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11.1 (2+4 points) Let B be a standard d-dimensional Brownian motion.
a) Prove the “0O-1-law” for the “tail” o-field
F = ﬂa(Xs, s >t),

>0
i.e. show that P[A] € {0,1} for every A € F.

b) Use a) to prove the Liouville’s Theorem: All bounded harmonic
functions on RY are constant. (A function h is called harmonic if
the Laplace-operator Ah = 0.)

11.2 (145 points) Let B be a standard Brownian motion on the Wiener space,
and let X; = By +at (t € [0,T]) be the corresponding Brownian motion
with drift @ € R and start in Xy = 0. Show that:

a) The distribution P® of X is equivalent to the Wiener measure P
with the density function

dpP® 1
= exp (&BT — —a2T> .

dP 2
b) The distribution of the maximum

Mr = max X,

0<t<T
under P resp. the distribution of maxy<;<7 B; under P is given by

PMp <c =0 (C ?/;T) — g (L\/TO‘T) , c>0.

Hint: Use the “reflection principle” for the joint distribution of Br
and maxg<;<y B; under P:

P[Irfa}{]Bth,BTgm—x]:P[BTZm—i-x] for m,x > 0.
teo,



11.3 (4 points) Let A, T : [0, 00) — [0, 00) be two continuous increasing func-
tions. We consider A as a distribution function of a positive measure dA
on [0,00) and interprete T as time change. Prove the following formula:

T t
S dAs = s dAT
160 / f(T2)dAr,

for all measurable functions f : [0,00) — [0, 00).

11.4 (4 extra points) Let B* be a 3-dimensional Brownian motion starting
at 0 # 2 € R3, i.e. B® = o + B, where B is a standard 3-dimensional
Brownian motion. Let further

Show that

a) M solves dM; = M?dB; and thus is a local martingale.

b) M is bounded in L?, i.e. sup,5 E[M{] < oo, and hence M is uni-
formly integrable.

¢) We have lim;_,o, E[M;] = 0. In particular M is not a “real” mar-
tingale.

Problems 11.1 -11.3 should be solved at home and delivered at Wednesday, the
2nd July, before the beginning of the tutorial. Problem 11.4 is additional.



