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Exercise 1 (Errors of difference quotients)
Let J ∈N, ∆x := 1/J and x j := j∆x for j = 0, . . . , J . Show that u ∈ C 4([0,1]) and any suitable
j ∈ {0, . . . , J } satisfies

|∂±u(x j )−u′(x j )| ≤ ∆x

2
‖u′′‖C ([0,1])

|∂̂u(x j )−u′(x j )| ≤ (∆x)2

6
‖u′′′‖C ([0,1])

|∂+∂−u(x j )−u′′(x j )| ≤ (∆x)2

12
‖u(4)‖C ([0,1]).

Exercise 2 (Error estimate for implicit Euler scheme)
Additionally to the notation of Exercise 1.1, let T > 0, K ∈ N, ∆t := T /K and tk := k∆t for

k = 0, . . . ,K . Prove that u ∈C 4([0,T ]×[0,1]), any k = 0, . . . ,K and the (U k
j ) j k from the implicit

Euler scheme satisfy

sup
j=0,...,J

|u(tk , x j )−U k
j | ≤

tk

2
(∆t + (∆x)2)

(‖∂4
xu‖C ([0,T ]×[0,1]) +‖∂2

t u‖C ([0,T ]×[0,1])
)
.

Exercise 3 (Integration by parts)
a) Prove that ∆x > 0, (V j ) j=0,...,J ∈ RJ+1, and (W j ) j=0,...,J ∈ RJ+1 with V0 = VJ = W0 = WJ = 0
satisfy

J−1∑
j=1
∆x

(
V j+1 −2V j +V j−1

(∆x)2

)
W j =−

J−1∑
j=0
∆x

(
V j+1 −V j

∆x

)(
W j+1 −W j

∆x

)
.

b) LetΩ⊂Rn ,n = 1,2,3 be a bounded domain with piecewise smooth boundary ∂Ω, where
div =∇ for n = 1, and outward normal ν along ∂Ω. For v ∈C 1(Ω), q ∈C 1(Ω;Rn), show∫

Ω
(v div q +∇v ·q) dx =

∫
∂Ω

vq ·ν ds.

Hint: You may assume that Gauss’s divergence theorem holds for bounded domains with
piecewise smooth boundary.

Exercise 4 (Numerical comparison of Euler schemes)
Implement and compare the explicit and implicit Euler scheme for the heat equation (func-
tions explicit_euler and implicit_euler from the book of S. Bartels, available at http:
//extras.springer.com/2016/978-3-319-32353-4). Study the influence of the param-
eters ∆t and ∆x and determine cases where one of the schemes is favorable to the other.
How can this be explained?

http://extras.springer.com/2016/978-3-319-32353-4
http://extras.springer.com/2016/978-3-319-32353-4

