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Exercises, 31st October

3.1 (4 points) Assume that X1 and X2 are independent random variables,
both having a Poisson distribution with parameter λ > 0. Let further
Y := X1 + X2. Compute P [ X1 = i |Y ] for i = 0, 1, . . ..

3.2 (5 points) Let n ∈ N and let Zn be the partition{ [ k

2n
,
k + 1

2n

)
| k = 0, 1, . . . , 2n − 1

}
of Ω := [0, 1). We denote by B[0,1) the σ-algebra of Borel subsets of Ω
and by λ the Lebesgue measure on B[0,1). Consider a random variable X
on (Ω, B[0,1), λ) defined by X(ω) = ω, ω ∈ Ω.

a) Calculate Xn := E[X|Bn], where Bn := σ(Zn), n = 1, 2, . . ..

b) Show that
E[Xn+1|Bn] = Xn P -a.s.

for all n = 1, 2, . . ..

3.3 (4 points) For a random variable X ∈ L2(Ω,A, P ) and a σ-algebra A0 ⊆
A we define the conditional variance of X w.r.t. A0 as

var(X|A0) := E
[
(X − E[X|A0])

2 | A0

]
.

Show that
var(X|A0) = E[X2|A0]− (E[X|A0])

2

and
var(X) = E[var(X|A0)] + var (E[X|A0]) .



3.4 (3 points) Assume that Xi, i = 1, 2, 3, . . . are independent identically
distributed random variables with P [X1 = 1] =1

2
+ α and P [X1 = −1] =

1
2
− α for some α ∈ [0, 1

2
]. Let further An be the σ-algebra generated by

X1, . . . , Xn and Sn := X1 + · · ·+ Xn, n = 1, 2, . . .. Show that

E[Sn|Ak] = Sk + 2α(n− k)

for k = 1, . . . , n.

The problems 3.1 -3.4. should be solved at home and delivered at Wednesday,
the 7th November, before the beginning of the tutorial.


