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Abstract

Let (X(t),t > —1) and (Y (t),t > 0) be stochastic processes satisfying
dX(t) = aX(t)dt +bX (t — 1)dt + dW(t)
and
dY (t) = X (t)dt + dV (1),

respectively. Here (W (¢
processes and ¢ = (a, b)
O of R2.

The aim here is to estimate the parameter 1 based on continuous observation of
(Y(t),t > 0).

Sequential estimation plans for ¢ with preassigned mean square accuracy € are
constructed using the so-called correlation method. The limit behaviour of the du-
ration of the estimation procedure is studied if € tends to zero.

),t > 0) and (V(t),t > 0) are independent standard Wiener
" is assumed to be an unknown parameter from some subset
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1 Introduction

Assume (Q, F, (F(t),t > 0), P) is a given filtered probability space and the pro-
cesses W = (W (t),t > 0) and V = (V(t), t > 0) are real-valued standard Wiener
processes on (2, F, (F(t),t > 0), P), adopted to (F(t)) and mutually independent.
Furtherer assume that Xy = (Xo(t), t € [-1,0]) and Yp are a real-valued cadlag
process and a real-valued random variable, respectively, on (Q, F, (F(t),t > 0), P)
with

0
E/ X3(s)ds < 0o and EY{ < oo.
1

Assume that Yp and Xy (s) are Fyp—measurable for every s from [—1,0] and that the
quantities W, V, Xy and Y are mutually independent.

Consider a two—dimensional random process (X,Y) = (X (t),Y (t)) described by
the system of stochastic differential equations

dX(t) = aX (t)dt + bX (t — 1)dt + dW (), t > 0, (1)

dY (t) = X(t)dt + dV (t), t > 0 (2)

with the initial conditions X (¢) = Xo(¢), t € [-1,0] and Y (0) = Y. The process X
is supposed to be hidden, i.e. unobservable, and the process Y is observed. Such
models are used in applied problems connected with control, filtering and prediction
of stochastic processes (see, for example, [1], [7]).

The parameter ¥ = (a,b)’ with a,b € R! is assumed to be unknown and shall be
estimated by using the observation of Y.

Equations (1) and (2) together with the initial values X(-) and Yj respectively
have uniquely solutions X (-) and Y'(+), for details see [9].

Equation (1) is a very special case of stochastic differential equations with time
delay, see [3] and [10] for examples.

To estimate the true parameter 9 with a preassigned least square accuracy € we
shall construct sequential plans (7:,9%). Moreover, we will derive asymptotic prop-
erties of the duration 7} of these plans for € tending to zero.

The method used below is to transform the equations (1) and (2) to a single equa-
tion (see (4) below) for the process (Y'(t),t > 0), which can be treated by modifying
a method from [11]. The construction of (7, %) may depend on the asymptotic be-
haviour of the correlation function of the solution of (1) and their estimators if the
observation time is increasing unboundedly. These asymptotic properties vary if o
runs through R?. Our construction does not seem to work for all ¥ in R?. Therefore
we restrict the discussion to two sets ©1 and Oy of parameters, for which we are
able to derive the desired properties.

The organization of this paper is as follows. In Section 2 we summarize some
known properties of equation (1) needed in the sequel. The two mentioned cases for
©, namely ©; and O, are presented and equations (1), (2) are transformed into a
new one for the one-dimensional observed process (Y (t),t > 0) (see (4)). In Section
3 the two sequential plans are constructed and the assertions are formulated. Sec-
tion 4 contains the proofs.



2 Preliminaries

First we summarize some known facts about equation (1). For details the reader
is refer to [2]. Together with the described initial condition equation (1) has a
uniquely determined solution X which can be represented as follows for ¢ > 0 :

0 t
X(#) = 20(t) Xo(t) +b[1xo(t—s— 1)X0(s)ds+/0 zo(t — 8)dW (s), t > 0.

Here z9 = (xo(t),t > —1) denotes the so-called fundamental solution of the deter-
ministic equation

xo(t) =14+ /(190:1:0(8) + Hhxo(s—1))ds, t>0,
0

corresponding to (1) with zo(t) =0, ¢ € [-1,0), z0(0) =1.

The solution X has the property EfOT X?2(s)ds < oo for every T > 0.

The limit behavior of zy(¢) and therefore also of X (¢) for ¢ tending to infinity
is closely connected with the properties of the set A = {\ € T|\ = a + be ?} (@
denotes the set of complex numbers). The set A is countable infinite (if b # 0),
and for every real ¢ the set A, = AN {\ € @| Re\ > ¢} is finite. In particular,
vy 1= vp(V¥) = sup{ReA|\ € A} < 0o, sup{l} = —oo. Define v; () =: sup{ReA|\ €
A, ReX < v(9)}.

The values vg() and v1 () determine the asymptotic behaviour of zo(t) as t —
oo. Indeed, it exist a real v less than v; and a polynomial Wy(-) of degree less than
or equal one, being specified in the proof of Theorem 3.1 (Section 4 below), such
that

1
zo(t) = mevot + Wy (t)e +o(e?) as t — oc.

Now we define a subset © of R? consisting of two disjoint sets ©; and O. First
fix a positive real 9.

Case I. The set ©1 : Assume L is an arbitrary line in the plane R? :
L=L(o,Bw) ={9=(a b)| aa+ b= c}.

Let © be the segment L N {||J]| < 9} (it is no restriction of generality to assume
that © is non-void), || - || denotes the Euclidean norm.
Now we introduce the set S by

S = {79 = (a7b)/ e é| ’U()(ﬁ) . ’Ul(ﬁ) =0or (CL > 17b — _e(afl))}
and put ©; = O\ S.
Case II. The set ©5 : Define

Oy = {9 € R?| ||9]] <9, vo(¥) <0 or (vo(¥) >0 and vo(v) € A)}.



The definition of the two sets ©; and O3 looks quite complicate. But they are
distinguished by the property, that for all of their elements v the correlation function
of X(-) has an asymptotic property which is analogous to (16), (17), (41) and (42)
below.

In particular, in Case I the partly observable two-dimensional process (X (¢), Y (¢))
will be reduced to a scalar observable linear process with a scalar function in the
dynamic part. The asymptotic properties of this function are given in (16) and (17).

In Case II the information matrix Gx(T") given by

fX%f)dt fX(t)X(t —1)dt
Gx(T)=| % T
[X®X(t—1)dt [ X2(t—1)dt
0 0

has the asymptotic property (see [2] and [5, 6] for details)
Jim o7 (T)Gx(T) — Io(T)| =0 Py —as., (3)
— 00

where

) T, if vg <0,
#(T) = { el if vg >0, vg €A.

If vp < 0 then (1) admits a stationary solution and I (7T") = I, is a constant positive
definite 2 x 2—matrix (in the sequel we shall call this case the stationary case); if
vo > 0 and vg(¥) € A, then I(T) is nondeterministic periodic with the period
A = 7/ImMAg, where )\ is the unique element of A with ReX\yg = vo(9) and ImAg > 0
(below we refer to this case as the periodic case).

The problem of sequential estimation of ¥ by observation without noise under
the condition (3) was considered in [5, 6].

To construct a sequential plan for estimating ¥ based on the observation of Y'(+)
we shall apply the idea of a method first used in [11]. To this end we shall reduce
equations (1) and (2) to a single one for Y.

Using the integrated form of equations (1) and (2) we can get the following
equation for the observed process Y

dY(1) = [aY(t) +bY (t — D]dt + [X(0) — aY (0) — bY (0) + b /_ 01 Xo(s)ds
— aV(t) = bV (t — 1) + W(B)]dt + dV (), t > 1.
Thus we have reduced the system (1), (2) to the form
dY (t) = 9" A(t)dt + £(t)dt + dV (t), (4)
with

A(t) = (Y1), Y (t - 1)),
£(t) = X(0) —aY (0) = bY (0) + b/o1 Xo(s)ds —aV(t) —=bV(t—1)+ W(t),
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where the observable process (A(t), t > 0) and the noise £ = (£(¢), t > 0) are some
(F(t))-adapted processes. The problem of estimation of ¥ with guaranteed accuracy
in models of the type (4) was considered in [11].

The functions A(t) and £(t) are F(t)-measurable for every ¢ > 1 and a short
calculating shows that all conditions of type (3) in [11], consisting of

T
E/ (IA@)]1 + €O dt < 0o forall T > 1,
1

E[AL@)|F(t-2)] =0, B(ALn)|F(t-2)] <5 t>2, (5)
=147, |4l =Y |4

hold in our case. Here A denotes the difference operator defined by Af(t) = f(t) —
ft—1).

Using this operator and the definition of £ we obtain the following equation:

dAY (t) (t)dt + DAY (t — 1)dt + Ag(t)dt
¥ dv() dV(t—1), t > 2 (6)

with initial condition AY (1) = Y'(1) — Yp.

We have reduced the system (1)—(2) to a single differential equation (6) for the
observed process (AY (t),t > 2) depending on the unknown parameters a and b. The
term A£(t) also contains a and b, but its variance is controllable in certain sense
(see formula (5)).

Nevertheless, a and b can not be estimated from (6) by the maximum likelihood or
sequential maximum likelihood method given in [2] or [5, 6] respectively, because of
the appearance of the terms A¢(t)dt and dV (t — 1). Below we shall propose another
way following an idea taken from [11].

3 Results

3.1 Sequential estimation procedure I

Consider the estimation problem of a linear combination 6 = I'd, ¥ € ©1, where
I = (l1,12)" is some known constant vector such that o =133 — laae # 0. Here o and
[ are the constants from the definition of the line L, defined in Section 2.

We introduce processes Z1, Zs and ¥ by the formulae

dZ,(t) = o Y (BdAY (t) — cAY (t — 1)dt), t > 2,

dZy(t) = —o Y adAY (t) — cAY (t)dt), t > 2,

-1 A —O[~ _
‘”t’:{g, (PAY (@) —ahy(-1), t22



From (6) and from the definition of ©1 we get for ¢ > 2 the system of equations

dZi(t) = a¥(t)dt + Bo~H(AL(t)dt + dAV (1)),

dZs(t) = bW (t)dt — ac  H(AE(t)dt + dAV (1)), t > 2.

Now we obtain an equation for the observable scalar process Z(t) = 11Z:1(t) +
laZ5(t) :

dZ(t) = 0U(t)dt + A&(t)dt + dAV (t), t > 2 (7)

with unknown parameter 6. For ¢t < 2 we set Z(t) = 0.

In a similar way as in [11] we can define a sequential plan for the estimation of
0 from {l‘?| ¥ € ©1} with mean square deviation less than a given positive . The
sequential estimation plans for 6 have been constructed in [11] based on so-called
correlation estimators which are generalized least squares estimators. Here we use
an analogous definition as follows:

0*(T) = G YT, u)®(T,u), (8)

T T
G(T,u):/o Ut — u)T(t)dt, (I)(T,u):/o U(t—w)dZ(t), T>2, u>2

Under the condition u > 2 the function ¥(t — u) in equation (7) is uncorrelated
with respect to the noise A¢(t) as well as to AV (¢).
From (7) and (8) we find the deviation of the estimator 6*(T') :

0*(T) — 0 = G~ (T, u)((T, ), 9)
where
C(Tyu) = C(Tyu, 1) + C(Tyu, 2) + C(Tyu, 3)
with
7 T
(T, u,1) O/xpt—uAg t, C(T,u,2) O/lIlt—udV
and

T
(T, u,3) = —/\Il(t —w)dvi(t —1).
0

As we will see from the proof of Theorem 3.1 (Section 4 below), there exist
increasing functions ¢(T') corresponding to the various regions for the parameter
from ©1 and O9 such that for every u > 2 the function g(T,u) = ¢~ (T)G(T, u) has
one of the following properties:
either



a) the limit g(u) = Tlim 9(T,u) exists P—a.s. and is deterministic with meas{u €
(2,3] : g(u) =0} =0 (meas{B} is the Lebesgue measure of the set B) and ¢(0) > 0;
or

b) the limit g(u) = Tlim 9(T',u) exists P — a.s. and is non-deterministic, it holds
P{g(u) =0} =0, u>0;
or

¢) there exists a random periodic function g(7,u), T > 0, periodic with respect
to T and with period A > 1, such that

P{Th_{réo l9(T,u) — g(T,u)| =0} =1, u>0

holds (see the formulae (16) and (17) below).

It will be clear from the proofs in Section 4 below that in the periodic case c¢) the
function g(T,u) has for every u > 0 two roots as a maximum on every interval of
the unknown period length A. Then the function ¢(T)G (T, u) and consequently
the deviation 6*(T) — # may be unbounded.

Remark 1 Properties a) and c¢) do not exclude that the limit functions g(u) and
9(T,u) may be equal to zero for some u and (T,u) respectively. A similar picture
arises in Case II (see proof of Theorem 3.2 below). Due to this fact the estimation
procedure, used in [11] can not be applied in the cases considered above.

To exclude this effect we introduce a discretization of the time of observations.
Note that in the case of observations without noise we also need a similar dis-
cretization (by using A) for the investigation of asymptotic properties of maximum
likelihood estimators [2]. The procedure which we construct here is non-asymptotic
and we can not use the unknown value A in the construction of estimators.

For some h € (0,1/3] put

rn, = arg max |G(nh — kh,2 + 3h)|.
k=13

Such a choice of the value of h implies that for every n > 1 and T > 0 there are
one or more values nh —kh, k =1,3, with g(nh —kh,T) # 0. In such a way (see the
proof of Theorem 3.1) the sequence {g(nh — ry,h,2 + 3h), n > 1} is non-degenerate
in the case c¢) for any h € (0,1/3] asymptotically as n — oo.

To construct the estimators with preassigned accuracy we first change first the
value nh in the argument of G (see the definition of r,, just given) to stopping times.
As we will see later (inequalities (11)) this substitution gives us the possibility to
control the second moments of the noise (.

Let (cn, n > 1) be some unboundedly increasing sequence of positive numbers.
We shall define the stopping times (7:(n),n > 1) from the discrete sequence {kh, k >
1} with an arbitrary but fixed step size h by formula

kh
7.(n) = hinf{k > 1: U2 (t — 2 = 3h)dt > e ey}, n > 1. (10)
0
Using formulae (16) and (17) below it is easy to see that P(7.(n) < oo) =1 for
any € > 0 and every n > 1.



For k=1,3, n > 1 we put
G:(n,k) = G(1-(n) — kh,2+ 3h), ®.(n,k) = O (7=(n) — kh,2 + 3h),
Ce(n, k) = ((7e(n) — kh, 2 4 3h);
kv = arg max{|Go(n, k)[}, n > 1.
k=13
Now we introduce the sequence of estimators
O=(n) = G2 (n)®(n)
with
Ge(n) = Ge(n, ky), ®c(n) = P(n,ky), n>1.
They have the deviation

0-(n) — 0 = G- ()¢ (n), C(n) =Co(n,ky), n> 1.

Fix an hg from (0,1/3) and choose an arbitrary random variable h being F(0)-
measurable and having a continuous distribution concentrated on the interval [hg, 1/3].
We need such randomization of the discretization step A in the case a) for the almost
surely non-degeneration of the limit g(2 + 3h) = Jim o (1e(n) — knh)Ge(n, ky).

We will show that the second moments of the noise ¢ calculated at times 7.(n) —

knh, n > 1 have known upper bounds. Note that the processes (((T, 2+3h, ), F(T)),
i = 1,3 are square integrable martingales and the times 7.(n) —kh, n > 1, k = 1,3,
are Markovian with respect to the system (F(7" — 2)). From the theory of martin-
gales (see e.g. [8]) and from the definition of 7.(n) we obtain for all ¥ € R?, k=1,3
and n > 1 the inequalities

=(n)—kh
EyC*(1=(n) — kh,2 + 3h, 1) < §2Eﬁ/ W2(t — 2 — 3h)dt < 5% te,,
0

EyC*(1-(n) — kh,2 4+ 3h,i) < e 'c,, i =2,3.

Thus for all € > 0 and n > 1 the sequence ((.(n), n > 1) satisfies the inequalities
3
EgC2(n) < Y EyC*(7=(n) — kh,2+ 3h)
k=1

3 3
33 Y EgCP(re(n) — kh,2+ 3h,i) < 9(2+5)e e (11)
k=1i=1

IN

The asymptotic properties of the sequence (Ge(n),n > 1) and the inequalities
(11) imply that the estimation of the parameter 6 should be performed at the times
Te(n) — knh, n > 1. Note that the estimators 6.(n) are strongly consistent (see



Theorem 3.1).

We want obtain estimators with fixed mean square deviation. Therefore, taking
into account the representation for the deviation of estimators .(n), one has to
control the behaviour of the sequence of random variables G¢(n), n > 1. This can
be achieved by observations up to the time 7.(n) — k,h with a specially chosen
number n.

Let (kn, n > 1) be some unboundedly increasing sequence of positive numbers.
Introduce the stopping time

Ve = inf{n > 1:|G(n)| > p"/%e Trn},
where

p=92+75")> cn/Ky

n>1
We define the sequential plan (7'(g),67) for the estimation of 6 as
T(e) = 7e(ve), b7 =0-(ve) = GE_I(VE)(I)s(VE)' (12)

It should be pointed out that the estimator (12) coincides with the sequential
estimator which is obtained from general least squares criteria [11].

The following theorem presents the conditions under which 7'(¢) and 67 are well-
defined and have the desired property of preassigned mean square accuracy.

First we divide the parameter set ©1 into nine subsets, according to the defini-
tions of Section I.

Define the functions u(a), a < 1, and w(a),a € R', as in [2]: consider a para-
metric curve (a(€),b(¢)), € >0, £ #m,2m,...,in R? by

a(§) = §cot &, b(§) = =&/ sin,

then functions b = u(a) and b = w(a) are defined to be the branches of this curve
corresponding to & € (0,7) and ¢ € (7, 27) respectively. Put also v(a) = —e® !, a €
R, and introduce the indices

) 0, if a# Be™,
] 1, if a= Be%,

.
-

a<1, ula) <b< —a,
—a<b<w(a),
a>1, v(a) <b< —a,
a>1, b=wv(a),

b > w(a),

<
Il

© 00~ O U N
i e e ke
[ N

, if a<1, b<u(a)ora=>1, b<o(a),
, if a<1, b=—a, a#0,

, if a>1, b= —a,

, if b =w(a).



Note that the sets corresponding to different values of j are disjoint and the
union of all the cases corresponding to j = 1,9 is the whole plane R? exept for some
one-dimensional smooth curve. We know that vg < 0if j =1; vg=0if j =7 and
vg > 0 in all other cases. Moreover we have v; < 0if j =1,2,7; v1 =01if 7 = 8,9
and v; > 01if j = 3,5 [2].

Introduce the sets

Il = {(07 1)7 (17 1)7 (1,2), (177)}7
IQ = {(07 2)’ (07 3)’ (07 5)7 (0’ 8)7 (0’9)7 (174)}7
I3 = {(L?’)}? I, = {(074)}7 Is = {(076)7 (175)7 (176)}7

Is =1, UI5 \ {(1, 5)}, I; =13U {(1, 5)}

Theorem 3.1 Assume that the sequences (c,,) and (k) defined above satisfy the
conditions

Z%<oo (13)

and
Jim Kn/cn =0 (14)

Then we obtain the following result:
I. For any € > 0 and every 0 € O1 the sequential plan (T(c),0%) defined by (12)
is closed (i.e. T(e) < oo P — a.s.) and has the following properties:

1°. supEy(0F —0)><e for every e >0,
(S

2°. for every 0 € ©1 the following relations hold:
-if (i,7) € I then

0<lim ¢-T(e) < lime-T(e) < oo P— as.,

e—0 e—0
-if (Z,j) € IbUlI3 U5 then
1 — 1
0< g [T(e) — Twlng_l] < ;1_1)]% [T(e) — z—vilna_l] < oo P—as.,

- if (i,7) € 14 then

0 < lim eT?(e)e?0TE) < liT% eT?(e)e?"TE) < 0o P — a.s.
e—0 £—

II. For any € > 0 and every 6 € ©1 the estimator 0.(n) is strongly consistent:
lim 0.(n) =0 P — a.s.
n—oo

The proofs of this and the next theorem are given in Section 4.

Remark 2 Consider the special case of the system (1),(2), when the parameter b
equals zero, which means that X (-) is an Ornstein-Uhlenbeck process. Then the
assertions of Theorem 3.1 are true if in equation (1) we have a # 0. Note, that in
[11] only the case (a < 0) has been considered.
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3.2 Sequential estimation procedure II

Consider the problem of estimating ¥ € O. Based on equation (6) we define
the estimation procedure analogously to the one given in Section 3.1. Assume hy is
a real number in (0,1/5) and & is a random variable with values in [hg, 1/5] only,
F(0)-measurable and having a known continuous distribution function.

We introduce several quantities:

— the functions

Bo(t) = (AY (1), AY (t —s)) for t>1+s,
ST (0,0) for t <1+ s

— the sequence of stopping times

_ kh -
7.(n) = hinf{k > 1: / |U5 (¢t — 2 = 5h)||*dt > e e} for n>1;
0
— the matrices

T ~ ~
G*(T,s) = /0 Bt — 2 — 55) T, (1)dt,

T _ -
O (T, 5) = /O B, (t — 2 — 55)dAY (1),

Ge(n, k) = G*(7(n) — kh, h), ®.(n,k) = ®*(7.(n) — kh, h);

— the times

En = arg mQHGE_l(na k)”a n>1;
k=15

— the estimators

— the stopping time
7. = inf{n >1: |G- (n)|| < (p"?k,)"'}, where
p=15(2+3%) Z Cn/K2.
n>1
Define the sequential estimation plan of ¥ by

T'(e) = 7e(e), 6(5) = 65@6) = égl(ﬂa)&)a(ﬂa)- (15)

11



We can see that the construction of the sequential estimator 19(5) bases on the
family of estimators 0*(T),s) = (G*(T, 5))~1®*(T,s), s > 0. We have taken the
discretization step h as above, because from (49) below it follows that the functions

1
f(T, S) = W G*(T, S)

for every s > 0 have some periodic matrix functions as a limit almost surely. These
limiting matrix functions are finite and may be degenerate only for four values of
their argument 7' on every interval of periodicity of length A > 1 (see proof of
Theorem 3.2 below).

We state the results concerning the estimation of the parameter ¥ € ©s in the
following theorem.

Theorem 3.2 Assume that the conditions (13) and (14) on the sequences (c,,) and
(kn) hold and let the parameter 9 = (a,b)’ in (1) is such that ¥ € O. Then we
obtain:

I For any € > 0 and every 9 € Oy the sequential plan (T(¢),9(c)) defined by
(15) is closed and possesses the following properties:

1°. sup Ey||0(e) = 9|2 <e for every e >0,
(SD}
2°. for every 6 € O3 one of the inequalities below is valid:

- in the stationary case (vy < 0)

0<lime-T(e) < lime-T(e) < oo P— a.s.,

e—0 e—0

- in the periodic case (vg > 0, vy € A)

. nd 1 _1 e d 1 _1
- — < - — — a.s.
0< ilII(l) [T(e) ” Ine™| ilH(l) [T(e) I Ine™] < oo P—a.s

II. For any € > 0 and every ¥ € Og the estimator ¥.(n) is strongly consistent:

lim J.(n) =9 P —a.s.

n—oo

Remark 3 Property I in Theorems 3.1 and 3.2 yields the rates of convergence of
the considered sequential plans. These depend on the region to which the parameter
9 belongs to. They have the same rate of convergence as the maximum likelihood
estimator of 9, see 2], constructed directly from the observations of the process X (+).

4 Proofs

4.1 Proof of Theorem 3.1

At first we prove the finiteness of the stopping times T'(¢).
To this aim we put

12



T’ (27.7) € Ila
pij(T) = e*iT, (i,7) € LUI3 U I,
T2l (5, 4) € 1.

and prove the following auxiliary results: Fix u =0 or u € [2,00). Then
— for (i,7) € I U I, U I3 U I4 it holds

lim / Ut — W) U()dt = fi7u P — as., (16)

T—o0 sz]

where f;;,, are some constants or random variables;
— for (4, ) € Is we have

/\Ilt—u ($)dt — fiu(T) =0 P — as., (17)

where f;;,(T) are periodic random functions of T" with the period A = 27/, & €
(0,m) if (4,5) = {(0,6),(1,6)} and A =27w/&;, & € (m,2n) if (i,7) = (1,5).

Proof of (16) and (17). Now we establish the equalities (16) in the cases I; for
u =0, u > 2 and the other equalities in (16) and (17) for v > 0. According to [2]
for ¥ € ©1 the solution X (¢) of (1) has the representation

0
X(t) = xo(t)X0(0)+b/a:0(t—s—1)Xg(s)ds

-1
+ /Ot wo(t — s)dW(s), t >0, (18)

where xo(-) is the so called fundamental solution of (1). It has the properties z¢(t) =
0, t € [-1,0), 29(0) = 1 and satisfies for t — oo

o(e), v<0, j=1,
o 1a+1evot + o(eM), v<0, j=2,
oaT 16”0t + #1_16”” +o(eMt), y <wy, j=3,
(2t + §)ev’ + o(e™!), Y <o, j =4,
po(t) = { b€ b g (H)ent +o(ent),  m <wr, j=5,
po(t)e™" + o(eh), Y0 < vo, j =6,
L+ o(e?), v<0, j=T1,
et = g +ole™), v<0, j=S§,
fuo—la—i—levOt + ¢1(t) + O(e’yt)v v<0, j=09,

for all 7, o, v1 satisfying the mentioned inequalities respectively and may be different
in different lines,

0% (t) = A;cos&t + B;sin&;t with

2(v; —a+1) 2¢; :
A; = B, = i=0,1.
o (i—a+ 1247 T (vi—a+1)2+ €2

13



By the definition of ¥ we have

- | oY BAV(t) — AV (t - 1)), t>2,
V@)_{(L te[-1,2].

It is easy to show that the process (X(-)) has the following representation:

9 t
X(6) = o (d0(£) X0 (0) +b/§:0(t—s—1)X0(s)ds+/0 Fo(t — )dW (s))
el

for t > 1, X(t) = [, Xo(s)ds + [} X(s)ds for t € [0,1) and X(t) = 0 for t €
[—1,0). Based on (18) and the subsequent properties of z((¢) the function z(t) =
[} xo(s)ds can easily be shown to fulfill Z(t) = 0, ¢ € [~1,0] and as t — oo

o(eM), v<0, j=1,
ﬁ:ﬁrl)evot + o(e), v<0, j=2,
otneatn € sttt o), N <, j=3,
%[(1 —e )+ e — %}evot +o(e™), 49 < g, j =4,
Zo(t) = ﬁe”ot + d1(t)e"tt 4 o(eMh), m<vi, j=25,
do(t)e™! + o(e?), Yo < wo, J =6,
= +o(e™), v<0, j=T1,
T — ot +o(e), v<0, j=38,
ﬁ:ﬁrl)evot + 1(t) + o(e), v<0, 7=09,

where

&i (t) = fiz cos&;t + Bz sin &;t,

- 1 . v
A, = m[&e Yi sin fZ — v;e Vi cos éz + vz]Az
1 . v
+ 5 —z[vie” " sing 4+ vie” " cos § — & B,
v; =&
~ 1 v v
B; = m[& —wvie sing — §iem " cos ] A;
1 . v
+ Y [&eivl sing; — v;e Vi cos &+ Uz]Bz
v; —§&

14



Analogously we can get the following representation for the process \il(t) with
.%'\I/(t) = ﬁ.ﬁi’o(t) — Otfo(t — 1) :

U(t) = o Yag(t)Xo(0)+ b/_ol zy(t —s—1)Xo(s)ds

¢
+ /0 2yt — s)dW (s)) (20)
for ¢ > 2; and z, has the properties xy(t) = 0 for t € [-1,0]; and for ¢ — oo it holds
o(e™), y<0, j=1,
o™ =+ o(e), y<0, j=2,
(1—e~"0)(B—ae™"0) ot | (1—e”"1)(B—ae™"1) ut
evo(vo*aféle) e’ + evl (a—v1 :Xle) et
+o(eM?), M <wi, j=3,
2{[(1 =)t + e — =0 (5 — qe™)
:E\Il(t) = +Ol€_v0(]. - e—UO)}eUOt + O(e’yot), ’)/0 < UO; j = 4’
(oe DBac ) et 4 g5 (£)e! +o(e™),  m <wi, =5,
P (t)e™™" + o(e™"), Y0 < vo, j = 6.
f%g‘—i-o(e”t), v<0, j=1,
et = 522 4 o), y<0, j=8,
1—e—0 —ve—v0 « .
( evo(v())(fﬁafle) )evOt + qbl(t) + O(G’Yt)a v<0, 7=09.

Here

¢; (t) = Aj cos&;t + B; siné;t,

K3
AP = fA; — aAije Vi cosE — aBie Vising,

B;k = ﬂBl — Oézzlie_vi sin 57, — O[Bie_vi COS &', 1= O, 1.

The processes U(t) and V(t) are mutually independent (by assumption, W,V
and Xy are independent), and the process W(t) has a representation similar to (18).
This is a consequence of the definition of ¥ and the preceding calculations.

Then, after a series of calculations similar to those in [2] and [5, 6] we get the

following limits:
— for (’L,]) el

Fir = o2 (fo 23, (t)dt + 1), u =0,
YT o [P we(t+ wre(t)dt,  w > 2

—for (i,5) € LU I3
lim e_vit‘i’(t) = E”U@ P — a.S.,

t—o00

0 0
U; = Xo(0) + b/ e Vi) X (s)ds + / e " dW (s),
-1 0

15



A—e™)d—e"™) ,

and as follows

— for (i,7) € Iy

and

—for (i,7) € I5

o7, i3 = Bo

vo(vo —a+1) vi(a—v; —1) ’

2(1 —e™¥0

Cla = A1 -e) )ﬁa_l

Vo

2 172
L

L = [ , > 07

fzju 20, € u =

lim t~te 00 (t) = &Uy P — as.,

t—o0

=27 72
&Up

41)0

fiju =

e Vit u>0;

lim |e U"W(t) — U;;(t)| =0 P —as.,

t—o0

where for (i,7) € I5 \ {(1,6)}

Uij(t)

Uis(t)

and

oM (Xo(0)7 (1) +b [ D g1t — s — 1) X (s)ds
-1

/ TGt — s)e AW (s)),

o (Xo(0)gh () + b / ’ Pt —s —1)e "D X (s)ds
-1

| gt = s)eedws)

figu(T) = ‘772eviu/ e 2 U(T — )Ui(T — t)dt, u > 0,

Ui(t)

0

= Xo(0)¢i(t) + b/_ol di(t — s — 1)e VT X (5)ds

+ /0 T it — s)e AW (s),
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¢i(t) = A;cos&it + Bsingit,

A; = AY cos&u — By siné;u, B; = — A7 sin&u + B] cos&u, i =0,1.

Here U;(t) = U;(t) by u = 0.

The relations (16) and (17) are proved. We continue to show the finiteness of
T(e).

Because the function zy(t) is defined similar to the function xo(t) (its structure
and properties have been investigated, for example, in [2]), we can see that meas{u €
(2,3]: fiju =0} = 01in the cases (i,j) € I} and it is obviously that f;;, # 0 P —a.s.
for (7,,]) € I, Ul3Uly.

Define for (i,j) € I5

Fiju= sup |fiu@®], f, 0= inf)|fij0(t)|-

t€(0,00) 70 (0,00

It is clear that for u = 0 and u > 2 respectively these values are positive and
finite. From here and (16), (17) it follows, in particular, the finiteness of the stopping
times 7-(n), n > 1 defined by (10), because for all (i, ) € Iy U Is U I3 U I4 the limits
fijo are positive P — a.s.

By using (16) and the definition of 7.(n) we have the next limiting equalities:

— for (’L,]) el

lim Ts(ln) = lim Tg(ln)
n—oo g~ le, e=0e71le,

= fg& Py — a.s. (21)
Taking into account the inequalities

Te(n)—2—4h Te(n)—2-3h
/ V2(t)dt < e te, < / W2(t)dt,
0 0

we obtain:
—for (i,j) € [ U I3

e2viTe(n) e2viTe(n)
62”"(24'3")]”@-;& < lim < lim < e4vi(1+2h)fi;8 P —as., (22)
o e le, n—oo g=l¢,
621)1-7'5(71) eQUiTg(n)
e2vi(2H3h) =L < fim < Tim <M ol p_as. (23)
J =0 ¢ lc, e—0 e l¢, J

and as follows

1 1 1 -
24 3h — 50 In fij0 + %0 Ine™! < lim [r.(n) — =——In¢,] < Tim [72(n)
v v

n—0o0 V; n—0o0

1 1
—71110”] < 2(1 =+ 2h,) — T]Hfijo =+
Vi

1
201 Ine™! P—as., (24)

2v;

17



1 1
24 3h — lnfwg + — 50, -Ine, < lim[7:(n) — 2—1115 1l < Tim[7.(n)

e—0 (% e—0

1 1
——Ine Y <2(142h) - ln fijo+ 5—Ine, P—as;
21)i 2

—for (i,7) € I4

2 2v;7(n 2 2v;Te(n
20i(243h) =1 < iy 72 (n)e =(n) TZ(n)ev =(n)
ij0 n—00 E_ICn n—00 5_1cn

4v;(1+2h)
< etvil fw0 P —as.,
2( ) 20;7e(n) 2( ) 20,7 (n)
21)1 (24+3h) f < lim Te\n)e <T Te\nje
ijo = -1 S 1
e—0 € "Cn e—0 g “Cp

< evi(1+2m) g1

140 P — a.s.

From (17) and by the definition (10) of 7.(n) for all (i, ) € Is we have

20;7e (N) 621)1-7'5(71)

&
2”1(2+3h)f < lim < lim < tuillt2h) =1 p_ 5 g,
n—oo £ Cp n—oo g7 ey UO
and
20,7 (N) 2v;7e ()
e vle . e e
21}1 2+3h)f < hm S hm < 64U1(1+2h f P — a.s.
e—0 &€ "Cn e=0 €7 ¢y =40

From (28) we obtain for every € > 0

1. - 1 1 -
2+3h—s—1Inf o+ —1Ine ! < lim [7:(n) — 30 Ine,| < lim [72(n)

2'UZ 21}2‘ n—oo Vi - n—oo
L <2(142h) — —1 Lt p
5o ney) <2(1+42h) — — nf”0+2—vi ne —a.s.

and from (29) for n > 1 if follows

1 1 _—
2+ 3h — ln Fijo+ o— 2] -Ine, < 21_1)1}][7'5(71) "5, Ine 1] < ;ii]%[rg(n)
1 1 <2(1+2h)——1 —1 P
T ne '] <2(1+2h) - nfuo 20 ne, P—as.

Note that in the cases Is U I3 U I5 we have

1
lim in) = lim Ts(n) = — P—as.

n—oco lne, e—0lne=l  2u;
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Put 0:(n) = 7-(n)k,h.

Now we are able to show the finiteness of the stopping time v.. From (16), (21),
(22) and (26) with P-probability one we have the relations:
—for (i,7) € I

de(n)
tim = [ (= 2= 3Bt = (o) Sijaran (33)

— for (iJ)EIQUIgUL;

) _ . 1 de(n)
(e foy0) " fisaran| < lim |7/2 Ut — 2 — 3H)(1)dL

n—oo Cp

de(n)
< Tl [ W= 2= U0t < L) il (39)

Consider the cases (i,j) € Is. For all w > 2 and (4,j) € I5 the functions
fiju(T) of T are periodic with corresponding periods A > 1 and each of them
has at most two roots on every interval of the lengths A. Denote these roots for
u = 2+ 3h as tp(i,5), m < 2 on the set (0,A]. Then define V;; to be the
union of open disjoint neighborhoods with the radius less then 1/6 for all roots
tm(i,j) + NA, m=1,2, N >0 and put

R = (0,00) \ Vij.
Define

fiu = tglzﬁ | fiju(t)],

i
Qn(i,j) = {k =T1,3: nh — kh € R}}},

rij(n) = arg peax | fij213n)(nh — kh)|.

By the continuity of fij,(-) we have f, > 0 for u = 0 and u > 2. Note that
for any h € (0,1/3] and (4,7) € I5 the sets Qy(7,j) are non-empty and for n large
enough from (17) we have

) — Covsmhetkhy [T o B
rij(n) = arg max e U(t—2—3h)V(t)dt| P—as.,
keQn(i,5) 0

besides by the definition of @, (7, j) for n large enough with P—probability one
Firany < fijrsny (nh —rii(n)R)] < fiioian)

and
nh—rij(n)h

f;;'(2—|—3h) < ’e—Zvi(nh—rij(n)h) /0 U(t —2—3h)U(t)dt| < 7@,(2_’_3}0.
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Then for (i,j) € I5 with P—probability one we obtain the following relations

n—oo

nh—rph
Tim |e—2vinh / Wt — 2 — 3h)W(H)dt
0

nh—rnph .
= T er2nrmhlem2noret) [T (e -0 = shyw )t < 2y,

n—o0

nh—rph
lim |e—2vinh/ \If(t _9_ 3h)\11(t)dt| > lim 6_2'Ui7'ij(n)h
0

n—oo n—o0o

. in nh—ri;(n)h 6uih ek
Jer2uthrooom) [ W(t— 2 3RV = e O

and as follows for all e > 0

Te(n)—knh
O L o any < Jim 2 W(t — 2 — 3h)W(t)dH
Te(n)—knh -
< Tim |e2vime(™) / Ut —2—3h)U(t)dt| < e 2" fiin . (35)
n—oo 0

In such a way for the cases (7, j) € I5 from (28) and (35) with P—probability one
we have

= 1 s . 1 de(n) _ ~
' (ef50) 1fij(2+3h) < lim *|/2 W(t—2—3n)V(t)dt|

n—0oo Cp,

< T [ B0 2 s < s )T, (39
n
The finiteness of v follows from the definition v, (33), (34), (36) and the condi-
tion (14) on the sequences (¢,,) and (ky).
Thus the finiteness of the stopping times T'(¢) is established.
Let us estimate the mean square deviation of #7. From (11) and by definitions of
the stopping time v, and p it follows that for all ¥ € R?

2 1 5
EﬁTCg (Ve)

* — 9
Ey (67 — 0)2 = EﬁGez(VE)Cg(Va) < ; i

2 =2
€ 1 9(2 +35%)e c
<=3 S Ey(n) < ( ) > S =¢
p n>1 Kn p n>1 ’{n

Thus the first property 1.1° of the sequential plans (T'(¢), #%) in Theorem 3.1 is
proved.
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In order to establish the second property note that similar to (33), (34), (36) for
all n > 1 we can prove P-a.s.
— for (7,,]) el

be(n)
tim e [ (=2 = 30ROt = 138 iz samen (37)

— for (i,j)EIQU13UI4

4v;

de(n)
¢ / U(t— 2 — 3h)U(b)dt
0

—1 .
fiol fijarsmlen < Lnég
E—

< lim ¢
e—0

de(n)
/ W(t — 2 — 3h)W(t)dt
0

< 62”i(2+3h)fi;(}|fij(2+3h)|cn§ (38)
— for (i,7) € I

dv; 71 px .
e fijofijaranycn < lime

e—0

de(n)
/ W(t—2 — 3h)U(t)dt
0

< lim ¢
e—0

de(n)
/ Wt — 2 — 3h)U(t)dt
0

< 62“(2+3h)i;j(1)7ij(2+3h)C"‘ (39)
Analogously to [11] from the definition of v, and from (37)-(39) we can see that

for € small enough and (i,j) € 1 U, UI3U I U5
vi; <v. < vl Py—as., (40)

where

vi; = max{inf{n > 1: ¢,/kn > gi;} — 1, 1},

vii=inf{n >1: cp/kn > gglj}’

pl/zfijO‘fZ’;(12+3h)|v . (Z7]) € Ila
ol = 01/26_2”(2+3h)fij0’fz’}1(2+3h)|’ (1,7) € Ia U I3 U Iy,
,01/2672”1'(2+3h)iijofij(2+3h)a (4,7) € I5,
géj? L (27]) eIl:
g;/] _ P1/2€74vifij0‘fi;(2+3h)” (Z,]) e LbUI3Uly,

91/26_4%?@'0(f;;'(2+3h))_17 (27]) € Is.

Now from (12), (21), (25), (27), (31) and (40) the second 1.2° assertion of Theorem
3.1 follows:
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— for (i,7) € I by

f”&c r <lim €T'(e) < E eT(e) < fl-;(}c,,% P —as;

e—0

— for (i,7) € I U I3 by

1 1 1
2—|—3h—2 lnfljo—|—2—lnc/ <lim [T(¢) — =—Ine™ ]

= 2 20;

< T [T(e) — ——Ine] < 2(1 + 2h) —

1 1
lim 50, —In fijo0 + -—Inc, v P —as,;

2u; 2v;

— for (i,7) € Iy by

21}0(2+3h)f

ey, < lim eT2(e)e07E) < Ty T?()e 7

=0 e—0

< ¢hvo(1+2h) p-1

ngC 1" P - a.s.]

— for (i,7) € Is by

1 — 1 1 -1

_ 1 . 1
< I — - _— " — a.S.
;%[T(e) 20, Ine "] <2(1+ 2h) 2% lni + — 50, Inc, v P —as

Thus the proof of part I of Theorem 3.1 is finished.

In order to prove the second assertion II of Theorem 3.1 note that according to
(33), (34) and (36)

nli_)rgocn|G6_1(n)| < oo P—as.
and from (13), (14) it follows that
1
d = <.

n>1 tn

In view of the form for the deviation of the estimators 6. (n) from ¥ it suffices to
establish the next limiting equality

1
lim —(.(n) =0 P — as.,
which follows from (11), as well as Chebychev’s inequality and by the Borel-Cantelli

lemma.
Therefore strong consistency of the estimators 6.(n), € > 0 is obtained. O
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4.2 Proof of Theorem 3.2

Firstly we show the finiteness of the stopping times T'(¢).
We start by calculating for v = 0 and w > 1 the limits

1 /T ~
Tlim T AY (t)AY (t — u)dt = f(u) P — a.s. (41)
—00 1
in the stationary case and
. 1 T~ <
Jim ‘W/l AY (#)AY (t — u)dt — £,(T)] = 0 P — as. (42)

in the periodic case, where f(u) is random function of u and f,(T") are periodic
functions of T for all uw > 0.

From (2) we have

AY(t) = X(t) + AV (t), t > 1.

By assumption the processes X (t) and AY (t) are mutually independent. Similar

to the proof of Theorem 3.1 we can get the following limiting relations using the
definition of the process X (¢) :

— in the stationary case

| feaRdt + 1, u=0,
flu) = { 12 Folt + wEo(t)dt, u > 1.

— in the periodic case

Fu(T) = e~vou / =2 (T — YU (T — t)dt, u > 0,
0

Ua(t)

u

Xo(0)@% () + b /_ 01 GE(t — s — 1)e ) X (5)ds

+ /OOO &Z(t — s)e 0% dW (s),

5 (t) = A7, cos ot + B sin o,

AZ = Ao COS §0u — BO sin fou, BZ = BO COS fgu — 1210 sin §0u.
By the definition of £ we can see that functions f,(7T") are periodig with the
period A > 1. Note that f(0) >0 and 0 < f, = ir%ffo(T) < sup fo(T) = fo < 0.
= T

The relations (41), (42) and therefore the finiteness of the times 7:(n), n > 1, £ >
0 are established.

From (41), (42) and by the definition of the stopping times 7.(n) we have the
next limiting relations:
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— in the stationary case

lim =)y 20 ) — 2f(0)! P—as.

— in the periodic case for any € > 0

62v0(2+5ﬁ)[€(1+62v0f~z)f] 1 < lim o -1 21}07'5(71)

n—oo

< Tim . c -1 2’Ung(’n) < 4v0(1+3h)[ (1+€2v0l~1)f

~ n—oo 20

7' P —as.

and for n > 1

64”0(1'*'3];)[(1 + eQUOﬁ)f | 7te, < lim ee?07 (M) < Timee?v0™= (W)

e—0 e—=0

< 2vo(2+7h)[(1 + eQUoh)f cn P—as.

L™
From (43), (44) in the periodic case for € > 0

- 1 7 1 — 1
2(1+3h) — 00 In(1 4 ey — 00 Info+ 00 Ine?

n—00 21}0 n—00 Vo

1 S 1 -
< lim [T(n) — =—1Ine,] < lim [Te(n) — =—In¢,| <24 T7h

1 z 1 1
——In(1+e*") - —1n — Ine”! P—as.
S0 n(1 + e=0") S0 fo +20n€ a.s

and forn > 1

- 1 7 1 — 1
2(1 + 3h) — % ln(l + €2v0h) — TUO hl fo + TUO thn

1 -
< lim[7(n) — =—Ine™ '] < Tlim[#-(n) — =—Ine™*
< limf7(n) — 5 < Ine"!) < Tl (n) — 5 e

~ 1 7 1
§2+7h—%ln(l+e2”0h) Tvolni -+ 2% OlﬂCn P—a.s.

From (41), (43) we can obtain in the stationary case

Te(n) ~ Te(n) . ~
lim = / AY (t — wAY (t)dt = lim = / AY(t — wAY ()dt
1 1

n—oo ¢, e—0 ¢y,

= (2f(0))"'f(w), u>1 P—as.
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and

o o f(2+5R) f(1+h)
G(h) = (2f(0))~" < f(246h)  f(1+6h) ) .

Similar to the Case I we can see that meas{u € [IN”LON, 1/5] ¢ f(u) =0} = 0 and
meas{u € [ho,1/5] : det G(u) = 0} = 0. As follows det G(h) # 0 P —a.s. From here,
(14), (15) and (48) we have the finiteness of the times 7. in the stationary case.

Put

G(T,h) = ( Fasi(T) e fy 55(T) ) ‘

foreh (T) e? f1+6H(T)

From (42) in the periodic case it follows that the matrices G(T,s) are the limits

of the matrix functions f(T)s) = G*(T, s) in the almost surely sense:

e2voT

Jim |f(T,s) — G(T,s)| =0, s>0 P —as. (49)

The matrix functions G(T, s) are periodic with the period A > 1 and according
to the definition of functions f,(7), u > 0 the equation

det G(T,s) =0

has at most four roots tm, m = 1,4 on the set (0,A] for any s. Put b-(n) =
7e(n) — kph. Note that in the periodic case by the definition of G¢(n) (15) and from
(42) analogously to the proof of Theorem 3.1 we can get the following relations

1 TR
A | et () = G (n), h)l

G.(n) — G(0-(n),h)| =0 P —as. (50)

im [ ————
e—0 62’0055 (n)

and for some constants gi, g2

0<gr= Limoollé_l(gs(n)’ W < T (|G (b:(n), )| = g2 < o0, (51)
0<g1= Lné\!@’l(ge(n)v h)|| < ﬂ\lé’l(ge(n), h)|| = g2 < oo, (52)
e— -

From (14), (15), (44), (50) and (51) the finiteness of times 7. in the periodic case
follows. .
Thus the finiteness of the stopping times T'(¢) is established.
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The property 1.1° of the sequential estimators (T'(g),J(¢)) and the strong consis-
tency of the estimators '95(?1) may be proved similar to the proof of Theorem 3.1.

Now we find the limiting low and upper bounds for the duration time T'() of our
sequential estimation. Put for k = 1,2

v(k)=inf{n >1: c,/kn > g(k)} — 1,
vi(k) =inf{n >1: ¢,/kn > g"(k)},
g(1) = g*(1) = 2£(0)p"*|| G (R,

9(2) — ﬁ1/2§167400(1+3h)(1 + 62U0h)i07

g'(2) = 51/25267%0(2%)(1 + 62110?1)70.

By the definition of 7. and from (43), (45), (48), (50), (52) it follows that for ¢
small enough
— in the stationary case

7(1) < 7 <v*(1); (53)
— in the periodic case
v(2) < U <V(2). (54)

From (15), (43), (47), (53) and (54) the assertion 1.2° of Theorem 3.2 follows:
—in the stationary case

(2£(0)) " epry < lim eT(e) < E eT(e) < (2£(0)) epery P —as

e—0

— in the periodic case

- 1 7 1 — 1
2(1 + 3h) — 271}0 11’1(1 + eroh) — 27/00 ln fo + % 111 CD(Q)

~ 1 —_— 1 -
<lim[T(¢) — =—Ine ] <Tm[T(¢) — =—Ine '] <2+ 7h

e—0 2vg e—0 2vg
—iln(1+62”°i‘) —1Inf + ! —1Incyn) P—as. O
2’[}0 2 Vo =0 21}0 v (2) o

Remark 4 It should be pointed out that one could obtain the following limiting
equalities for (i,j) € I in Problem I

- 5y -1
ilir(l] eT'(e) = fijo vy, P —a.s.
and in stationary case in Problem I
lim ET(E) = (2f(0))7lc,,*(1) P — a.s.
if the magnitudes p'/?e='c, |GV (n)| and p'/%e = en|G=1(n)] in the definitions of v.
and U, respectively were replaced by the nearest integer from above and the sequences

(cn) and (ky) were chosen in such a way that the relation ¢, /K, were fractional for
alln > 1.
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