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Exercise Sheet 13

Discussion on 13.02.2017

Exercise 1 (Arbitrarily bad convergence for uniform refinements)

Let 9,,¢ € N, denote a sequence of consecutive red-refinements of the initial regular tri-
angulation 9 of Q. Given an arbitrary monotonically decreasing sequence ¢k, k € N, show
that there exists a right-hand side f € H'(Q) := (H, (€))* such that the exact weak solution
u € Hy(Q) to the Poisson model problem —Au = f and the corresponding finite element
approximations uy € S(l) (Tp) satisty

IV(u—upll2q) = €e-

Exercise 2 (Convergence for any refinement)

Let Q denote a polygonal Lipschitz domain, f € L*(Q), a: H} (Q) x H} (Q) — R a scalar prod-
uct and 9 an initial regular triangulation of Q. Let 9,,¢ € N, be a sequence of arbitrary
consecutive refinements, i.e., 9y is (arbitrary) refinement of 9,_;, with associated finite
element solutions u, € S3(JI7) < H, (Q) with

a(ug,v) :f frdx for all UES(I)(L%).
Q

(a) Prove that the sequence uy, ¢ € N, converges to a function u, € H(} Q).

(b) Does the limit u, solve the weak formulation

a(u, v) :f fvdx  forallve Hy(Q)? 1)
0

(c) State a sufficient criterion on the sequence 9, ¢ € N, such that u., = u holds with the
solution u € H(} (Q) to the weak formulation ().

Exercise 3 (Two-energy principle)

Let 9 denote a regular triangulation of the polygonal Lipschitz domain Q < R?. Define
the midpoint function mid € Py(J;R) by mid(9)|7 := mid(T) := ¥ c 4 (1) 2/3 € R%. Let
Uc € Sé () solve the conforming P;-FEM and pgrr € RTy(9") the mixed Raviart-Thomas-
FEM of the Poisson model problem with right-hand side f € L2(Q).

(a) Forany T € 9, prove that
prrlT = Hoprr + cr(e —mid(7T)) with ¢y =divpgr

and that (¢ —mid(9)) is L?(Q;R?)-orthogonal on Py (T ;R?).
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(b) Compute || e —mid(T)|l2(r) in terms of | T'| and A (T) = {Py, P2, P3}.

(c) Prove that

2 2 § 2 . 2
Teg

Exercise 4 (Two-energy principle — Numerical experiment)
Use Exercise 3 (b)—(c) and the functions from the AFEM package to compute the a posteriori

error estimator () := (L reg (T, T))”2 with

2

Isz(fj-) T) = ”PRT - qu"LZ(T)'

Compare the values of this estimator with the usual edge-oriented error estimator n(9") :=
(Xpeen(T, EB) 2 from estimateRTOEtaSides in one convergence history plot.

Hint: The function solveRTOPoisson returns an array p which contains the three coef-
ficients with respect to the local Raviart-Thomas basis functions

1 0 .
(0)' (1), and x-—-mid(7T)

on each triangle T € 7.



