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Exercise Sheet 3

Discussion on 14.11.2016

Exercise 1 (Regularity of solutions)

Lety € (m,2m) and Q:={(rcos¢,rsing)|0<r<1,0< ¢ <y} and u(r,¢p) = r”’Ysin((pn/)/) in
polar coordinates on Q. Prove that u : Q — R solves the Poisson model problem on Q with
right-hand side f = 0 and respective boundary data but u ¢ C*(Q) for y € (7, 27).

Hint: You may use the formula for the Laplacian in polar coordinates,

Au=0%uldr? +r1ouldr + r20*uldp?.

Exercise 2 (Weak derivatives are necessary)
Let Q = (-1,1)" = R" and v,,sgn: Q — R with v, (x) := /| x|2 + €2 — € and

X for x #0,
sgn(x) :={ X
gn {0 for x =0.

Prove that v, a_nd its gradient converge to v = |¢| and sgn in L?(Q) for £ \, 0 and use that to
show that C1(Q), equipped with the scalar product (e, ¢) ;2 + (Ve,Ve) ;2 ), is not a Hilbert
space.

Exercise 3 (Globally continuous, piecewise differentiable functions)
Let Q < R" open, bounded with piecewise smooth boundary, (Qj) j=1,..,; open, bounded

and disjoint subsets of (2 with piecewise smooth boundary with O = Q;U---U Q;. Show
that any u € C(Q) with ulg; € C J(® j) is weakly differentiable.

Exercise 4 (Solutions to PMP)

In the setting of the Poisson model problem, let V = H}) (Q), a: V xV — R defined by
a(u,v) = [Vu-Vvdxand F = [, fvdx+ fFNgv ds. Prove that there exists a unique so-
lution u € V to

a(u,v)=F(v) foranyveV,
and that this solution satisfies

lull gy = (T+ Cl%)max{l,Cy}(llflle(Q) + ||g||L2(rN))-



