
g:=h "7 S suy in (4.23) leads to

— —1/p —1/p’ —t/t
Bes) 71|+ g 7 Sk sucllf s + s 7 Sk.svellfpis) "
—1/p —1/p
X |hg /r Sk, s(ue —vo)llpes) < llhg /p SK,SU/Z”IZP(S)/p

1- _ —1/p’
—/hs P|Sk.suel? Sk sup - Sk sveds + ||y " Sk suelpcs/pP' (52)
S
The sum of this over all § € ¥;(K) and K € M, concludes the proof of (e). O

5.3 Stabilized HHO method on a polytopal mesh

The discrete problem minimizes the discrete energy

E¢(ve):= /Q(W(szz) —frupm)dx — /r g-vx,ds +se(ve;ve)/p  (5.3)
N
among vy = (Vpq,, Vx,) € A(My).

Theorem 5.5 (discrete minimizers) The minimal discrete energy inf E;(A(My)) is
attained. There exists a positive constant C7 > 0 that merely depends on cy, c2, L,
I'p, up, f, g o in M1), k, and p with ||g@ug||i,,(g) 4+ se(ug; ug) < Cffor any dis-
crete minimizer uy € argmin E¢(A(My)). Any discrete stress ag:zl_lljquW(ggug)
satisfies the discrete Euler—Lagrange equations

/ag:ggvgdxzf f-vMedx+/ g - vy, ds —sg(ug; ve) 5.4)
Q Q 'y

Sforallvy = (vpq,, vs,) € VD(My). If W satisfies (2.5), thenu, = arg min E¢(A(My))
is unique. If W satisfies (2.6), then DW (Gouyg) € Lp,(Q; M) is unique (independent
of the choice of a (possibly non-unique) discrete minimizer uy).

Proof The proof follows that of Theorem 3.2. The norm equivalence in Lemma 5.4a
and the lower growth of W lead to the coercivity of E; in A(My) with respect to
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the seminorm || e ||f |Gy e ||Z,,(Q) + s¢(e; @) from Lemma 5.4a. This implies the

existence of discrete minimizers and the bound ||Gu, ||€ p(e) T8¢ (ug;up) < Cé’ for all
ug € argmin Eg(A(My)). If W satisfies (2.5), then the strict convexity of W and of
s¢ in Lemma 5.4c leads to the uniqueness of uy = arg min E;(A(My)). If W satisfies
(2.6), then the uniqueness of DW (Gyuy) follows as in [16, 27, 28]. O

The following lemma extends Lemma 3.4 to polytopal meshes.
Lemma 5.6 There exists a linear operator Jy : V(Mg) — V such that any vy =
(pm,, vs,) € V(M) satisfies

Hlj\/l[ﬂl)[ =vp, and ngﬂvg =y, (5.5)

and, for any K € My, the estimate

1—
IGeve =DIevell oy S Y. g TIIRevelsl o)
SeT(R2),SNK £¢

1_ —
+ Y hg PIRev) k= vsl s + g IReve = vie 1 k)
SeXi(K)

(5.6)

In particular, Jy is stable in the sense that |DJeve|lLr () < Atllvelle holds with the
constant A that exclusively depends on k, p, and o in (M1).

Proof The construction of the conforming operator J; on polytopal meshes in
[42,Section 5] utilizes averaging and bubble-function techniques on the subtriangula-
tion 7; and give rise an upper bound of ||G,vy — D Jpve ||ip(K), namely

1— —
Yo hg PIRevdsI s+ Y. A I (Reve — v,
SeXe(Q),SNK ) TeT;,,TCK

+ Y Y by IME(Rev)lk = v - 5.7)
SeXy(K) FeFy,FCS

Since the L2 projection l'[’} (resp. H’}) is stable in L?(T; R™) (resp. L? (F; R™))
[34,Lemma 3.2], it can be omitted in (5.7). This, the equivalence hy ~ hg for all
K e My, T € Ty with T C K from (M1), and hp =~ hg forall S € Xy, F €
Fe with F C S from (M1) and Remark 5.1 show (5.6). This implies the stability
IDJevellLr) S llvelle, of., e.g., [42,Subsection 4.3] for more details. Notice that the
computation of the right-hand side of (5.6) does not require explicit information on
the subtriangulation 7;. O

Remark 5.7 (discrete compactness) The discrete compactness from Theorem 4.1 holds
verbatim with 7, (resp. F) replaced by My (resp. X;). Notice that Gy from Sect. 5.2
and J; from Lemma 5.6 in this section are different objects. With adapted notation, all
arguments from the proof of Theorem 4.1 apply verbatim. Indeed, the commutativity
My m,)Dv = Gelpv for all v € V from Lemma 3.1b remains valid [1, 34]. This and
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(5.5) imply the L? orthogonality Gevy — DJpve L X (My) forany v, € V(M,). This
is the key argument in the proof of Theorem 4.1 and provides a positive power of the
mesh-size in (4.1).

5.4 Proof of Theorem 2.2

Given any K € M, Lemma 5.6 motivates the refinement indicator

0O (K):=pl (K) + |K P/ |oy — DW (Geu)|I”,

LP (K)
pincr ik P 1/n kv ?
KN =T LI o) K] . la=TmHely, o
SeX(K)NZe(I'N)
with
e (K):=|K| PP | Ryup — ug 1],
+ KIS R = upll s,
SeXe(K)NZ¢(Tp)
Y IRwdsi g+ Y IRk —uslog) )-
SeX(K)NZe(2) SeX(K)

The remaining parts of this section are devoted to the proof of the convergence results
in Theorem 2.2.

Proof of Theorem 2.2 The proof follows that of Theorem 2.1.
Step 1 establishes limg_, oo 17(8) = 0. The key argument from Step 1 of the proof of

(e) s

Theorem 2.1 is the positive power of the mesh size in 1, * in the sense that

8)(Ml \ Mei1) S llhe ||Loo(m)(||14£||g + ”D”D”ip(gz))

T ||he||Lm(m)||DW(geue)||Lp @

+ IIhzllLoo(Ql,)llfll + kel zeoligl”

LP'(Q) LY (TN)'

Hence limg_. o [lA¢llL(@,) = 0 from Lemma 5.2 implies lim;_ 77;)(/\/1@ \

M41) = 0. This and the Dorfler marking in (2.4) conclude limg—_, o n(e) =0.
Step 2 provides a LEB with the extra stabilization term sg(ug; lou), namely

LEBy:=E;(u¢) + / (1— H’M)DW(g@ue) :Dudx — sg(ug; Tru)
Q ,

— C3(osc(f, My) + osen(g, Te(I'N))) < E(u) — s¢(ues ug)/p’ < Eu).
(5.8)
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The commutativity [T (aq,)Du = Geleu from Lemma 3.1b and the discrete Euler—
Lagrange equations (5.4) show that

/ op : (Du — Geuy) dx = f f- (H’Mu —upq,) dx
@ @ (5.9)

/ g- (sz{u —uyx,)dx —sg(ug; Teu — ug).
I'n

This, (4.16), and (4.18) (with adapted notation) conclude the proof of (5.8).

Step 3 establishes limy_. o E¢(u¢) = E(u). Notice from (5.6) that nég) is an upper
bound for ¢ (u¢) in (4.1). Hence the discrete compactness (from Remark 5.7) implies
the existence of a (not relabelled) subsequence of (u¢)¢en, and a weak limit v € A
such that Jyuy—v weakly in V and Gyuy—Dv weakly in L? (2; M) as £ — oo. The
only difference between the LEB in (5.8) and that in (4.15) for simplicial meshes is
the additional term s; (u¢; Iu) in this proof.

Lemma 5.8 (convergence of s¢(u¢; Iu)) Given a sequence (ug)¢en, withug € V(My)
for all £ € Ny, suppose that s¢(ue; ug) < Cg for a universal constant Cg independent
of the level £ and limy_, oo 0" = O with & < min{k + 1, (k + 1)/(p — 1)}. Then

lim sg(ue; Iu) = 0. (5.10)
£—00

Proof of Lemma 5.8 The proof of (5.10) first establishes this for smooth functions.
Given any ¢ € C®(Q; R™), the Holder inequality from Lemma 5.4d, hg ~ |K|'/"
from Remark 5.1, and the interpolation error from Lemma 5.4b prove

ISe(ues L)l <Y s e ue) /7 sk (Lo Leg) /7

KeM,
el 1 (5.11)
(X KIS s wiun) ol
KeM,
Lemma 5.4c implies that ngg) controls the stabilization in the sense that
/ k+1)p'—
S IKIEEOP IS g ue) S kel Pk P 0, (5.12)

KeM,y

The restrictione < (k+1)/(p—1) provides (k+1) p'—&p > 0.Hence limy_, nff) =
0 implies that the right-hand side of (5.12) vanishes in the limit as £ — oo. This and
(5.11)—(5.12) lead to limy—, oo S¢(ug; Ip) = 0 for all ¢ € C®(Q; R™). Given any
§ > 0,let p € C®°(Q; R™) such that |[D(u — @)llLr(@) =< 6. The interpolation error
from Lemma 5.4b proves s¢ (I (u — ¢); Iy (u — ¢)) < CoLP||D(u — ¢) ||§,,(Q) <chsp
with a universal constant C9 > 0. The convergence limy_,  S¢ (u¢; [gp) = 0 implies
the existence of N € Ny with |sg(ug; Ipp)| < 6 for all £ > N. This, a triangle
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inequality, a Holder inequality, and the bound s¢(u¢; u¢) < Cg (by assumption) verify

Ise(ues Lou)| < Ise(ue; Le@)| + [se(ue; Ie(u — )| < [s¢(ue; Le)|
/ l !
+se(ue; u) P se(eu — 9); Lo — @)VP < (14 G’ Co)s.

This concludes the proof of limg_, oo s¢(2t¢; Iu) = 01in (5.10). ]

We return to proof of Theorem 2.2 and recall sp(ug; uy) < Céj from Theorem 5.5 and

limg—s oo n,(f) = 0 from Step 1. Hence Lemma 5.8 applies and (5.10) follows. With
this additional argument (5.10) and the remaining conclusions, that lead to (4.21)
in the proof of Theorem 2.1, E(#) < E(v) < liminfy_, o LEBy < E(u) follows
for the weak limit v. This implies limy_, oo E¢(1t¢) = limy_.ooc LEB; = E(u). Since
se(ue; ug)/p’ < E(u) — LEBy from (5.8), s¢(u¢; ug) vanishes in the limit as £ — oo.
If W satisfies (2.5), then the choice p:=Du and &:=Gyu, in (4.23), (5.9) and the data
oscillations from (4.18) imply

Cio IDu = Geuellp(gy + se(ue; ue)/p’ < E(u) — LEBg (5.13)

with the constant Co:=3¢5(|2| + Cf + Cf)’/t/ and r, t from Table 1. This shows
limg—, 00 Geuy = Du (strongly) in L?(2; M)). If W satisfies (2.6), then (4.26) holds
and Cﬁ)l IDu—Geuy II’L,,(Q) on the left-hand side of (5.13) can be replaced by Cl_]1 llo—

DW(ggug)Hip,(Q) with C11:=3¢6(|2] + Cf + C7p)’~/? and 7,7 from Table 1. Hence

limy— 0o DW (Geug) = o (strongly) in L' (2; M). O

6 Numerical examples

Some remarks on the implementation precede the numerical benchmarks for the three
examples of Sect. 2.4 and the experiments in the Foss—Hrusa—Mizel example with the
Lavrentiev gap in Sect. 6.5.

6.1 Implementation

The realization in MATLAB follows that of [28,Subsubsetion 5.1.1] with the parame-
ters FunctionTolerance = OptimalityTolerance = StepTolerance
= 107" and MaxIterations = Inf for improved accuracy.

The class of minimization problems at hand allows, in general, for multiple exact
and discrete solutions. The numerical experiments select one (of those) by the approx-
imation in fminunc with the initial value computed as follows. On the coarse initial
triangulations 7y, the initial value vo = (v, vr,) € V(Zp) is defined by vy = 1,
vrlr = lonany F € Fo(R2), and v |p = IMpup for all F € Fo(I'p). On each
refinement 7y of some triangulation 7y, the initial approximation is defined by a
prolongation of the output u, of the call fminunc on the coarse triangulation 7. The
prolongation maps uy onto vy41:=lp+1 Jeue € V(Zp41).
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k=0 —eo-k=1 k=2 —a-k=3 —+—k=14
Fig.1 Polynomial degrees k =0, ..., 4 in the numerical benchmarks of Sect. 6
T T 100 T T T
1 - -
1072 g
0.5 *
107 - .
0 — -
1070 F A
—0.5 —
1078 - 8
-1r n 1010 kel v vl vl il il ol S
L ! ‘ ! ‘ 0t 102 10% 10t 10° 106
-1 —0.5 0 0.5 1
ndof

Fig.2 Initial triangulation 7 (left) of the L-shaped domain and convergence history plot (right) of | E (u) —
E¢(ug)| with k from Fig. 1 on uniform (dashed line) and adaptive (solid line) triangulations for the p-Laplace
benchmark in Sect. 6.2

The numerical integration of polynomials is exact with the quadrature formula in
[45]: For non-polynomial functions such as W(G,vy) with vy € V (7;), the number of
chosen quadrature points allows for exact integration of polynomials of order p(k+1)
with the growth p of W and the polynomial order k of the discretization; the same
quadrature formula also applies to the integration of the dual energy density W*
in (6.2). The implementation is based on the in-house AFEM software package in
MATLAB [2, 8]. Adaptive computations are carried out with® = 0.5,& = (k+1)/100,
and the polynomial degrees k from Fig. 1. Undisplayed computer experiments suggest
only marginal influence of the choice of ¢ on the convergence rates of the errors.

The uniform or adaptive mesh-refinement leads to convergence history plots of the
energy error | E (u) — E¢(ug)| or the stress error || — VW (Geuy) || ip/ @ plotted against

the number of degrees of freedom (ndof) in Figs. 2, 3,4,5,6,7,8,9,10and 11. (Recall

the scaling ndof o< 4,2, in 2D for uniform mesh refinements with maximal mesh size

hmax 1n a log-log plot.) In the numerical experiments without a priori knowledge of
u, the reference value displayed for min E (A) stems from an Aitken extrapolation of
the numerical results for a sequence of uniformly refined triangulations.

6.2 The p-Laplace equation

The third numerical benchmark from [15,Section 6] for the p-Laplace problem in
Sect. 2.4.1 considers p = 4, the right-hand side

f(r, 9):=343/2048r"1/8 5in(7¢/8),

on the L-shaped domain Q:=(—1, 1)2\ ([0, 1) x (—1, 0]) with the initial triangula-
tion 7o displayed in Fig. 2a, the Dirichlet boundary data up(r, ¢):=r"/8 sin(7¢/8)
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Fig. 3 Adaptive triangulations of the L-shaped domain into 492 triangles (1238 dofs) for & = 0 (left) and
490 triangles (7824 dofs) for k = 3 (right) for the p-Laplace benchmark in Sect. 6.2
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Fig.4 Convergence history plot of || Vu — Gyuy||
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107°

1079

10—13

10—17

7Y NN 0 1 NN O 00 V1 R 1Y S 0B 8 1 SRR A W B V1
10t 102 103 104 10° 108
ndof
2 . .
(left) and ||o — VW(Q[M@)I|L4/3(Q) (right) with k

from Fig. 1 on uniform (dashed line) and adaptive (solid line) triangulations for the p-Laplace benchmark

in Sect. 6.2

R e L L
107t e 3
1072 3
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Fig.5 Material distribution of the L-shaped domain (left) and convergence history plot (right) of RHS, in
(6.1) with k from Fig. 1 on uniform (dashed line) and adaptive (solid line) triangulations for the optimal

design problem in Sect. 6.3
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T T T T T T T T T T
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Fig.6 Adaptive triangulation of the L-shaped domain into 1510 triangles (3721 dofs) for k = 0 (left) and
1351 triangles (21,450 dofs) for k = 3 (right) for the optimal design problem in Sect. 6.3

I'p:=(0 x [—1, 0] U ([0, 1] x 0), and the Neumann boundary data
g(r, ©):=343/512r =33 (—sin(p/8), cos(¢/8)) - v

in polar coordinates with the outer normal unit vector v on I'y:=0 2\ I'p. The minimal
energy min E(A) = —1.4423089582447 is attained at the unique minimizer

u(r, ¢):=r'’3sin(7¢/8).

Since u is singular at the origin, reduced convergence rates are expected for uniform
mesh-refining. Figure 2b displays the suboptimal convergence rates 0.75 for the energy
error |E(u) — E¢(uy)| and all polynomial degrees k = O, ..., 4. The adaptive mesh-
refining algorithm refines towards the origin as depicted in Fig. 3 and we observed
a stronger local refinement for larger polynomial degree k. Since W satisfies (2.5)—
(2.6), the interest is on the displacement error ||Vu — Gyug|| 1 4(g) and the stress error
lo — VW (Geue)ll 14/3(q)- On uniformly refined meshes, || Vi —Gyuy ”%4(9) converges
with the suboptimal convergence rate 0.375 and adaptive computation improves the
convergence rate to 0.8 for k = 0 and 2.5 for k = 4 as depicted in Fig. 4a, b displays
the convergence rate 1 for the stress error ||o — VW(qug)H%m (@ °n uniform tri-
angulations for all k = 0, ..., 4. This is optimal for k = 0, but not for k > 1. The
adaptive mesh-refining algorithm recovers the optimal convergence rates k + 1 for
k>1.

6.3 The optimal design problem

Consider W from Sect.2.4.2for g = 1, up = 2,&1 = /2hu1 /2, and &y = pré1 /iy
with the fixed parameter A = 0.0145 on the L-shaped domain Q:=(—1, 1)>\ ([0, 1) x
(—=1,0]) from [4,Figure 1.1]. Let f = 1 in  and up = 0 on I'p = 92 with the
reference value min E(A) = —0.0745512.
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Fig.7 Initial triangulation (left) of the rectangular domain €2 and convergence history plot (right) of | E (1) —
E¢(ug)| with k from Fig. 1 on uniform (dashed line) and adaptive (solid line) triangulations for the two-well
benchmark in Sect. 6.4

The material distribution in Fig. 5a consists of two homogenous phases, an interior
(red) and a boundary (yellow) layer, and a transition layer, also called microstructure
zone with a fine mixture of the two materials [4, 16,25, 28]. The approximated volume
fractions A(|H% Geuyl) for a discrete minimizer uy with A(§) = 0if 0 < & < &,
AE)=(E -8/ —&)if & <& <&,and A(§) = 1if§ > &, define the colour
map of the fraction plot of Fig. 5. Since W satisfies (2.6), Theorem 2.1 implies the
convergence of |E(u) — E¢(ug)| and |jo — VW (Geuy) 22 Since the exact solution
is unknown, the numerical experiment computes RHS, in

lo — VW(geue)niz(m + |E(u) — E¢(ug)|

6.1)

S RHSg=E¢(ue) — E*(0¢) + 0sc(f, Te) + 1 Geue — VTeuell7aq
from [28,Theorem 4.6] with the convex conjugate W* € C(M) [53,Corollary 12.2.2]
and the dual energy

E*(og):z—/QW*(ag)dx. 6.2)

Figure 5b displays the suboptimal convergence rate 0.4 for RHS, on uniform triangu-
lations. The adaptive algorithm refines towards the reentrant corner and the boundaries
of the microstructure zone as displayed in Fig. 6. This improves the convergence rates
up to 1.2 for k = 4. Undisplayed computer experiments show significant improvement
for the convergence rates of RHS, for examples with small microstructure zones in
agreement with the related empirical observations in [25].

6.4 The relaxed two-well benchmark

Let Q:=(0, 1) x (0, 3/2) with pure Dirichlet boundary I'p:=0d€2. The computational
benchmark from [15] considers the two distinct wells F1 = —(3,2)/v13 = —F>
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Fig.8 Adaptive triangulation (left) of the rectangular domain €2 into 1192 triangles (7104 dofs) for k = 1
and convergence history plot (right) of [lu — u-, ||i2 @ with k£ from Fig. 1 on uniform (dashed line) and

adaptive (solid line) triangulations for the two-well benchmark in Sect. 6.4

in the definition of W from Sect. 2.4.3 and introduces an additional quadratic term
Iz — v||iz(9) in the energy

E(v)= fg WO = f0)dx + ¢ = s /2
forallv € A:=up+ W, (Q) with f(x, y):=—30°/128—0%/3,¢(x, y):=0° /24+0,

f,y) if —1/2 <0 =0,
u(x, y):=up(x, y):= ,

fx,y) f0=<p=<1/2
at(x,y) € R2 and 0:=(B(x —1)+2y)/+/13. Since E is strictly convex in A, the min-
imal energy min E(A) = E(u) = 0.1078147674 is attained at the unique minimizer
u. The discrete minimizer ug = (u7,, uz,) of the discrete energy

Eq(ve):= /Q (W(Geve) — frg) dx + 11 —vg 125 /2

among v; = (v7;, vF,) € A(Ty) is unique in the volume component u7, only. The
convergence analysis can be extended to the situation at hand with the refinement

indicator 77y (T):=n{"(T) + T|[I(1 — T5)¢ |2, (r @nd leads 10 limy, o0 B (g) =

E(u), limy—oo VW(Geug) = o (strongly) in L*3(Q; R?), and limi—couz, = u
(strongly) in LA(Q).

The exact solution u is piecewise smooth and the derivative Vu jumps across the
interface I' = conv{(1, 0), (0, 3/2)}. For an aligned initial triangulation, where I"
coincides with the sides of the triangulation, the numerical results from [28] display

optimal convergence rates k + 1 for |E(u) — E¢(ug)], || — oy ||i4/3(9) lu—ug, ||i2(9),

and ||Vu — Geuy ||i4 @ °n uniformly refined meshes. Since a priori information on
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Fig. 9 Convergence history plot of ||[Vu — ggug||L4(m (left) and [|o — VW(Q’[M@)HLMS(Q) (right) with

k from Fig. 1 on uniform (dashed line) and adaptive (right) triangulations for the two-well benchmark in
Sect. 6.4

u is not available in general, this numerical benchmark considers the non-aligned
initial triangulation 7 in Fig. 7a, where I cannot be resolved exactly (even not with
adaptively refined triangulations of 7). In this case, Carstensen and Jochimsen [14]
predicted

1/4
(L — 119l gy + 11— TR0 [l a3y S He. (1 — ) Vil g S H,'

for Hy:=|lh¢ || L (s). These expected (optimal) convergence rates on uniform meshes
are indeed observed empirically for the lowest-order HHO scheme. Figures 7b, 8b and
9 display the convergence rate 1, 1, 1/4, and 1 for |E (1) — E¢(ue)|, lu — u7, ||i2(9),
IVu — g@ue||i4(m, and |jo — VW(Q(M()||i4/3(Q), respectively. This improves the
convergence rate 3/4 of the stress error from the lowest-order Courant FEM in [14].
The adaptive algorithm generates adaptive meshes with a strong local mesh-refinement
near the interface I and improve the convergence rate of |E (1) — E¢(ug)| to 2.2 in
Fig. 7b, of lu — ug; ”iz(m to 2 in Fig. 8b, and of |lo — VW(ggug)||i4/3(Q) to 2.5 in
Fig. 9b for polynomial degrees k > 2. For k = 1, adaptive mesh refinements only
leads to marginal improvements. Since optimal convergence rates are obtained for
lu —ug;llL2q) and o — VW (Geur)|l 1473 () With k = 0 on uniform meshes, there is
not much gain from adaptive computation.

6.5 Modified Foss—Hrusa-Mizel benchmark

The final example considers a modified Foss—Hrusa—Mizel [43] benchmark in [52],
extended to the domain Q:=(—1, 1) x (0, 1) with I'j:=[—1, 0] x {0}, I'2:=[0, 1] x
{0}, T'3:={x = (x1,x2) € 0 : x;y = —lorx; = lorx; = 1}, and the initial
triangulation 7o of Fig. 10a. Define the energy density W (A):=(|A|*> — 2det A)* +
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Fig. 10 Initial triangulation 7y (left) of €2 and empirical verification of the Lavrentiev gap (right) for the
modified Foss—Hrusa—Mizel benchmark in Sect. 6.5: convergence history plot of |E () — Ey¢(uy)| for the
Courant FEM (dotted line) and the lowest-order HHO method on uniform (dashed line) and adaptive (solid
line) triangulations

|A|?/2 for all A € M:=R>*2, the set
A:={v = (v, 1) € W' (R ;v =00nT,v2=00nT,, v =upon I3}

of admissible functions in W12(€2; R?) with up:=(cos(¢/2), sin(¢/2)) in polar coor-
dinates, and the vanishing right-hand side f = 0. The minimal energy E(u) =
min E(A) = 0.88137023556 of

E(v)::/ W (Dv) dx among v € A
Q

is attained at u:=r'/?(cos(¢/2), sin(¢/2)) in polar coordinates. The energy density
W e C'(M) is convex and satisfies the lower growth W(A) > |A|?/2 of order p = 2,

but no upper growth of order 2.
The application of the discrete compactness to this model example with free bound-
ary requires the modified refinement indicator

0y (=TI TS (Reuo)lr = wr) |3y + T2

x( Yoo MR-l + D IRawdlr- el
FeFy (T)NFe(Ty) FeF (T)NFe(T)

+ ) IRawolF =l + Y IRadrlap
FeF (T)NFy('3) EcF (T)NFy(2)

+ Y IME(Ra T = up) o)

FeFy(T)

with the j-th canonical unit vector e; € RR?. Since the presence of the Lavrentiev gap
is equivalent to the failure of conforming FEMs [17,Theorem 2.1], the lowest-order
HHO can be utilized to detect the Lavrentiev gap, cf. Sect. 4.3. Figure 10b provides
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Fig. 11 Adaptive triangulation of 2 (left) into 614 triangles (7336 dofs) for k = 1 and convergence history
plot (right) of |E(u) — E¢(ug)| with k from Fig. 1 on uniform (dashed line) and adaptive (solid line)
triangulations for the modified Foss—Hrusa—Mizel benchmark in Sect. 6.5

empirical evidence that there is a Lavrentiev gap: |E (u) — E¢(ug)| converges with the
suboptimal convergence rate 0.5 on uniformly refined meshes, but the Courant FEM
seems to approximate a wrong energy. The adaptive mesh-refining algorithm refines
towards the origin as depicted in Fig. 11a. It is outlined in Sect. 4.3 that a convergence
proof of AHHO for minimization problems with the Lavrentiev gap is impossible
with the known mathematical methodology for k > 1. It comes as a welcome surprise
that optimal convergence rates k + 1 are obtained for any polynomial degrees k on
adaptively refined meshes in Fig. 11b.

6.6 Conclusions

The numerical results from Sect. 6 confirm the theoretical findings in Theorem 2.1.
In particular, the convergence of the energy limy_, oo min E¢(A(7Zy)) = min E(A) is
observed in all examples. The introduced adaptive mesh-refining algorithm of Sect. 2.2
provides efficient approximations of singular solutions and even leads to improved
empirical convergence rates. The choice of the parameter € only has marginal influence
on the convergence rates and convergence is observed for ¢ = 0 in undisplayed
computer experiments. Better convergence rates are obtained for larger polynomial
degrees k. The computer experiments provide empirical evidence that the HHO method
can overcome the Lavrentiev gap for any polynomial degree k.
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