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§ mixed problem
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The dPG Methodology

+ instant stability

+ built-in error control

+ general geometries

+ flexible modelling

+ parallel computing

– more degrees of freedom

References. Demkowicz,
Gopalakrishnan (since 2010)

rCDG14s, rCDG16s, and
recent publications
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dPG Framework

“dPG is a minimal residual method with
piecewise discontinuous test functions”
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Minimal Residual Method
Suppose b : X ˆY Ñ R is a bdd bilinear form on real Hilbert spaces X and
Y with inf-sup condition

0 ă β “ inf
xPX

‖x‖X“1

sup
yPY

‖y‖Y“1

bpx , yq

Continuous problem (P) with given RHS F P Y ˚ seeks

u P X with bpu, ‚q “ F in Y

Suppose (exclusively on the continuous level), in addition, non-degeneracy
in that

@y P Y zt0u bp‚, yq ı 0

so that (P) has a unique solution. The minimal residual method considers

u P arg min
xPX

‖bpx , ‚q ´ F‖Y˚ .

This is sensitive without any further condition on b bdd bilinear with β ą 0.
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Discretization in Minimal Residual Method
Let Xh Ă X and Yh Ă Y be closed (e.g. finite-dimensional) subspaces with

0 ă βh :“ inf
xhPXh

‖xh‖X“1

sup
yhPYh

‖yh‖Y“1

bpxh, yhq

Petrov-Galerkin discretization requires a non-degeneracy condition on the
discrete level and leads to dimXh “ dimYh P N0 Y t8u.

In what follows,
dimXh ă dimYh and this is not a Petrov-Galerkin discretization but suits for
a minimal residual method

(minResh) uh P arg min
xhPXh

‖bpxh, ‚q ´ F‖Y˚h

Alternative formulation: Seek puh, vhq P Xh ˆ Yh with

(Mh)

#

bpxh, vhq “ 0 for all xh P Xh

pvh, yhqY`bpuh, yhq “ F pyhq for all yh P Yh
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Theorem. (minResh) ðñ (Mh)
Proof. RYh

: Yh Ñ Y ˚
h , yh ÞÑ pyh, ‚qY Riesz map

“ùñ” uh P Xh solves (minResh) implies for all t P R, xh P Xh

‖F ´ bpuh, ‚q‖2
Y˚h
ď ‖F ´ bpuh ` txh, ‚q‖2

Y˚h

“‖R´1
Yh
pF ´ bpuh, ‚qq

loooooooooomoooooooooon

´t R´1
Yh

bpxh, ‚q‖2
Y

“: vh ðñ pvh, ‚qY ` bpuh, ‚q “ F in Yh

“ ‖vh‖2
Y

loomoon

´2t bpxh, vhq ` t2‖bpxh, ‚q‖2
Y˚h

“ ‖F ´ bpuh, ‚q‖2
Y˚h

Hence bp‚, vhq “ 0 in Xh ˝

“ðù” puh, vhq P Xh ˆ Yh solves (Mh) implies

‖F ´ bpuh ` txh, ‚q‖2
Y˚h
“ ‖vh‖2

Y ´ 2t bpxh, vhq
looomooon

“0

`t2‖bpxh, ‚q‖2
Y˚h

˝

C. Carstensen (Humboldt) dPG Framework Berlin, August 29-30, 2016 7



Theorem. (minResh) ðñ (Mh)
Proof. RYh

: Yh Ñ Y ˚
h , yh ÞÑ pyh, ‚qY Riesz map

“ùñ” uh P Xh solves (minResh) implies for all t P R, xh P Xh

‖F ´ bpuh, ‚q‖2
Y˚h
ď ‖F ´ bpuh ` txh, ‚q‖2

Y˚h

“‖R´1
Yh
pF ´ bpuh, ‚qq

loooooooooomoooooooooon

´t R´1
Yh

bpxh, ‚q‖2
Y

“: vh ðñ pvh, ‚qY ` bpuh, ‚q “ F in Yh

“ ‖vh‖2
Y

loomoon

´2t bpxh, vhq ` t2‖bpxh, ‚q‖2
Y˚h

“ ‖F ´ bpuh, ‚q‖2
Y˚h

Hence bp‚, vhq “ 0 in Xh ˝

“ðù” puh, vhq P Xh ˆ Yh solves (Mh) implies

‖F ´ bpuh ` txh, ‚q‖2
Y˚h
“ ‖vh‖2

Y ´ 2t bpxh, vhq
looomooon

“0

`t2‖bpxh, ‚q‖2
Y˚h

˝

C. Carstensen (Humboldt) dPG Framework Berlin, August 29-30, 2016 7



dPG as Mixed Problem
Brezzi splitting lemma. (Mh) is well-posed iff

0 ă βh :“ inf
xhPXh

‖xh‖X“1

sup
yhPYh

‖yh‖Y“1

bpxh, yhq

Fortin criterion: βh ą 0 is equivalent to the existence of a projection
P : Y Ñ Y (i.e. linear, bdd, idempotent) onto Yh “ PpY q with annulation
property

bp‚, y ´ Pyq “ 0 in Xh

[cf. e.g. FE-book by D.Braess]
Then 0 ă β{‖P‖ ď βh

General theory of mixed formulations leads to γh “ γhp||b||, 1, βhq:
Solution u P X to bpu, ‚q “ F and v “ 0 satisfy best-approximation
property in the ansatz space only

‖u ´ uh‖2
X ` ‖0´ vh‖2

Y ď ‖b‖ γ´1
h min

xhPXh

‖u ´ xh‖2
X
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Proof of Fortin Criterion ”ñ”

Since βh ą 0, the discrete mixed problem has a unique solution for all
right-hand sides. Given any y P Y, consider the right-hand side
pF ,G q :“ ppy , ¨qYh

, bp¨, yq|Xh
q P Y˚h ˆX˚h and the unique solution

pvh, uhq P Yh ˆXh to

(a) pvh, ¨qY ` bpuh, ¨q “ py , ¨qY in Yh.

(b) bp¨, vhq “ bp¨, yq in Xh.

The map y ÞÑ pvh, uhq is linear and so vh “: Py defines P P LpY,Yq.
If y P Yh, then py , 0q solves (a)-(b). Uniqueness of discrete solutions proves
y “ Py . That is P “ P2. The annullation property is (b).
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Proof of Fortin Criterion ”ð”
Given xh P SpXhq Ă SpXq, the inf-sup condition of β ą 0 leads to y P SpYq
in the Hilbert space Y with

β ď }bpxh, ¨q}Y˚ “ bpxh, yq
!
“ bpxh,Pyq

ď }bpxh, ¨q}Y˚h
}Py}Yh
loomoon

ď}P}

.

Hence β{}P} ď }bpxh, ¨q}Y˚h
. Since xh P SpXhq is arbitrary, this proves

0 ă β{}P} ď βh :“ inf
xhPSpXhq

}bpxh,¨q}Y˚
h

hkkkkkkkkkikkkkkkkkkj

sup
yhPSpYhq

bpxh, yhq

(R1) P is an oblique projection (not an orthogonal projection in general)
and Kato lemma asserts }P} “ }1´ P} (provided P ‰ 0, 1).
(R2) The theorem holds in general Banach spaces as pointed out in [ Ern,
A. and Guermond, J.-L., A converse to Fortin’s Lemma in Banach spaces,
Comptes Rendus de l’Academie des sciences Serie I,2016.]
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A Posteriori Error Analysis
Suppose bpu, ‚q “ F is well-posed (i.e. β ą 0 and non-degeneracy
condition) on the continuous level. The bilinear form leads to the operator
B1 : X Ñ Y ˚, x ÞÑ bpx , ‚q and its dual B2 : Y Ñ X ˚, y ÞÑ bp‚, yq.
Well-posedness means that B1 and B2 are invertible and and the inverse is
bounded by 1{β. Those mapping properties lead to equivalence

‖u ´ uh‖2
X ` ‖vh‖2

Y « ‖bp‚, vhq‖2
X˚ ` ‖F ´ bpuh, ‚q ` pvh, ‚qY ‖2

Y˚

Since B2 is invertible and bdd,

β‖vh‖Y ď ‖bp‚, vhq‖X˚ ď }b} ‖vh‖Y
and ‖vh‖Y is the computable norm of the residual.
For all y P Y with norm 1, the annulation operator P : Y Ñ Y with range
PpY q “ Yh and the discrete equations in pMhq lead to

F pyq ´ bpuh, yq ` pvh, yqY “ F py ´ Pyq ´ bpuh, y ´ Pyq ` pvh, y ´ PyqY

Since bpuh, y ´ Pyq “ 0 and |pvh, y ´ PyqY | ď ‖vh‖Y }P}, it follows

‖u ´ uh‖2
X ` ‖vh‖2

Y « ‖vh‖2
Y

loomoon

computable

` ‖F ˝ p1´ Pq‖2
Y˚

looooooooomooooooooon

higher order?
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1. Extreme Example in PMP Shows LS Ă dPG
The Poisson model problem (PMP) seeks u P H1

0 pΩq with ´∆ u “ f in Ω
in the weak sense for a given RHS f P L2pΩq.

The equivalent first-order
system seeks

p P Hpdiv ,Ωq and u P H1
0 pΩq with p “ ∇u and f ` div p “ 0

For all pq, vq P X “ Hpdiv ,Ωq ˆ H1
0 pΩq define

B1pq, vq :“ pq ´∇v , div qq P Y “ L2pΩ;Rnq ˆ L2pΩq.

The PMP is equivalent to B1pp, uq “ p0,´f q. Since Y ” Y ˚, any
pq, vq P X allows for

}bpq, v ; ‚q}Y˚ “
b

||q ´∇v}2 ` } div q}2

The theory of least-squares FEM (LS) shows that this is indeed equivalent
to ||pq, vq}X and, in fact, this dPG method is a LS. This also shows that
any discretisation Xh Ă X is stable and quasi-optimal.
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2. Extreme Example in PMP is Infeasible
In continuation of the PMP, define for any pq, vq P X “ L2pΩ;Rnq ˆH1

0 pΩq

B1pq, vq :“ pq ´∇v , div qq P Y “ L2pΩ;Rnq ˆ H´1pΩq.

This leads to a LS with discrete problem (which is always stable)

min
pq,vqPX

p}q ´∇v}2 ` }f ` div q}2H´1pΩqq

The computation of }f ` div q}H´1pΩq requires an approximation of the
dual norm. The BPX precondition has been suggested to allow a practical
variant and is an established LS.

In general, one requires an approximation
of the norm in Y ˚ by the computable norm in Y ˚

h for a large but
finite-dimensional space Yh, the test-search space. This is not a
Petrov-Galerkin scheme, so in fact, dim Xh ă dim Yh in a minimum residual
method. An effective computation, however, requires parallel computing
and breaking the test norms in the sense that Yh is a finite-dimensional
space of piecewise discontinuous functions. This allows for a piecewise
computation in parallel. The mathematical framework is in product spaces.
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Continuous Problem 4 dPG

X pT q,Y pT q real Hilbert spaces for any T P P and

X Ă X̂ :“
ź

TPP
X pT q and Y :“

ź

TPP
Y pT q

b : X̂ ˆ Y Ñ R is a bounded bilinear form with

bppxT qTPP , pyT qTPPq “
ÿ

TPP
bT pxT , yT q

0 ă β “ inf
xPX

‖x‖X“1

sup
yPY

‖y‖Y“1

bpx , yq

Let F P Y ˚ and u P X satisfy bpu, ‚q “ F in Y
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Discretization

Let XhpT q Ă X pT q and YhpT q Ă Y pT q be finite-dimensional subspaces

Xh :“ X X
ź

TPP
XhpT q and Yh :“

ź

TPP
YhpT q

“dPG is a minimal residual method

(minResh) uh P arg min
xhPXh

‖bpxh, ‚q ´ F‖Y˚h
with piecewise discontinuous test functions”

Alternative formulation. Seek puh, vhq P Xh ˆ Yh with

(Mh)

#

bpxh, vhq “ 0 for all xh P Xh

pvh, yhqY`bpuh, yhq “ F pyhq for all yh P Yh
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dPG as Mixed Problem

Brezzi splitting lemma. (Mh) is well-posed iff

0 ă βh :“ inf
xhPXh

‖xh‖X“1

sup
yhPYh

‖yh‖Y“1

bpxh, yhq

Local annulation. For all T P P let PT : Y pT q Ñ Y pT q be a bounded
linear projection onto YhpT q s.t. any yT P Y pT q satisfies

bT p‚, yT ´ PT yT q “ 0 in XhpT q

Then 0 ă min
TPP

β ‖PT‖´1 ď βh

General theory of mixed formulations. For u P X with bpu, ‚q “ F ,

‖u ´ uh‖2
X ` ‖0´ vh‖2

Y ď ‖b‖ γ´1
h min

xhPXh

‖u ´ xh‖2
X
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A Posteriori Error Analysis

Suppose bpu, ‚q “ F is well-posed, then

‖u ´ uh‖2
X ` ‖vh‖2

Y « ‖bp‚, vhq‖2
X˚ ` ‖F ´ bpuh, ‚q ` pvh, ‚qY ‖2

Y˚

Global annulation. P :“
ś

TPP PT fulfils bp‚, y ´ Pyq “ 0 in Xh for any
y P Y , βh ą 0, and

‖u ´ uh‖2
X ` ‖vh‖2

Y « ‖vh‖2
Y

loomoon

computable

` ‖F ˝ p1´ Pq‖2
Y˚

looooooooomooooooooon

higher order?

for all pxh, yhq P Xh ˆ Yh replacing puh, vhq

rC-Demkowicz-Gopalakrishnan, SINUM (2014)s

C. Carstensen (Humboldt) dPG Framework Berlin, August 29-30, 2016 17



Application to Poisson Model Problem
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Simplified dPG for Single Domain

Let f P L2pΩq in open, bounded, polygonal Lipschitz domain Ω Ă R2. Seek
u : Ω Ñ R with

(PMP) ´∆u “ f in Ω and u “ 0 on BΩ

Test functions w P H1pΩq require (unknown) boundary term t “ Bu{Bν on
BΩ as new variable and lead to well-posed problem: Given f P L2pΩq, seek
pu, tq P X :“ H1

0 pΩq ˆ H´1{2pBΩq with

ż

Ω
∇u ¨∇w dx ´ xt, γ0wyBΩ “

ż

Ω
f w dx for all w P Y :“ H1pΩq

C. Carstensen (Humboldt) Application to Poisson Model Problem Berlin, August 29-30, 2016 19



Traces

Theorem. U Ă Rn open, bounded Lipschitz domain

D γ0 P LpH1pUq; L2pBUqq with γ0w “ w |BU for all w P H1pUq X C 0pUq

H1{2pBUq :“ γ0pH
1pUqq is a Hilbert space

Let H´1{2pBUq :“ pH1{2pBUqq˚, then D γν P LpHpdiv,Uq; H´1{2pBUqq
surjective with γνq “ q|BU ¨ ν for all q P C 1pU;Rnq

Integration by Parts. Any q P Hpdiv,Uq and w P H1pUq satisfy

xγνq, γ0wyBU “

ż

U
q ¨∇w dx `

ż

U
div q ¨ w dx

C. Carstensen (Humboldt) Application to Poisson Model Problem Berlin, August 29-30, 2016 20



Traces on the Skeleton
Duality lemma.

‖g‖H1{2pBUq :“ min
hPH1pUq
γ0h“g

‖h‖H1pUq, ‖t‖H´1{2pBUq “ min
qPHpdiv,Uq
γνq“t

‖q‖Hpdiv,Uq

Let T be a regular triangulation of Ω

Consequence. For q “ pqT qTPP P Hpdiv, T q :“
ś

TPT
Hpdiv,T q,

γTν q :“
ź

TPT
γνqT

Define the Hilbert space H´1{2pBT q :“ γTν Hpdiv,Ωq with norm

‖t‖H´1{2pBT q “ min
qPHpdiv,Ωq
γTν q“t

‖q‖Hpdiv,Ωq

C. Carstensen (Humboldt) Application to Poisson Model Problem Berlin, August 29-30, 2016 21



dPG for PMP and Triangulation T
XhpT q :“ P1pT q ˆ P0pEpT qq Ă X pT q :“ H1pT q ˆ H´1{2pBT q
YhpT q :“ P1pT q Ă Y pT q :“ H1pT q are Hilbert spaces for any T with

local bilinear form bT : X pT q ˆ Y pT q Ñ R,

bT puT , tT ; wT q “

ż

T
∇uT ¨∇wT dx ´ xtT , γ0wT yBT

Improved version of the duality and splitting lemma rCDG16s lead for

X :“ H1
0 pΩq ˆ H´1{2pBT q Ă

ś

TPT X pT q and Y :“
ś

TPT Y pT q

to the inf-sup condition

0 ă

d

1´
1

?
1` λ1

ď β “ inf
xPX

‖x‖X“1

sup
yPY

‖y‖Y“1

bpx , yq

C. Carstensen (Humboldt) Application to Poisson Model Problem Berlin, August 29-30, 2016 22



Low-order dPG for PMP

Xh ” S1
0 pT q ˆ P0pEq and Yh “ P1pT q

The nonconforming interpolation PT :“ Inc has annulation property and

‖F ˝ p1´ Incq‖Y˚ ď
b

1{48` j´1
1,1 ‖hT f ‖L2pΩq.

Experiment. Ω “ p´1, 1q2zr´1, 0s2, f px , yq “ 0
upr , θq “ r 2{3 sinp2pθ ` π{2q{3q (polar coordinates pr , θq)

101 102 103 104 105 106 107

10´2

10´1

3

1
1

2

ndof

|||u ´ uC ||| (adaptiv)

GUB (adaptiv)

|||u ´ uC ||| (uniform)

GUB (uniform)

C. Carstensen (Humboldt) Application to Poisson Model Problem Berlin, August 29-30, 2016 23



Low-order dPG for PMP

´1 ´0.5 0 0.5 1

´1

´0.5

0

0.5

1

Figure : Triangulation plot with 496 elements (250 degrees of freedom for uC ) for
adaptive mesh-refinement with GUB as refinement indicator and θ “ 0.3

C. Carstensen (Humboldt) Application to Poisson Model Problem Berlin, August 29-30, 2016 24



Application to Stokes Equations
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Low-Order dPG for Stokes Equations

The Stokes equations in pseudostress formulation.

Given f P L2pΩ;Rnq and g P H1pBΩ;Rnq for domain Ω Ď Rn, seek
u P H1pΩ;Rnq and σ P Hpdiv,Ω;Rnˆnq{R with

dev σ “ Du in Ω

´div σ “ f in Ω

u “ g along BΩ

dev A :“ A´ 1{n ptrAqInˆn

C. Carstensen (Humboldt) Application to Stokes Equations Berlin, August 29-30, 2016 26



Low-order dPG for Stokes Equations

XhpT q :“ P0pT ;Rnˆnq{Rˆ P0pT ;Rnq ˆ P1pEpT q;Rnq ˆ P0pEpT q;Rnq

X pT q :“ L2pT ;Rnˆnq ˆ L2pT ;Rnq ˆ H1{2pBT ;Rnq ˆ H´1{2pBT ;Rnq

X :“ L2pΩ;Rnˆnq{Rˆ L2pΩ;Rnq ˆ H
1{2
0 pBT ;Rnq ˆ H´1{2pBT ;Rnq

Ă
ź

TPT
X pT q while Y “

ź

TPT
Y pT q

YhpT q :“ RT0pT ;Rnˆnq ˆ P1pT ;Rnq

Y pT q :“ Hpdiv,T ;Rnˆnq ˆ H1pT ;Rnq

For all T P T let bT : X pT q ˆ Y pT q Ñ R with

bT pσ, u, s, t; τ , vq “

ż

T
σ : Dncv dx `

ż

T
devσ : τ dx `

ż

T
u ¨ divncτ dx

´ xt, γ0vyBT ´ xγντ , syBT

F pτ , vq :“

ż

Ω
f ¨ v dx ` xγTν τ , γ

T
0 gyBT

C. Carstensen (Humboldt) Application to Stokes Equations Berlin, August 29-30, 2016 27



Low-Order dPG for Stokes Equations

β and βh are explicitly bounded in terms of the Friedrichs, tr-dev-div
constant and the inf-sup constant of the mixed FEM
Hpdiv,Ω : Rnˆnq{Rˆ L2pΩ : Rnq

the data approximation error }F ˝ p1´ Pq}Y˚h
is not necessarily of

higher order

the extension ŶhpT q :“ RT0pT ;Rnˆnq{R‘ b3pT qRnˆn
dev ˆ P1pT ;Rnq

of YhpT q with the cubic bubble b3pT q guarantees the higher order

the experiments compare the residual error estimators
ηh :“ }F ´ bpxh, ‚q}Y˚h

, η̂h :“ }F ´ bpxh, ‚q}Ŷ˚h
, and the up to a

generic constant guaranteed bound η̃2
h :“ η̂2

h ` osc2pg 1, EpBΩqq

C. Carstensen (Humboldt) Application to Stokes Equations Berlin, August 29-30, 2016 28



Numerical Example: dPG for Stokes – colliding flow
Experiment. Ω “ p´1, 1q2, f ” 0 with implicit boundary data,
for all px1, x2q P Ω, upx1, x2q “ 4p5x1x4

2 ´ x5
1 , 5x4

1 x2 ´ x5
2 q

and ppx1, x2q “ 120x2
1 x2

2 ´ 20px4
1 ` x4

2 q ´ 16{3.
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ηh, θ “ 1
η̂h, θ “ 1
η̃h, θ “ 1

}x ´ xh}X , θ “ 1
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Numerical Example: dPG for Stokes – L-shaped domain
Experiment. Ω “ p´1, 1q2zpr0, 1s ˆ r´1, 0sq, f ” 0,
for all pr , ϕq P r0,8q ˆ r0, 3π{2s, ω :“ 3π{2, α :“ 856399{1572864,

wpϕq :“ sinpp1`αqϕq cospαωq
1`α

´ cospp1` αqϕq ` sinppα´1qϕq cospαωq
1´α

` cosppα´ 1qϕq,

with implicit boundary data, ppr , ϕq “ ´rα´1pp1`αq2w 1pϕq`w3pϕqq
1´α ,

and upr , ϕq “

ˆ

rαpp1` αq sinpϕqwpϕq ` cospϕqw 1pϕq
´p1` αq cospϕqwpϕq ` sinpϕqw 1pϕq

˙
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}x ´ xh}X , θ “ 1
ηh, θ “ 0.3
η̂h, θ “ 0.3
η̃h, θ “ 0.3

}x ´ xh}X , θ “ 0.3
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Numerical Example: dPG for Stokes – L-shaped domain

´1 ´0.5 0 0.5 1

´1

´0.5
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Figure : Triangulation plot with 371 elements (3711 degrees of freedom) for
adaptive mesh-refinement with η` and θ “ 0.3
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Numerical Example: dPG for Stokes – backward facing step
Experiment. Ω “ pp´2, 8q ˆ p´1, 1qqzpp´2, 0q ˆ p´1, 0qq, f ” 0,

boundary data gpx1, x2q “

$

’

&

’

%

1{10p´x2px2 ´ 1q, 0q for x1 “ ´2,

1{80p´px2 ´ 1qpx2 ` 1q, 0q for x1 “ 8,

p0, 0q elsewhere.
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Numerical Example: dPG for Stokes – backward facing step

´2 0 2 4 6 8
´1

0

1

Figure : Triangulation plot with 1551 elements (15511 degrees of freedom) for
adaptive mesh-refinement with η` and θ “ 0.3

C. Carstensen (Humboldt) Application to Stokes Equations Berlin, August 29-30, 2016 33



Example for Linear Elasticity
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Low-Order dPG for Linear Elasticity

The Navier-Lamé equations. Seek u P H1pΩ;Rnq and σ P Hpdiv,Ω;Sq
with

´ div σ “ f in Ω,

σ “ Cεpuq in Ω,

u “ 0 on ΓD ,

σν “ 0 on ΓN ,

εpuq :“ sym D u :“ pD u ` D uJq{2,
CpAq :“ 2µA` λ trpAqInˆn.

C. Carstensen (Humboldt) Example for Linear Elasticity Berlin, August 29-30, 2016 35



Low-Order dPG for Linear Elasticity

Hilbert spaces.
X pT q :“ L2pT ;Sq ˆ L2pT ;Rnq ˆ H1{2pBT ;Rnq ˆ H´1{2pBT ;Rnq

Y pT q :“ Hpdiv,T ;Sq ˆ H1pT ;Rnq

X :“ L2pΩ;Sq{Rˆ L2pΩ;Rnq ˆ H
1{2
D pBT ;Rnq ˆ H

´1{2
N pBT ;Rnq

X Ă
ś

TPT X pT q, Y :“
ś

TPT Y pT q

Bilinear form. For all T P T let bT : X pT q ˆ Y pT q Ñ R with

bT pσ, u, s, t; τ, vq “

ż

T
σ : εNC pvq dx `

ż

T
C´1σ : τ dx `

ż

T
u ¨ divncτ dx

´ xt, γ0vyBT ´ xγντ , syBT .

Discretization. XhpT q :“ P0pT ;Sq{Rˆ P0pT ;Rnq ˆ P1pEpT q;Rnq ˆ

P0pEpT q;Rnq, YhpT q :“ sym RT0pT ;Rnˆnq{Rˆ P1pT ;Rnq.

C. Carstensen (Humboldt) Example for Linear Elasticity Berlin, August 29-30, 2016 36



Low-Order dPG for Linear Elasticity

bounds of β and βh depend on Friedrichs, Korn, tr-dev-div constant,
the inf-sup constant of the mixed FEM and µ, but are independent of λ

canonical choice of norms (e.g., ‖‚‖ on L2pΩ; Sq) lead to locking-free
L2-H1 method

energy method with other, C-dependent norms (e.g., ‖C1{2‚‖ on
L2pΩ;Sq) suffers from locking

extension like for Stokes equations yield a higher order data
approximation error

C. Carstensen (Humboldt) Example for Linear Elasticity Berlin, August 29-30, 2016 37



Example: Rotated L-shaped domain with exact solution
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Numerical Example: Cook’s membrane
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Numerical Example: Cook’s membrane
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Numerical Example: Locking
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Application to Maxwell Equations
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Single Domain

Ω Ă R3 open, bounded, polyhydral Lipschitz domain. Seek E : Ω Ñ R3

with

(Maxwell) curl curl E ´ ω2E “ J in Ω and E ˆ ν “ 0 on BΩ

Test functions F P Hpcurl,Ωq lead to boundary term Ĥ “ curl E ˆ ν on BΩ.
Suppose ω2 is not a Maxwell eigenvalue. The resulting well-posed problem
reads:

Given J P L2pΩ;R3q, seek pE , Ĥq P X :“ H0pcurl,Ωq ˆ H´1{2pdivBΩ, BΩq

ż

Ω
curl E ¨ curl F dx ´ ω2

ż

Ω
E ¨ F dx ´ xπτF , ĤyBΩ “

ż

Ω
J ¨ F dx

for all Hpcurl,Ωq

C. Carstensen (Humboldt) Application to Maxwell Equations Berlin, August 29-30, 2016 43



Traces

Theorem. U Ă R3 open, bounded Lipschitz domain

D γτ P LpHpcurl,Uq; H´1{2pBUqq, γτH “ H|BU ˆ ν for H P C8pU;R3q

H´1{2pdivBU , BUq :“ γτ pHpcurl,Uqq is a Hilbert space

Let H´1{2pcurlBU , BUq :“ pH´1{2pdivBU , BUqq˚, then
Dπτ P LpHpcurl,Uq; H´1{2pcurlBU , BUqq surjective with
πτF “ ν ˆ pF |BU ˆ νq for all F P C8pU;R3q

Integration by parts. Any F ,H P Hpcurl,Uq satisfy

xπτF , γτHyBU “

ż

U
H ¨ curl F dx ´

ż

U
curl H ¨ F dx

C. Carstensen (Humboldt) Application to Maxwell Equations Berlin, August 29-30, 2016 44



Traces on the Skeleton
Duality lemma.

‖Ĥ‖H´1{2pdivBU ,BUq
:“ min

HPHpcurl,Uq

γτH“Ĥ

‖H‖Hpcurl,Uq

‖F̂‖H´1{2pcurlBU ,BUq
“ min

FPHpcurl,Uq

γνF“F̂

‖q‖Hpcurl,Uq

Let T be a shape-regular triangulation of Ω into tetrahedra

Consequence. For H “ pHT qTPT P
ś

TPT
Hpcurl,T q let

γTτ H :“
ź

TPT
γτHT

Define the Hilbert space H´1{2pdivBT , BT q :“ γTτ Hpcurl,Ωq with norm

‖Ĥ‖H´1{2pdivBT ,BT q “ min
HPHpcurl,Ωq

γTν H“Ĥ

‖H‖Hpcurl,Ωq

C. Carstensen (Humboldt) Application to Maxwell Equations Berlin, August 29-30, 2016 45



dPG for Maxwell and Triangulation T
X pT q “ Hpcurl,T q ˆ H´1{2pdivBT , BT q and Y pT q “ Hpcurl,T q

X :“ H0pcurl,Ωq ˆ H´1{2pdivBT , BT q Ă
ś

TPT X pT q and
Y :“

ś

TPT Y pT q lead in (Maxwell) for all T P T to
bT : X pT q ˆ Y pT q Ñ R with

bT pET , ĤT ; FT q “

ż

T
curl ET ¨curl FT dx´ω2

ż

T
ET ¨FT dx´xπτFT , ĤT yBT

The duality and splitting lemma rCDG16s show for global bilinear form b

0 ă β “ inf
xPX

‖x‖X“1

sup
yPY

‖y‖Y“1

bpx , yq

C. Carstensen (Humboldt) Application to Maxwell Equations Berlin, August 29-30, 2016 46



Discretization

Nédélec element. NkpT q :“ Pk´1pT ;R3q ‘ SkpT ;R3q with

SkpT ;R3q :“ tp P PkpT ;R3q |p homogenous polynomial of degree k and

ppxq ¨ x “ 0 in T u

Discretization with Nédélec elements.

XhpT q :“ NkpT qˆγτNkpT q and YhpT q :“ N`pT q for k, ` P N

Annulation operator PT : Y pT q Ñ YhpT q in rCDG16s requires ` “ k ` 3

Numerical experiments with k “ 1 seems to work with ` “ 1 as well

C. Carstensen (Humboldt) Application to Maxwell Equations Berlin, August 29-30, 2016 47



Numerical Example. Primal dPG for Maxwell

XhpT q :“ N1pT qˆγτN1pT q and YhpT q :“ N`pT q

Experiment. Ω “ p0, 1q3, ω2 “ 1, E “ psinπx sinπy sinπz , 0, 0q
k “ 1, uniform refinement
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Numerical Example. Primal dPG for Maxwell

XhpT q :“ N1pT qˆγτN1pT q and YhpT q :“ N`pT q

Experiment. Ω “ p´1, 1q3zr0, 1s3 (Fichera’s corner domain), ω2 “ 3.1
E “ pe iωz , e iωx , e iωy q

Remark. ω2 is close to a Maxwell eigenvalue
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Numerical Example. Primal dPG for Maxwell

XhpT q :“ N1pT qˆγτN1pT q and YhpT q :“ N`pT q

Experiment. Ω “ p´1, 1q3zr0, 1s3 (Fichera’s corner domain), ω2 “ 3.2
E “ pe iωz , e iωx , e iωy q

Remark. ω2 is close to a Maxwell eigenvalue
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C. Carstensen (Humboldt) Application to Maxwell Equations Berlin, August 29-30, 2016 50



Numerical Example. Singular Solution

XhpT q :“ N1pT qˆγτN1pT q and YhpT q :“ N1pT q

Experiment. Ω “ p´1, 1q3zr0, 1s3 (Fichera’s corner domain), ω2 “ 1

E “ ∇ppx , y , zq with ppx , y , zq “ px2 ` y 2 ` z2 ` 10´6q1{4

Remark. Singularity in px , y , zq “ 0
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Numerical Example. [CDG16]

Experiment. J “ 0 and ω2 “ 25 with boundary condition
ν ˆ E “ ν ˆ ED , where EDpx , y , zq “ psin πy , 0, 0q

Figure : Iteration 1, 5, and 9
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Numerical Example. [CDG16]
Remark. Since ω is large, the initial grid is too coarse for standard
discretizations, but adaptive dPG seems to work
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Flexible Modelling

There exist equivalent [CDG16] formulations of (Maxwell), e.g. the
first-order system

iωE ` curl H “ J and ´ iωH ` curl E “ 0

It leads to the dPG method for the ultra-weak formulation

X pT q “ L2pT ;C3q ˆ L2pT ;C3q ˆ γτHpcurl,T ;C3q ˆ γτHpcurl,T ;C3q

X “ L2pΩ;C3q ˆ L2pΩ;C3q ˆ γTτ H0pcurl,Ω;C3q ˆ γTτ Hpcurl,Ω;C3q

Y pT q “ Hpcurl,T ;C3q ˆ Hpcurl,T ;C3q, Y “
ś

TPT Y pT q

bT pE ,H, Ê , Ĥ; F ,G q “ iω

ż

T
E ¨ F dx `

ż

T
H ¨ curl F dx ´ xF , ĤyBT

´iω

ż

T
H ¨ G dx `

ż

T
E ¨ curl G dx ´ xG , ÊyBT
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Numerical Example. Ultra-weak dPG for Maxwell

XhpT q “ P0pT ;C3q ˆ P0pT ;C3q ˆ γτN1pT ;Cq ˆ γτN1pT ;Cq and
YhpT q “ N`pT ;C3q ˆ N`pT ;C3q

Experiment. Ω “ p0, 1q3, ω2 “ 1, E “ psinπx sinπy sinπz , 0, 0q
k “ 1, uniform refinement

102 103 104 105 106

10´1

100

ndof

‖E ´ Eh‖L2pΩq, ` “ 1

‖H ´ Hh‖L2pΩq, ` “ 1

‖ηdPG‖Y , ` “ 1

‖E ´ Eh‖L2pΩq, ` “ 2

‖H ´ Hh‖L2pΩq, ` “ 2

‖ηdPG‖Y , ` “ 2

‖E ´ Eh‖L2pΩq, ` “ 3

‖H ´ Hh‖L2pΩq, ` “ 3

‖ηdPG‖Y , ` “ 3
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Adaptive Least-Squares FEM
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Adaptive LSFEM 4 Stokes – Backward Facing Step
Ω “ pp´2, 8q ˆ p´1, 1qqzpp´2, 0q ˆ p´1, 0qq, f ” 0,

boundary data gpx1, x2q “

$

’

&

’

%

1{10p´x2px2 ´ 1q, 0q for x1 “ ´2,

1{80p´px2 ´ 1qpx2 ` 1q, 0q for x1 “ 8,

p0, 0q elsewhere.

LSpf ;σ, uq – }f ` div σ}L2pΩq} dev σ ´ D u}L2pΩq

´2 0 2 4 6 8
´1

0

1

Figure : Triangulation plot with with 1 473 triangles (5 895 degrees of freedom )
for adaptive mesh-refinement with η` and θ “ 0.5
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Adaptive LSFEM – Adaptive Algorithm with Separate
Marking

` – 0

Solve  σ`, u`, ndof

Estimate  η2
` pT q

}f ´ f`}
2 ď κη2

`

Input: T0, κ,
θ, ρ, minNdof

Mark
(Dörfler criterion, θ)

Refine  T``1

(NVB)
ndofěminNdof

Approx  T``1

(TSA+compl., ρ)

` – ` ` 1

Output:
pT`, σ`, u`q`

y n

y

n

Case A Case B
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Adaptive LSFEM – Quasi-Optimal Convergence

Non-linear approximation class As pu, f q P Aˆ L2pΩ;R2q with

|pu, f q|2As
– sup

NPN
N2sE pu, f ,Nq ă 8

Best possible error

E pu, f ,Nq

– min
T PT

|T |´|T0|ďN

´

min
pτLS,vLSqPΣpT qˆApT q

LSpf ; τLS, vLSq ` osc2pg 1, EpBΩqq
¯

Optimal convergence rate D0 ă κ0 ă 8 D0 ă θ0 ă 1 @0 ă κ ď κ0

@0 ă θ ď θ0 @0 ă ρ ă 1 @0 ă s ă 8,

sup
`PN

`

|T`| ´ |T0|
˘2s`

LSpf ;σ`, u`q ` osc2pg 1, E`pBΩqq
˘

ď Copt|pu, f q|
2
As

Copt depends solely on T0, s, κ, θ, ρ
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Adaptive LSFEM – Quasi-Optimal Convergence – Proof

discrete
reliability (A3)

quasi-
interpolation

discrete
Helmholtz

decomposition

convergence
of uniform
refinement

reliability

stability (A1)

reduction (A2)

contraction

orthogonality of
boundary data
approximation

separate
marking

quasi-optimality

efficiency

optimality of
data approxim-
ation algorithm

control of
overlay/closure
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Conclusions

Comprehensive abstract theory for dPG as a mixed method and/or as
a minimum residual method

More stable and smaller pre-asymptotic range than other/standard
methods (e.g. Nédélec-FEM for Maxwell)

Test search space can be small without loosing stability in the
examples presented

Work in progress on
§ Guaranteed upper error bounds
§ Adaptive mesh design
§ Time-evolving dPG
§ dPG for non-linear problems (e.g. eigenvalue computation)
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Thank you for your attention!

Advert from http://www.degruyter.com/view/j/cmam
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