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Exercise 1: Time functions?

Which of the following functions are time functions on the respective domain of definition?
Which are temporal? Cauchy? Steep?

1. x0|U for U := J+((−1, 0)) ∩ J−((1, 0)) ⊂ R1,n;

2. x30 on R1,n;

3. arctan ◦x0 on R1,n;

4. x0 + 1
10
· (arctan ◦x0) · x1 on (R2, earctan ◦(x0+x1)g1,1).

Exercise 2: The symbol

Let a partial differential operator A of order ` between vector bundles πE : E → M
and πF : F → M be given. We want to define the principal symbol of A as a totally
symmetric vector bundle homomorphism from

⊗k
i=1 τ

∗M to π∗E ⊗ πF . Given a frame

∂1, ..., ∂n in x ∈M , we use the notation ξi := ∂i11 ⊗ ...⊗ ∂ikn ∈
⊗|i|

k=1 TxM for a multiindex
i = (i1, ..., ik). Show that the following two characterizations of the term ’principal symbol’
are well-defined and equivalent, possibly up to overall constants:

1. If A is written w.r.t. trivializing local coordinate charts κE of πE, κF of πF as

κ−1F ◦ A ◦ (· ◦ κE) =
∑

i multiindex,|i|≤`

Ai∂i

for matrices Ai, then the principal symbol σ(A) of A is defined by

κ−1F ◦ σ(A) ◦ (· ◦ κE) =
∑

i multiindex,|i|=`

Aiξi.

2. Let f ∈ C∞(M,R) vanish at x ∈M . The principal symbol of A at x ∈M is the uni-
que multilinear bundle map σx(A) from T ∗xM to π∗1⊗π2 such that σ(A)(dxf, ..., dxf)(ψ(x)) =
(A(f ` · ψ))(x) for any local section ψ around x.

Exercise 3: Calculating symbols

1. Show: [∇X , A] is of order ≤ ` for any linear differential operator A of order ≤ `.

2. Show σ(A ◦B) = σ(A) ◦ σ(B) for any two partial differential operators A,B.

3. Show that for d being the exterior derivative we get σ(d)(x)(v) = vb ∧ ·.

4. Show that σ(trg(∇2)) = g ⊗ 1.


