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{ > Immersian :

Defl: Let M, N be diffoentiable manifalds. Then on Tmmersion is o differential
“Pun thion LM = N whose desivative is ewurywhere injective.

~J
e

An immersion (s o map thet is injechve on tangent spaces, hat is

Do £ T —» ‘T{,”M in)ettive Poe all points  p & M.

2) Em bedding ;

bef2s A mop £:M N s caled proper i the preimage of every compoct

set in N {s compact in M.
AN immersion that is injeclive and propes s called an embedoling.

That is, an embedding  fiM =N & an immersion , whith maps M

homeomorph.calta onto iis \m&%e (—(‘lM\cN)

Proposition | .

2 =N s oan embeoloh‘/\%, Ahen LMY is o submanifold of N

=P Exarp e

O 8 1) 7

o on immersion od S 4o
o but fhe immersion fs not vgcdnve
¢ mt on embeddfa%‘

« Consider the warve P -7, 1) — N*
defined by R(4) < (sinot | sint)

« ison injeciive Smooth immersion
(because \@‘ (4) never vanishes)

o [t is not an embedoling becav se ?*S;fmage

ic compact while s dormoin is not.

AN

14 tontarns all its (open)

\imitpoints ,s0 it is

o closed Subset of Rt
Since it is Yoovnded @s
well J‘o% 4he Heine-Qxe)
Therem , 1T is a compack

cubsed o) Awa plane R,



*& When M itseld s a compact manifold ewy map -F M =N s proper, Th
. coper, U

Por compact moanifolds , embeddings are  Just one- to-one {
- mmersians., -

) The Whi’rneé Embedding Theorem

let M be a compact manifold. Then there is an @Mbcdo{fma M—s R or
Su {»\'dm*r\a large n.

wp The Bump Tuaction |

clryi= §xe ™ llxll, <o, byl o) vm] ¢r ?
There s & C”»-?unch‘on ¥ on M™ with —?o\\ow\‘ng properties;

(i) ¥20
G T4 on C(D)
(i) 0 on ™\ ¢(2)

rm———— ‘ -‘,‘E

@ _e(*}.= 'S C .

0 e t<o

A £ 1) This Punchion is  emooth ar =0,
(Each derivative of the function on the right
¢ zero ot this pointd)




@ 6(":\!: ________..___-?&)
30 (4-4)
tor4z !, §U-8I=0 = gle)= 4.
g = O

%('ﬂ

ror L ¢o, 40 =2

& W= g({m%(a»ﬂ
fof £20 , 9l2-6=0, W) =0

hit)
T For t ¢ - ,g(iu):o,h({»\zo
Qo, ¥ s supporied inside T-2.,2]).

For -heted W =4

Y

&

-2 " ) { o

e = wlia- - N

—> the Whithey &mb%dc\ivg Thearem Condinuned :

ool Tor every point PE M we can {ind a chart (W, \-\Q with
M(P\"O and e (Up) = (2)
b€ b (ch) and M= U h;' (CU)} '

e
geN\

» M compact = 3 chort (U hy) sy (W hy, ) as above,

2
m=\_J W )
=14



"

> Bii= 07 (1) |, whee J W= tohi on

=) “P,' (e Ch M
Y.z 0 otherwise ()

B < ) .
: h. (C(()) ond M= U 8;. (Poite union of subcovers)
i={

= Define  Pe (*(m, ™)

i () Wy (%) for x € U;
\()', (Y) =
0 otherwrise

- Je c” (M,sfz“m*"‘)

flas LRiL, by, o ), % ()

® For xe By oo Hahoo L s

immersive on B; =
.? s immersive oa M

o ¥For xel; ond 3;6)( ,

ey €8, then fily) =hily) # b ()= L0

o 4 £8 , then Nily) ¢4 =09

" X . , kL(m+4)
-P 1S o m)echve immession M — " . Since M ig (ompad/
P ben'n% an injechive immersion is an e,m\oecldha,

Lemma

(a\ Ar\ M ersion -C-, M —a W ,WW’C\/\?S Q homeomorphfs\m QQ M on -C(MB/
s oNn p,mbe,cid(ng.

(L) A confinvovs Injective map £ M—=>W with compact M is o hOMeomorph;;
of M ower f(M).



‘ ™ m+k '
(a) For points p € M and L(p) € W , £ s in 4he fm of

(X1/’~ /X ) B o ()(4,..,.,)(,“,0,;..,-..,0) ()

(%) Polows the Locad Tmmercion Theoem. (yhich stades that P is Pocally

equiualeﬂt to the cononfecal immersion near x ) .

mop e
e e (/
W . k
<
h
s }D i Ve ™t
u'c f” X p—> (x,0) L l

wp L () is open in Lim) = flwy=L(m)NV, =V, open in W
-y L (LMINAV AV = (R™x50F) nv (VAaV,)
- (M) is submoanifsld of W , Pis a homeomorphism  fom M — L (M)

=y -P s an embedd“ma, (see Proposition 1)



(1)

- LM S Lm) s continyous and  bijective.

- letr LM beopen =5 M\MU is closed and compact shce -M ko

- POMONSW) = £ (MUY Ts compact and continvous.
P (M) is closed = L(m)  Housdorf{

= Plu) is open in (M) (

=» 7' is continuous .
2 s o bijection fom o compact

\
\ spoace onto o Hoausdor f £ space
~ N

2
.P is o homeomorph’ls\m onto its imcrge.,



