
Lectures on Riemann Surfaces Problem Set 10

Prof. Dr. T. Krämer Due: 02 July 2018

Please hand in your solutions before the lecture on Monday.

Problem 28. Let X be a triangulated surface. For each vertex v let Uv ⊆ X be the
interior of the union of all faces containing v. Show that Cech cohomology of RX

on the open cover U = {Uv | v vertex} is dual to simplicial homology:

Ȟn(U ,RX) ' HomR
(
Hn(X,R), R

)
for all n ∈ N0.

Problem 29. Let X be a complex manifold.

(a) Show that a holomorphic line bundle L on X is isomorphic to the trivial line
bundle iff it has a nowhere vanishing holomorphic section.

(b) Deduce that L⊗ L∗ is always trivial and that the set of isomorphism classes
of holomorphic line bundles on X forms a group. We denote it by Pic(X).

(c) Show that Pic(X) ' H1(X,O∗
X).

Problem 30. Let X be a Riemann surface. Show that the map d log : f(z) 7→ f ′(z)
f(z) dz

gives an exact sequence

0 // C∗
X

// O∗
X

d log // Ω1
X

// 0

where Ω1
X denotes the sheaf of holomorphic 1-forms. If X = {z ∈ C | 0 < |z| < 1},

find the cokernel of

d log : H0(X,O∗
X) −→ H0(X,Ω1

X).

Bonus Problem (if you know singular cohomology). Let X be a locally contractible
space and

Fn = sheaf associated to the presheaf U 7→ Cn(U,Z),

where Cn(U,Z) denotes the group of singular n-cochains on U ⊆ X. Show that we
have a flabby resolution 0 → ZX → F 0 → F 1 → · · · and deduce that singular
cohomology coincides with the sheaf cohomology of the constant sheaf.
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