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5.1 (3 points) If X = (X;,t > 0) is a right-continuous positive supermartin-
gale, prove that

Plsup X; > \| < —E[Xo], A>0.
¢

> =

5.2 (3 points) Let (A;t > 0) be a filtration on some probability space
(2,4, P), let Ay := V5 A; and let

N:={NCQ|3IN € A, with P[N]=0,N C N'}.

We denote by
Al == 0(AUN), >0
the augmented filtration. Show that
AP ={ACQ|3A €A : ANA eN},

where AAA" := (A\A') U (A'\A).

5.3 (24242 points) Let (A,,n € N) be a filtration on (2,4, P) and let
@ be a probability measure on (£2,.A) such that @ is locally absolutely
continuous with respect to P, i.e.

Qn = Qla, K Pla, = P, forall neN.

We denote by L, := ZQTZ the Radon-Nykodim-derivative of Q,, w.r.t. P,,
(n € N).

a) Show that (L,,A,,n € N) is a nonnegative martingale.

b) Prove that @ is globally absolutely continuous with respect to P, i.e.
Qla. < Pla.., if and only if (L,,n € N) is uniformly integrable
w.r.t. P.



¢) The relative entropy of @ w.r.t. P is defined as

[log (92)dQ ifQ < P,
400 otherwise.

H(Q|P) ;:{

Show that @ is globally absolutely continuous with respect to P if

sup H(Qy,|P,) < oo.

5.4 (2414242 points) Let (A;)i>o be a right-continuous filtration. Show
that

a) For any stopping time T
Ap:={Ac A|AnN{T <t} € A forall t > 0}

is a g-algebra, and T is Ap-measurable.
b) If S < T is another stopping time, then Ag C Arp.

c) If S, T are stopping times, then also T'A S is a stopping time, and
we have Arps = Ar N Ag.

d) If T, (n =1,2,...) is a decreasing sequence of stopping times and
T = lim T, then T is a stopping time and we have Ay = (| Ag,.

n— oo n>1

The problems 5.1 -5.4 should be solved at home and delivered at Wednesday,
the 21st May, before the beginning of the tutorial.



