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Exercises on Sobolev Spaces

Exercise 1 (Embeddings of L” (Q2))
Let Q < R” a bounded domain and 1 < p < g < co. Prove that any f € L9(Q) satisfies f €
LP(Q) and (with the short notation 1/q := 0 for g = 00),

1/p-1/
1flp <1QEP790 fllg.

In particular, it holds L7(Q) < L”(Q).
Hint: Consider p:= q/p and g with 1/p +1/g =1 and use Holder’s inequality.

Exercise 2 (Globally discontinuous, piecewise differentiable functions)
Let Q= (-1,1) cRand sgn: Q — R with

= forx#0
sen(x) ;= { ¥ ’
gn(x) {0 for x=0.

Prove that sgn is not weakly differentiable.

Exercise 3 (Functions in H! (Q) don’t have jumps)

.....

and disjoint subsets of Q2 with piecewise smooth boundary with Q=Q U---u Q. Show
that any u: Q — Rwith ulg; € C'(Q;) satisfies u € H'(Q) if and only if u € C(Q).

Exercise 4 (H! (Q) is not embedded in C°(Q))
Let Q= B;(0) cR? and u: Q — R with

u(x) ::ln(llnﬁl).

Prove that u € H(Q) \ C(Q).
Hint: Calculate the (classical) partial derivatives on B; (0)\ {0} and show that they lie in L2(Q)
by transformation to polar coordinates.



