1 Preamble

Today our goal is to show that for any smooth map [ : 5% s S™ and ity
repular vahies V the residue class modulo 2 of # £ () does not depend on
the choice of y € V.

In peneral, this also works for f @ M - N where M is compact without
bowundary, N is connected and both manifolds are of the same dimension.

2  Definitions

Far thig topiec we need two new definitions:

L Definition 1. For X ¢ R¥ twomaps f, ¢ : X —3 ¥ are called smoothly homotopic
if & smooth map F @ X % |0,1] — ¥ exists such that:

Fla,0) = f(x) and F(e, 1) = g(x),Vr e X.

£ i3 called a smooth homotopy hetween f and g.

% Definition 2. A diffeormnorphism [ is smoothly isotopic to g if a smooth homo-
Ctopy B X x (0,1 — Y from [ to g exists such that for each ¢ ¢ [0,1] the
correspondence @ -y F{a, 1) is a diffeomnorphism between X and V.

Fis called a smooth isotopy between f and g.

We eall two }Sfﬁnt .y in a manifold isotopic if a smooth isotopy carrying onc
onto the ofher exists, o

Note that being smoothly homotopic is an equivalence relation.
symmetry and reflexivity are quite easy to show,
For the transitivity we will constract a smooth hamper funcion ¢ 2 [0,1] ——
{4, 1] such that:
At) = 0 for 0 < ¢
Bt) =1 for & <t <
For example:

formmia Gla, 1) = F(2, ¢(2) is a smooth homotopy with:

Gle, ) = fla) fo{: 0<1< J; and G, t) = glx) for “% <t <1,

Construet your D{a, 1) = H{x, ¢(1)) shmilarly.

Now concatenate both to get the homotopy between f and b and due to the

bunper function we arrive at a smooth homotopy.
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3 Homotopy Lemma

Lemma 1. Let f,g: M - N be smoothly homotopic maps between maondfolds
of the same dimension, where M is compact and withowl boundary, If y € N is
a regular value for both [ and g, then:

#F ) = Ay y) mod(2).

Proof. Tet F: M x {0,1] —> N be a smooth hemotopy belwesn f and g.
First case:

Suppose that ¥ is also a repular value for F.

Now we use Lemuma 4 from the last talk, which was:

Iy € Nis a vegular value for F and the restriction F(z)|pmwndary( Mx[o,p > then
P y) © M % (0,1} is a compact 1-manifold with bomndary. Furthermore the

i boundory{F 1 (y)) is equal to:

F g (M < (UM x (1) = i Ug™ ()

Henee, the mumber of baundary points of F°% is $he same as £ 7H()-+Hdkg Hy).
But in the last talk we already learned thal a compact 1-Manifold always has
an even mmber of boundary points.

Hence #F57' (1) = #97"(y) mod(2).

Second case:
Now suppose that g is no regular value of F, but of f and g,
From chapter one we know that # 7 1(w) and g7 () are locally constant.
Hence, we can find neighbowrhoods Vi, Vo < N of g, s.0 for any »° € V) and
yrel,
HF ) = A8 ) and g Hy) = g {y™) hold.
We also know that regular values are dense everywhere, so we can choose one 2
of F within ¥ [ Va.
HEHy) = #17(2) = #g7 " (2) = Ho (g} mod 2.

This holds because of the first case. [
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4 Homogeneity Lemma

Lemma 2. Let y and z be arbitrary interior points of the smooth, connected
manifold N. Then o diffeornorphism oo N -y N exists sueh that  ie smoothly

isotopic Lo the idenlily and carrics y onto z.

Proaf. First we construct o smooth isotopy from RB* to jilself which:
s 1. leaves all points ondside of the unit bali lixed, and
‘ 2. shdes the origin to any desired point of the open unit ball,

For this we construct a smooth ¢ : B ——3 B with:

d(x) = 0 for {lo}] < 1 and ¢lz) = 0 for {2} > 1

(For example ¢ix) = A1 — [|2][* with A() = 0 for £ < 0 and M#) = exp (~£71)
for ¢ > 0).

Now for arbitrary ¢ € " and 2% ¢ " the differential equations:

iid’_r_ = ey, g ay), (0) = &* for 4= 1, .., n have a anigue solntion.

It has now become apparent. that ¢ gives you the direction and ¢ the distance
to shift the origin,

For example, if you want to carry the origin to p, choose ¢ = -ﬁf'- and a matching
t.

From now on denote x(1) == F;(z") and note:

1. Fi{a®) is defined and smooth for any { and w*,

2. Fy(a*) = a*

3o Fopla™) = Foo Iy (0%

Observe that that F_, is the inverse of Fy and for £ 3 {} you get the identity.
It then follows that each Fy is a diffeomorphism: from B onto itself and with a
variable ( smoothly solopic to the dentity.

With suitable choices of ¢ and ¢, F) will carry the origin to any point in the
open ball.

Now for any connected manifold N (connected manifolds are path connected)
any interior point ¢ has a neighborhood diffeomorphic to B™,

So our argument shows that any point in this neighborhood is isotopic to .

It other words | each isotopy class of points in the nterior of N is an open sef,
and the interior of N is partitioned into disjoint open isotopy classes.

But N is connected ¢ N can not be separated into open sets,

Heace it is only one set. [
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5 Main theorem

Theorem 3. Assume that M is compect and hos no boundary, N is connected
arnd f M = N is smooth.

If y and z ave requler values of | then:

B () = 47 (2) mod(2)

This common residue class, which is colled the mod 2 degree of [, depends only
on the smooth homatopy class of .

Proof. Given y,z and [ as above. Let i be a diffeomorphism fromr N to N
which ig isotopic to the identity and carries y onto z.

Then z is a regular value of e f and ho f is smoothly homotopic to f.

From the homotopy Lemma follows:

H#(ho FY 2= #171(2) (mod 23, but

(ho [)(z) = s
#y) = 457 (=) (mod 2)

Call this residue class dego{ f3. Now suppose that [ is smoothly homotopie to
q.

Sard’s theorem guarantees you a regular value y for hoth,

Then the homotopy Lemma gives yow:

6 Example

Bxample 4. A constant map ¢ M 3 M has a degree that is even mod 2,
The only point with a preiinage is no regular value because the derivative of our
map is (.

The identity has an odd degree mod 2.

Hence there is no smooth homotopy between them for A compact and with an
emply boundary.

For M = 8™ this implies that there is no smooth map f: D™ ey §7 which
lenves the sphere pointwise fixed.

We already saw this in §2 lemma 5.

Otherwise we conld use f to construct a smooth homotopy:

Fosmx 0,1 — 8" Flaty = ftx)

with F(x, 1) = f{x) and F{z,0) =constant, but then they would have the same
degree modulo 2,

is a smooth map and S? s compact without boundary and 1 is comnected, The
main theorem gives us that the residue class s the same for a1l regular values,
As u can see there are no points in the preimage for values outside of the disk
and 2 for those in the nterior. The points on the boundary are no regular

values.




