
Lectures on Riemann Surfaces Problem Set 5

Prof. Dr. T. Krämer Due: 25 May 2018

Please hand in your solutions at the beginning of the problem class on Friday.

Problem 13. Let Λ,Λ′ ⊂ C be lattices.

(a) Show that any holomorphic map f : C/Λ′ → C/Λ with f(0) = 0 comes from
a linear map

f̃ : C → C, z 7→ az for a unique a ∈ C with a · Λ′ ⊆ Λ.

(b) If Λ′ = Λ and if f 6= ±id is a non-trivial automorphism, show that a must be
a root of unity with the property that Λ = Zλ⊕ Zaλ for any non-zero lattice
vector λ ∈ Λ \ {0} of minimal length.

(c) Find all automorphisms of the complex tori

C/(Z⊕ iZ) and C/(Z⊕ ρZ) for ρ = exp
(
2πi
3

)
,

and show that any torus as in part b is isomorphic to one of these two.

Problem 14. For n ∈ N, show that fn : P1(C)→ P1(C), z 7→ zn + z−n is a branched
Galois cover whose group of deck transformations is the dihedral group

D2n =
〈
σ, ρ

∣∣ ρn = σ2 = id, σρ σ = ρ−1
〉
.

Problem 15. For each of the following two maps f : Y = P1(C)→ X = P1(C), find
the ramification/branch locus

Y ⊃ R(f) −→ Br(f) ⊂ X

and the deck transformation group Aut(Y/X), and decide whether this branched
cover is Galois:

(a) f(z) = z3 − 3z,

(b) f(z) = (z2 + 1)2.

Bonus problem. If X is a Riemann surface and G→ Aut(X) is a freely discontinuous
group action by biholomorphic automorphisms, check that the quotient Y = X/G
is again a Riemann surface. Determine π1(Y, y) when X is simply connected.
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