On the error term of the prime geodesic theorem

J. Jorgenson and J. Kramer^∗

1 Introduction

1.1. Let H denote the upper half plane, Γ ⊆ PSL_2(R) any Fuchsian group of the first kind and M := Γ\H the corresponding quotient space. We denote by ℓ_γ the hyperbolic length of the closed geodesic determined by a hyperbolic element γ ∈ Γ. The prime geodesic counting function π_M (u) (u > 1) is defined as the number of inconjugate, primitive, hyperbolic elements γ ∈ Γ such that e^{ℓγ} < u. The prime geodesic theorem then states the estimate (see [3], [5], [6] and the references therein)

π_M (u) = ∑ 0≤λ_{M,j} <1/4

li(u^{sM,j} ) + O_M ( u^{3/4}(log u)^{−1/2} ) ,

where 0 = λ_{M,0} < λ_{M,1} < ... are the eigenvalues of the hyperbolic Laplacian acting on the space of smooth functions on M and

s_{M,j} := 1 2 + √ 1 4 − λ_{M,j} .

As indicated above the implied constant in the error term depends on M. The aim of this paper is to study this dependence, if M is a finite degree cover of a fixed base space M_0 := Γ_0\H , i.e., Γ is a subgroup of finite index in the Fuchsian group of the first kind Γ_0. Under these assumptions the main result given in Theorem 3.4 states that, if C_{M0} is a positive constant implied by the prime geodesic theorem on M_0, the quantity

C_M = [Γ_0 : Γ] · C_{M0}

∗The first author acknowledges support from NSF grant DMS-96-22535, from A.G. Petrello and from A. Typaldos and thanks M. Burger and A.-S. Sznitman for the invitation to the FIM at the ETH in Zurich. The second author would like to express his thanks to V.K. Murty for the invitation to the University of Toronto and to J. Oesterlé for the invitation to the Institut Henri Poincaré (Centre Emile Borel - UMS 839 IHP (CNRS/UPMC) - Paris), where parts of this note have been written.

can be taken as the corresponding constant in the prime geodesic theorem for M. 1.2. The paper is organized as follows: In section 2, after fixing some notation, we recall the definitions of Selberg zeta functions, of heat kernels and of hyperbolic heat traces, as studied in [11], attached to M. We then recall from [11], p. 656, that the logarithmic derivative of the Selberg zeta function can be realized as a Gauss transform of the hyperbolic heat trace; if M is compact, this formula is sometimes referred to as McKean’s formula, where the hyperbolic heat trace in this case is the trace of the heat kernel minus the volume of M times the heat kernel of the upper half plane H evaluated at distance zero. After recalling the definition of the prime geodesic counting function, we conclude this section by reminding the reader of the statement of the prime geodesic theorem. In section 3, we make the additional assumption that M is a finite cover of some fixed quotient space M_0 = Γ_0\H . We then extend the Artin formalism for the Selberg zeta functions under consideration (cf., e.g., [14], [15], [16], [17]) to the hyperbolic heat traces and the prime geodesic counting functions involved. This enables us to prove our main result in Theorem 3.4 using a generalized version of Weyl’s law as given in Lemma 3.3.

1.3. As an independent problem, further analysis of the error term in the prime geodesic theorem, and the prime number theorems in general, are of interest in analytic number theory. In our work we were lead to the problem of understanding the error term in the prime geodesic theorem in our study of bounds for special values of the Selberg zeta function of Riemann surfaces (see [8]). Specifically, our bounds for the special values under consideration are effective and explicit up to knowing the implicit constant in the error term of the prime geodesic theorem, hence, the necessity for the work presented in this article. Going further, the method of proof we develop here will apply to a larger class of zeta functions, where one has the analogue of the McKean formula (which holds in wide generality) and where one has an Artin formalism. We leave the application of the method of proof in the present paper to more general settings to the interested reader.

2 Preliminaries

2.1. Riemann surfaces. Let H denote the upper half plane, Γ ⊆ PSL_2(R) any Fuchsian group of the first kind and M := Γ\H the associated quotient space, which can be given the structure of a hyperbolic Riemann surface. We denote by p_M , resp. n_M the number of cusps, resp. elliptic fixed points of M and by g_M the genus of the compact Riemann surface obtained from M by adding the cusps; we note that p_M = 0, if M is compact. We define the total branching order b_M of M by

b_M :=

n_M∑

k=1 (m_k − 1) ,

where m_k is the order of the corresponding elliptic element; we note that b_M = 0, if there are no elliptic elements in Γ. We recall that M is equipped with the complete hyperbolic metric of constant curvature −1, which is induced from the canonical hyperbolic metric on H ; we denote the corresponding hyperbolic volume element by dμ. From [13], p. 42, we recall the formula

vol(M) 2π = 2g_M − 2 + p_M +

n_M∑

k=1 ( 1 − 1 m_k ) . Using the well-known inequality vol(M)/2π ≥ 1/42 (cf. [13], p. 44), we easily derive from the above volume formula

p_M ≤ 85 2π vol(M), n_M ≤ 85 π vol(M).

2.2. The set H(Γ). Let H(Γ) denote a complete set of representatives of inconjugate, primitive, hyperbolic elements in Γ. For γ ∈ H(Γ), we have |tr(γ)| > 2; furthermore, we note that γ ∈ H(Γ) generates its own centralizer in Γ. We denote by ℓ_γ the hyperbolic length of the closed geodesic determined by γ ∈ H(Γ) on M; it is well-known that the equality

|tr(γ)| = 2 cosh(ℓ_γ /2)

holds.

2.3. Selberg zeta functions. For s ∈ C , Re(s) > 1, and ψ a finite dimensional, unitary representation of Γ of rank rk(ψ), the Selberg zeta function Z_{M,ψ}(s) associated to M and ψ is defined via the Euler product expansion

Z_{M,ψ}(s) := ∏ γ∈H(Γ)

Z_{γ,ψ}(s),

where the local factors Z_{γ,ψ}(s) are given by

Z_{γ,ψ}(s) := ∞∏ n=0 det ( 1 − ψ(γ)e^{−(s+n)ℓγ} ) . If ψ = 1 is the trivial representation, we simply write Z_M (s), resp. Z_γ (s), instead of Z_{M,1}(s), resp. Z_{γ,1}(s). The Selberg zeta function Z_{M,ψ}(s) is known to have a meromorphic continuation to all of C with zeros and poles characterized by the spectral theory of the hyperbolic Laplacian (cf. [6], p. 498); furthermore, Z_{M,ψ}(s) satisfies a functional equation. For our purposes, it suffices to know that the Selberg zeta function Z_{M,ψ}(s) has a simple zero at s = 1, if ψ = 1, and is holomorphic and non-zero at s = 1, if ψ ≠ 1.

2.4. Heat kernels. The heat kernel K_H (t; x̃, ỹ) on H (t ∈ R_{>0}; x̃, ỹ ∈ H ; x̃ ≠ ỹ) is given by the formula

K_H (t; x̃, ỹ) = K_H (t; ρ) := √ 2e^{−t/4} (4πt)^{3/2} ∞∫ ρ re^{−r2 /4t} √ cosh(r) − cosh(ρ) dr,

where ρ := d_H (x̃, ỹ) denotes the hyperbolic distance between x̃ and ỹ (cf. [4], p. 246); if x̃ = ỹ, i.e., ρ = 0, the previous formula can be shown to equal

K_H (t; x̃, x̃) = K_H (t; 0) = 1 2π ∞∫ 0 e^{−(r2+1/4)t} r tanh(πr) dr.

The heat kernel K_{M,ψ}(t; x, y) associated to M and ψ (t ∈ R_{>0}; x, y ∈ M), resp. the hyperbolic heat kernel HK_{M,ψ}(t; x) associated to M and ψ (t ∈ R_{>0}; x ∈ M), are now defined by summing over the elements of Γ, resp. the hyperbolic elements of Γ, namely (cf. [5], p. 347),

K_{M,ψ}(t; x, y) := ∑ γ∈Γ ψ(γ) K_H (t; x̃, γ(ỹ)) , resp.

HK_{M,ψ}(t; x) := ∑ γ∈Γ |tr(γ)|>2

ψ(γ)K_H (t; x̃, γ(x̃));

here x̃, resp. ỹ are (any) lifts of x, resp. y to H . If ψ = 1 is the trivial representation, we simply write K_M (t; x, y), resp. HK_M (t; x), instead of K_{M,1}(t; x, y), resp. HK_{M,1}(t; x).

2.5. Hyperbolic heat traces. If M is non-compact, the hyperbolic heat kernel K_{M,ψ}(t; x, y) is not of trace class whereas the hyperbolic heat kernel HK_{M,ψ}(t; x) is integrable with respect to x. With this in mind, we define as in [11] the hyperbolic heat trace HT rK_{M,ψ}(t) associated to M and ψ (t ∈ R_{>0}) by the integral

HT rK_{M,ψ}(t) := ∫ M tr (HK_{M,ψ}(t; x)) dμ(x).

In analogy to the factorization of the Selberg zeta function Z_{M,ψ}(s) into local factors, there is a decomposition of the hyperbolic heat trace HT rK_{M,ψ}(t) into local constituents. Namely, we have

HT rK_{M,ψ}(t) = ∑ γ∈H(Γ)

HT rK_{γ,ψ}(t), where HT rK_{γ,ψ}(t) is explicitly given by the expression

HT rK_{γ,ψ}(t) = e^{−t/4} (4πt)^{1/2} ∞∑ n=1 tr(ψ(γ)) ℓ_γ e^{nℓγ /2} − e^{−nℓγ /2} e^{−(nℓγ )2 /4t}

(cf. [5], p. 349; [6], p. 207). If ψ = 1 is the trivial representation, we write HT rK_M (t), resp. HT rK_γ (t), instead of HT rK_{M,1}(t), resp. HT rK_{γ,1}(t). A spectral theoretical realization of the hyperbolic heat trace HT rK_{M,ψ}(t) is obtained by an application of the Selberg trace formula. For this purpose, we let {λ_{M,ψ}} denote the eigenvalues of the hyperbolic Laplacian acting on the space of smooth, global sections of the flat vector bundle associated to the representation ψ. There is only a finite number of eigenvalues λ_{M,ψ} satisfying 0 ≤ λ_{M,ψ} < 1/4; as usual, we label these eigenvalues by 0 = λ_{M,ψ,0} < λ_{M,ψ,1} ≤ λ_{M,ψ,2} ≤ ... < 1/4. Furthermore, there is a measure dμ_{M,ψ} defined on R, which describes the distribution of the eigenvalues λ_{M,ψ} ≥ 1/4, in particular of those eigenvalues constituting the continuous spectrum (cf. [6], p. 315). With these notations, we recall the formula

HT rK_{M,ψ}(t) + rk(ψ) · vol(M) · K_H (t; 0) = ∑ 0≤λ_{M,ψ,j} <1/4

e^{−λM,ψ,j t} + ∞∫ 0 e^{−(r2+1/4)t} dμ_{M,ψ}(r). (1)

If M is compact, the measure dμ_{M,ψ}(r) is concentrated with mass one in the points of the form r = √ λ_{M,ψ} − 1/4 with λ_{M,ψ} ≥ 1/4. Again, to simplify notations, we write λ_M , resp. λ_{M,j} instead of λ_{M,1}, resp. λ_{M,1,j} , if ψ = 1 is the trivial representation.

2.6. McKean formulae. As a next ingredient, we recall the McKean formulae for the Selberg zeta function and its local factors (cf. [12] and [11], p. 656). For this purpose, we let s ∈ C with Re(s(s − 1)) > 0. Then, the McKean formula for the local factor Z_{γ,ψ}(s) states the equality

Z^′_{γ,ψ} Z_{γ,ψ}

(s) = (2s − 1) ∞∫ 0 HT rK_{γ,ψ}(t)e^{−s(s−1)t} dt.

Accordingly, the McKean formula for Z_{M,ψ}(s) becomes

Z^′_{M,ψ} Z_{M,ψ}

(s) = ∑ γ∈H(Γ)

Z^′_{γ,ψ} Z_{γ,ψ}

(s) = (2s − 1) ∞∫ 0 HT rK_{M,ψ}(t)e^{−s(s−1)t} dt.

2.7. Small eigenvalues. A small eigenvalue of the hyperbolic Laplacian is any eigenvalue, which is less than 1/4. For any a ≥ 0 and a < b ≤ 1/4, we let

N_{M,ψ;a,b} := #{λ_{M,ψ,j} | a ≤ λ_{M,ψ,j} < b}.

To simplify notation, we supress the index ψ, if ψ = 1. From [19], p. 1620 (cf. also [2]), we recall the upper bound

N_{M;0,1/4} ≤ 4g_M + 2p_M + 2n_M − 2.

From this and the estimate vol(M) π = 4g_M − 4 + 2p_M + 2

n_M∑

k=1 ( 1 − 1 m_k )

≥ 4g_M − 4 + 2p_M + n_M , we easily deduce the alternative upper bound

N_{M;0,1/4} ≤ 128 π vol(M),

using also vol(M) ≥ 1/42 and n_M ≤ 85/π · vol(M).

2.8. The prime geodesic counting function. Consider the function

π_{M,ψ}(u) := ∑ γ∈H(Γ) eℓγ <u

tr(ψ(γ)),

which is defined for u ∈ R_{>1}. If ψ = 1 is the trivial representation, we simply write π_M (u) instead of π_{M,1}(u), which is just the number of inconjugate, primitive, hyperbolic elements of Γ such that the corresponding geodesics have length less than log u. Letting now ℓ_0 > 0 denote a real number, which is smaller than the length of the shortest closed geodesic on M, and introducing the function

f(u, t) := e^{−t/4} (4πt)^{1/2} ∞∑ n=1 log u u^{n/2} − u^{−n/2} e^{−(n log u)2 /4t},

we immediately derive from the decomposition of the hyperbolic heat trace into its local constituents the formula

HT rK_{M,ψ}(t) = ∞∫ e^{ℓ0}

f(u, t) dπ_{M,ψ}(u).

2.9. The prime geodesic theorem. For any small eigenvalue λ_{M,ψ,j} we put

s_{M,ψ,j} := 1 2 + √ 1 4 − λ_{M,ψ,j} ,

and note that 1/2 < s_{M,ψ,j} ≤ 1. Introducing the integral logarithm

li(u^{sM,ψ,j} ) :=

u^{sM,ψ,j}∫

2 dξ log ξ , the prime geodesic theorem states

π_{M,ψ} (u) = ∑ 0≤λ_{M,ψ,j} <1/4

li(u^{sM,ψ,j} ) + O ( u^{3/4}(log u)^{−1/2} )

for u > 2, where the implied constant depends solely on M and ψ (cf. [7], p. 474).

3 An estimate for the error term for covers

3.1. Artin formalism. We fix a Fuchsian group Γ_0 ⊆ PSL_2(R) of the first kind and denote the associated quotient space Γ_0\H by M_0. We then consider subgroups Γ ⊆ Γ_0, which have finite index in Γ_0; the associated quotient spaces M = Γ\H are then finite covers of M_0 of degree [Γ_0 : Γ]. In [14], [15], [16], [17] it is shown among other things that the Selberg zeta functions associated to M and M_0 are related by the formula

Z^′_M Z_M

(s) = ∑ ψ mult(ψ)

Z^′_{M0,ψ} Z_{M0,ψ}

(s) , (2)

where the sum is taken over all irreducible representations ψ occuring with multiplicity mult(ψ) in the representation ind^{Γ0}_Γ (1), which is the representation induced by the trivial representation 1 on Γ to Γ_0. If the cover is normal, meaning Γ is a normal subgroup of Γ_0, then mult(ψ) = rk(ψ). We refer to equation (2) as the additive Artin formalism satisfied by the logarithmic derivatives of the Selberg zeta functions Z_M (s) and Z_{M0 ,ψ}(s) (cf. also [10]). More generally, we will say that a system of functions f_M and f_{M0,ψ} associated to M and M_0, ψ, respectively, satisfies the additive Artin formalism, if the functions in question are related by an equation analogous to (2).

3.2. Lemma. The following system of functions associated to M and M_0, ψ satisfies the additive Artin formalism:

(a) The logarithmic derivatives of the Selberg zeta functions Z_M (s), Z_{M0,ψ}(s). (b) The hyperbolic heat traces HT rK_M (t), HT rK_{M0,ψ}(t). (c) The prime geodesic counting functions π_M (u), π_{M0 ,ψ}(u). (d) The integral logarithms ∑ 0≤λ_{M,j} <1/4 li(u s_{M,j} ), ∑ 0≤λ_{M0 ,ψ,j} <1/4 li(u s_{M0 ,ψ,j} ).

(e) The counting functions #{0 ≤ λ_{M,j} < T }, #{0 ≤ λ_{M0 ,ψ,j} < T }.

Proof. (a) The proof of (a) follows immediately from Venkov’s work discussed in 3.1.

(b) To prove part (b), we introduce the new variable w = (s−1/2)^2, Re(w) > 1/4, in the McKean formulae for the functions Z_M (s), Z_{M0 ,ψ}(s). Then, we use part (a) to conclude that the functions d dw (log Z_M (s)) = ∞∫ 0 e^{−wt}e^{t/4}HT rK_M (t) dt, d dw (log Z_{M0,ψ}(s)) = ∞∫ 0 e^{−wt}e^{t/4}HT rK_{M0,ψ}(t) dt

satisfy the additive Artin formalism provided that Re(w) > 1/4. An application of an inverse Laplace transform, justified by [18], Theorem 7.6a, then shows that the hyperbolic heat traces under consideration themselves satisfy the additive Artin formalism.

(c) For a test function f defined on R and satisfying some mild Fourier conditions as described in [9], III.1, the Mellin transform Mf exists; here, we need to consider test functions f_u depending on an additional, real parameter u > 1. By [9], III.2, we then know that the integrals

V_M (f_u) := 1 2πi ∫ C Mf_u(s)

Z^′_M Z_M

(s) ds ,

V_{M0 ,ψ}(f_u) := 1 2πi ∫ C Mf_u(s)

Z^′_{M0 ,ψ} Z_{M0,ψ}

(s) ds ,

taken along a suitably chosen contour C in the complex plane, exist. From part (a) we conclude that the functions V_M and V_{M0 ,ψ} satisfy the additive Artin formalism.

In [9], the Γ-factor occuring in the functional equation for Z_M , resp. Z_{M0 ,ψ}, is denoted by Φ_M , resp. Φ_{M0,ψ}. Taking the logarithmic derivative of the functional equations for Z_M and Z_{M0,ψ}, we then deduce again from part (a) that the functions Φ^′_M /Φ_M and Φ^′_{M0,ψ}/Φ_{M0 ,ψ} satisfy the additive Artin formalism. This shows, as before, that the functions

W_M (f_u) := 1 2πi ∫ C Mf_u(s)

Φ^′_M Φ_M

(s) ds ,

W_{M0 ,ψ}(f_u) := 1 2πi ∫ C Mf_u(s)

Φ^′_{M0 ,ψ} Φ_{M0 ,ψ}

(s) ds ,

with the contour C chosen as above, also satisfy the additive Artin formalism. The explicit formulas given in [9], III.2 (Theorem 2.2), now show that the functions Π_M (f_u) := ∑ n≥1 γ∈H(Γ) 1 n · nℓ_γ e^{nℓγ /2} − e^{−nℓγ /2} f_u(e^{nℓγ} ) ,

Π_{M0 ,ψ}(f_u) := ∑ n≥1 γ∈H(Γ0 ) 1 n · tr(ψ(γ)) nℓ_γ e^{nℓγ /2} − e^{−nℓγ /2} f_u(e^{nℓγ} )

also satisfy the additive Artin formalism. Finally, we choose our test function f_u as follows: For u > 1, u ≠ e^{nℓγ} , we let f_u be a smooth, compactly supported function on R satisfying f_u(x) = f_u(1/x) for x ∈ R, f_u(x) = 0 for x > u and

f_u(x) = e^{nℓγ /2} − e^{−nℓγ /2} nℓ_γ

for the discrete set of values of x of the form x = e^{nℓγ} , 1 < x < u. With this choice in mind, we find

Π_M (f_u) = ∑ n≥1,γ∈H(Γ) enℓγ <u 1 n , Π_{M0 ,ψ}(f_u) = ∑ n≥1,γ∈H(Γ0 ) enℓγ <u

tr(ψ(γ)) n ,

which proves the additive Artin formalism for the prime geodesic counting functions π_M (u) and π_{M0 ,ψ}(u) as long as u is smaller than any e^{2ℓγ} . Inductively, we conclude in this way that π_M (u) and π_{M0 ,ψ}(u) satisfy the additive Artin formalism, provided that log u is not an integral multiple of the length of an element of H(Γ_0).

(d) We let C denote a closed contour in the complex plane, which encloses the line segment [1/2 + η, 1] ⊂ R for sufficiently small η > 0 and passes arbitrarily close to the left of 1/2 + η and arbitrarily close to the right of 1. By multiplying both sides of equation (2) with the integral logarithm li(u^s) and then integrating along the contour C, we obtain after division by 2πi ∑ s∈int(C) res ( li(u^s)

Z^′_M Z_M (s) ) = 1 2πi ∫ C li(u^s)

Z^′_M Z_M

(s) ds =

1 2πi ∫ C ∑ ψ mult(ψ) li(u^s)

Z^′_{M0,ψ} Z_{M0,ψ}

(s) ds = ∑ ψ mult(ψ) ∑ s∈int(C) res ( li(u^s)

Z^′_{M0 ,ψ} Z_{M0 ,ψ} (s) ) ,

where int(C) denotes the interior of the set circumscribed by the contour C. Since the logarithmic derivative Z^′_M /Z_M (s), resp. Z^′_{M0 ,ψ}/Z_{M0,ψ}(s), has poles of order one with residue one precisely at s = s_{M,j} , resp. at s = s_{M0 ,ψ,j} , we end up with the formula ∑ 0≤λ_{M,j} <1/4

li(u^{sM,j} ) = ∑ ψ mult(ψ) ∑ 0≤λ_{M0 ,ψ,j} <1/4

li(u^{sM0 ,ψ,j} ),

as claimed.

(e) To prove this claim, we proceed as in the proof of part (d), but replacing the function li(u^s) in the argument by the constant function 1. �

3.3. Lemma. Let M_0 = Γ_0\H be as in 3.1 and ψ any finite dimensional, unitary representation of Γ_0. Then, there exists a constant A_{M0} > 0 depending only on M_0 such that the measure dμ_{M0 ,ψ} described in formula (1) of section 2.5 satisfies |μ_{M0 ,ψ}(r)| ≤ A_{M0} · rk(ψ) · r^2 for any r > 0.

Proof. The spectral theoretical realization of the hyperbolic heat trace as quoted in section 2.5, formula (1), shows in the case of the trivial representation ψ = 1 the existence of a positive function F_{M0} depending on M_0 such that t · F_{M0} (t) is bounded as t approaches zero and such that the inequalities

−F_{M0} (t) ≤ HT rK_{M0} (t) ≤ F_{M0} (t)

hold for t > 0. From the obvious bound |tr(ψ)| ≤ rk(ψ), we immediately derive the inequalities

−rk(ψ) HT rK_{M0} (t) ≤ HT rK_{M0,ψ}(t) ≤ rk(ψ) HT rK_{M0} (t),

hence, −F_{M0} (t) ≤ 1 rk(ψ)

HT rK_{M0,ψ}(t) ≤ F_{M0} (t)

for t > 0. Furthermore, we obviously have 0 ≤ 1 rk(ψ) ∑ 0≤λ_{M0 ,ψ,j} <1/4

e^{−λM0,ψ,j t} ≤

N_{M0,ψ;0,1/4} rk(ψ) .

Following the argument given in [4], p. 251 (Theorem 3), we find that Zograf’s bound quoted in 2.7, extends to the case of arbitrary, finite dimensional, unitary representations ψ of Γ_0; therefore, there is an absolute constant A > 0 such that the inequality N_{M,ψ;0,1/4} rk(ψ)

≤ A · vol(M_0) holds. Substituting these inequalities into formula (1), we get for t > 0 −F_{M0} (t) + vol(M_0) · K_H (t; 0) − A · vol(M_0) ≤ 1 rk(ψ) ∞∫ 0 e^{−(r2+1/4)t} dμ_{M0 ,ψ}(r) ≤ F_{M0} (t) + vol(M_0) · K_H (t; 0),

which can be rearranged into the form

vol(M_0) · K_H (t; 0) ≤ 1 rk(ψ) ∞∫ 0 e^{−(r2+1/4)t} dμ_{M0 ,ψ}(r) + F_{M0} (t) + A · vol(M_0) ≤

2 · F_{M0} (t) + vol(M_0) · K_H (t; 0) + A · vol(M_0).

We can now apply a Tauberian theorem (cf., e.g., [1], p. 94 or [9], p. 27) to the positive function 1 rk(ψ) ∞∫ 0 e^{−(r2+1/4)t} dμ_{M0 ,ψ}(r) + F_{M0} (t) + A · vol(M_0)

from which the claim follows. � 3.4. Theorem. Let M be a finite cover of M_0 as in 3.1 and let C_{M0} be a positive constant implied by the prime geodesic theorem for M_0. Then, we can take C_M = [Γ_0 : Γ] · C_{M0} as the corresponding constant in the prime geodesic theorem for M. Proof. Following [3], chapter 9.6, in the compact case and formally the same argument in the non-compact setting, combined with an application of the Selberg trace formula, we are able to give the following refinement of the prime geodesic theorem stated in 2.9:

π_{M0 ,ψ}(u) = ∑ 0≤λ_{M0 ,ψ,j} <1/4

li(u^{sM0,ψ,j} ) + O_{M0} ( rk(ψ) · u^{3/4}(log u)^{−1/2} ) ;

here the error term is obtained as in the discussion of [3], p. 260, using Weyl’s law and taking into account our modification of Weyl’s law established in Lemma 3.3. By means of the prime geodesic theorem for M and Lemma 3.2, we then conclude

O_M ( u^{3/4}(log u)^{−1/2} ) = π_M (u) − ∑ 0≤λ_{M,j} <1/4

li(u^{sM,j} ) = ∑ ψ mult(ψ) π_{M0 ,ψ}(u) − ∑ 0≤λ_{M0 ,ψ,j} <1/4

li(u^{sM0 ,ψ,j} ) = ∑ ψ mult(ψ) O_{M0} ( rk(ψ) · u^{3/4}(log u)^{−1/2} ) .

Now the claim of the theorem follows immediately recalling the relation ∑ ψ mult(ψ) · rk(ψ) = [Γ_0 : Γ]. � References

[1] Berline, N.; Getzler, E.; Vergne, M.: Heat kernels and Dirac operators. Grundlehren math. Wiss. 298. Springer-Verlag, Berlin-Heidelberg- New York, 1992.

[2] Burger, M.: Small eigenvalues of Riemann surfaces and graphs. Math. Z.

205 (1990), 395-420.

[3] Buser, P.: Geometry and spectra of compact Riemann surfaces. Progress in Math. 106. Birkhäuser-Verlag, Boston-Basel-Berlin, 1992.

[4] Chavel, J.: Eigenvalues in Riemannian geometry. Pure Appl. Math. 115.

Academic Press, New York, 1984.

[5] Hejhal, D.: The Selberg trace formula for PSL_2(R), vol. 1. Lecture Notes in Math. 548. Springer-Verlag, Berlin-Heidelberg-New York, 1976.

[6] Hejhal, D.: The Selberg trace formula for PSL_2(R), vol. 2. Lecture Notes in Math. 1001. Springer-Verlag, Berlin-Heidelberg-New York, 1983.

[7] Hejhal, D.: A classical approach to a well-known spectral correspondence on quaternion groups. In: Number Theory, New York, 1983-84, 127- 196. Chudnovsky, D.V.; Chudnovsky, G.V.; Cohn, H.; Nathanson, M.B. (eds.). Lecture Notes in Math. 1135. Springer-Verlag, Berlin-Heidelberg- New York-Tokyo, 1985.

[8] Jorgenson, J.; Kramer, J.: Bounds for special values of Selberg zeta functions of Riemann surfaces. Preprint 2000.

[9] Jorgenson, J.; Lang, S.: Explicit formulas. Lecture Notes in Math.

1593. Springer-Verlag, Berlin-Heidelberg-New York-London-Paris-Tokyo- Hong Kong-Barcelona-Budapest, 1994.

[10] Jorgenson, J.; Lang, S.: Artin formalism and heat kernels. J. Reine Angew.

Math. 447 (1994), 165-200.

[11] Jorgenson, J.; Lundelius, R.: A regularized heat trace for hyperbolic Riemann surfaces of finite volume. Comment. Math. Helv. 72 (1997), 636-659.

[12] McKean, H.: Selberg’s trace formula as applied to a compact Riemann surface. Comm. Pure Appl. Math. 25 (1972), 225-246. Correction: Comm. Pure Appl. Math. 27 (1974), 134.

[13] Shimura, G.: Arithmetic theory of automorphic functions. Princeton University Press, Princeton, New Jersey, 1971.

[14] Venkov, A.B.: The Artin-Takagi formula for Selberg’s zeta function and the Roelcke conjecture. Soviet Math. Dokl. 20 (1979), 745-748.

[15] Venkov, A.B.: Spectral theory of automorphic functions and its applications. Mathematics and its Applications 51. Kluwer Academic Publishers, Dordrecht-Boston-London, 1990.

[16] Venkov, A.B.; Zograf, P.G.: On analogues of the Artin factorization formulas in the spectral theory of automorphic functions connected with induced representations of Fuchsian groups. Soviet Math. Dokl. 21 (1981), 94-96.

[17] Venkov, A.B.; Zograf, P.G.: On analogues of the Artin factorization formulas in the spectral theory of automorphic functions connected with induced representations of Fuchsian groups. Math. USSR Izv. 21 (1983), 435-443.

[18] Widder, D.: The Laplace Transform. Princeton Mathematical Studies 6.

Princeton University Press, Princeton, New Jersey, 1941.

[19] Zograf, P.G.: Fuchsian groups and small eigenvalues of the Laplacian operator. Soviet Math. Dokl. 26 (1984), 1618-1621.

Jay Jorgenson Department of Mathematics City College of New York Convent Avenue at 138th Street New York, NY 10031 U.S.A.

e-mail: jjorgen@math0.sci.ccny.cuny.edu

Jürg Kramer Institut für Mathematik Humboldt-Universität zu Berlin Unter den Linden 6 D-10099 Berlin Germany e-mail: kramer@mathematik.hu-berlin.de