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Abstract

We analyze the one-dimensional periodic Kardar—Parisi-Zhang equation in the
language of paracontrolled distributions, giving an alternative viewpoint on the sem-
inal results of Hairer.

Apart from deriving a basic existence and uniqueness result for paracontrolled
solutions to the KPZ equation we perform a thorough study of some related prob-
lems. We rigorously prove the links between KPZ equation, stochastic Burgers
equation, and (linear) stochastic heat equation and also the existence of solutions
starting from quite irregular initial conditions. We also show that there is a natural
approximation scheme for the nonlinearity in the stochastic Burgers equation.

Interpreting the KPZ equation as the value function of an optimal control prob-
lem, we give a pathwise proof for the global existence of solutions and thus for the
strict positivity of solutions to the stochastic heat equation.

Moreover, we study Sasamoto-Spohn type discretizations of the stochastic Burg-
ers equation and show that their limit solves the continuous Burgers equation pos-
sibly with an additional linear transport term. As an application, we give a proof
of the invariance of the white noise for the stochastic Burgers equation which does
not rely on the Cole-Hopf transform.
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1 Introduction

The Kardar—Parisi-Zhang (KPZ) equation is the stochastic partial differential equation
(SPDE)
ZLh(t,x) = (Dh(t,2))> +&(t,z), x€R, >0, (1)

where h : Ry xR — R is a real valued function on the real line, .Z = 9, — A denotes the
heat operator, D = 9/0x and 0y = 0/0t are the spatial respectively temporal derivatives
and £ is a space-time white noise: the centered Gaussian space-time random distribution
with covariance

ElE(t, 2)€(s,y)] =0(t —s)d(x —y), t,s20, zyeR

The KPZ equation was introduced by Kardar, Parisi, and Zhang [KPZ86] as an SPDE
model describing the large scale fluctuations of a growing interface represented by a
height field h. Based on non-rigorous perturbative renormalization group arguments
they predicted that upon a particular “1-2-3” rescaling and centering, the height field

h (or at least its finite dimensional distributions) must converge to a scale invariant
random field Hyp, (the KPZ fized point) obtained as

Hyp(t, ) = lim AR(N3, \22) — (M)t (2)
A—00
According to the general renormalization group (RG) understanding of dynamic critical
phenomena a large class of similar interface growth mechanisms must feature the same
large scale statistical behavior, namely their height fields iL(t, x) converge, upon rescaling
(and maybe centering and a suitable Galilean transformation to get rid of a uniform
spatial drift) to the same KPZ fixed point Hyp,.

Proving any kind of rigorous results about the convergence stated in (2) (called
sometimes the strong KPZ universality conjecture) is a wide open problem for any con-
tinuous SPDE modeling interface growth and in particular for the KPZ equation; see
however [SS10, ACQ11] for recent breakthroughs. On the other side there has been
a tremendous amount of progress in understanding the large scale behavior of certain
discrete probabilistic models of growth phenomena belonging to the same universality
class, mainly thanks to a special feature of these models called stochastic integrability.
For further details see the excellent recent surveys [Corl2, Qual4, QS15].

A weaker form of universality comes from looking at the KPZ equation as a meso-
scopic model of a special class of growth phenomena. Indeed by the same theoretical
physics RG picture it is expected that the KPZ equation is itself a universal description
of the fluctuations of weakly asymmetric growth models, a prediction that is commonly
referred to as the weak KPZ universality conjecture. In this case the microscopic model
possesses a parameter which drives the system out of equilibrium and controls the speed
of growth. It is then possible to keep the nonlinear contributions of the same size as the
diffusion and noise effects by tuning the parameter and at the same time rescaling the
height field diffusively. It is then expected that the random field so obtained satisfies
the KPZ equation (1).



For a long time, the main difficulty in addressing these beautiful problems and ob-
taining any kind of invariance principle for space-time random fields describing random
growth has been the elusiveness of the KPZ equation itself. The main difficulty in making
sense of the equation stems from the fact that for any fixed time ¢ > 0 the dependence
of the solution h(t,z) on the space variable x € T cannot be better than Brownian.
That is, if we measure spatial regularity in the scale of Holder spaces €7, we expect that
h(t,-) € €7 for any v < 1/2 but not better, in particular certainly the quadratic term
(Dh(t,))? is not well defined.

The first rigorous results about KPZ is due to Bertini and Giacomin [BG97], who
show that the height function of the weakly asymmetric simple exclusion process (WASEP)
converges under appropriate rescaling to a continuous random field A which they charac-
terize using the Cole-Hopf transform. Namely they show that the random field w = e”
is the solution of a particular It6 SPDE: the stochastic heat equation (SHE)

dw(t,z) = Aw(t,z)dt + w(t, z)dBi(z), (3)

where Bi(z) = fg (s, x)ds is a cylindrical Brownian motion in L?(R). The regularity
of the solution w does not allow to determine the intrinsic dynamics of A, but the
convergence result shows that any candidate notion of solution to the KPZ equation
should have the property that e solves the SHE (3).

The key tool in Bertini and Giacomin’s proof is Géartner’s microscopic Cole-Hopf
transform [Gar88] which allows them to prove the convergence of a transformed version
of the WASEP to the stochastic heat equation. But the microscopic Cole-Hopf transform
only works for this specific model (or at least only for a few special models, see the recent
works [DT13, CT15] for extensions of the Bertini-Giacomin result) and cannot be used
to prove universality.

Another notion of solution for the KPZ equation has been introduced by Gongalves
and Jara [GJ14] who proved tightness for a quite general class of rescaled weakly asym-
metric exclusion processes and provided a description of the dynamics of the limiting
random fields by showing that they must be energy solutions of the KPZ equation. In
particular, they showed that (after a subtraction) the quadratic term in (1) would make
sense only as a space-time distribution and not better. This notion of energy solution has
been subsequently interpreted by Gubinelli and Jara in the language of controlled paths
in [GJ13]. The key observation is that the fast time decorrelation of the noise provides
a mechanism to make sense of the quadratic term. Unfortunately, energy solutions are
very weak and allow only for few a priori estimates and currently there is no hint that
they are unique!.

A related problem is studied in the the recent work of Alberts, Khanin and Quas-
tel [AKQ14] where a universality result is rigorously shown for discrete random directed
polymers with weak noise, which converge under rescaling to the continuum random
directed polymer whose partition function is given by the stochastic heat equation.

1Shortly after submitting the present article we were actually able to prove the uniqueness of station-
ary energy solutions, see [GP15b].



This was the state of the art until 2011, when Hairer [Hail3] established a well-
posedness result for the periodic KPZ equation using three key ingredients: a partial
series expansion of the solution, an explicit control of various stochastic terms, and a
fixed point argument involving rough path theory. As a final outcome he was able to show
very explicitly that solutions h to equation (1) are limits for € — 0 of the approximate
solutions h. of the equation

Othe(t,2) = Ahe(t, ) + (Dho(t,2))? — C. + &(t, x), zeT, t>0, (4)

where T = R/(277Z) and A is the Laplacian with periodic boundary conditions on T, &,
is a Gaussian process obtained by regularizing £ by convoluting it with a smooth kernel
p, that is & = p. * £ with p.(x) = e !p(z/e), and where the constant C. has to be
chosen in such a way that it diverges to infinity as ¢ — 0. While it had been known
since Bertini and Giacomin’s work [BG97] that the solutions to (4) converge to a unique
limit, the key point of Hairer’s construction is that using rough path theory he is able
to give an intrinsic meaning to the product (DAh(t,r))? and to obtain good bounds for
that operation on suitable function spaces, which ultimately allowed him to solve the
equation.

The solution of the KPZ equation was one of the stepping stones in the development
of Hairer’s regularity structures [Hail4], and now it is of course also possible to solve the
equation using regularity structures rather than rough paths; see for example [FH14].

Using regularity structures, Hairer and Quastel [HQ15] recently proved the univer-
sality of the KPZ equation in the following sense: they consider a regularized version &,
of the white noise and an arbitrary even polynomial P and show that under the right
rescaling the solution h. to

8tha = Aha + \@P(Dha) + 5& (5)

converges to the KPZ equation with (possibly) a non—universal constant in front of the
non-linearity. Let us also mention the work [HS15], where a similar problem is studied
except that P(x) = 22 but & is not necessarily Gaussian.

In the same period Hairer was developing his theory, together with P. Imkeller we
proposed the notion of paracontrolled distributions [GIP15, GIP16, GP15a] as a tool to
give a meaning to and solve a large class of singular SPDEs. The class of models which
can be analyzed using this method includes the generalized Parabolic Anderson model
in 2 dimensions and the stochastic quantization equation in 3 dimensions and other
interesting singular SPDEs [CC13,CF14,7ZZ15a,7714,BB16,CC15, BBF15,PT16].

After Hairer’s breakthrough, another set of tools which should allow to solve the KPZ
equation was developed by Kupiainen [Kupl4], who builds on renormalization group
techniques to make sense of the three dimensional stochastic quantization equation ¢§.

The main aim of the present paper is to describe the paracontrolled approach to
the KPZ equation. While the analysis of the KPZ equation itself is quite simple and
shorter versions of the present paper circulated informally among people interested in
paracontrolled equations, we kept delaying a public version in order to use the full
versatility of paracontrolled analysis to explore various questions around KPZ and related



equations and more importantly to find simple and direct arguments for most of the
proofs.

Indeed, despite paracontrolled calculus being currently less powerful than the full
fledged regularity structure theory, we believe that it is lightweight enough to be effective
in exploring various questions related to the qualitative behaviour of solutions and in
particular in bridging the gap between stochastic and deterministic PDE theories.

We start in Section 2 by recalling some basic results from paracontrolled distributions,
which we then apply in Section 3 to solve the conservative Burgers equation

Zu =Du® + D¢

driven by an irregular signal £ in a pathwise manner. Here our main result is Theorem 3.5
which gives the local-in-time existence and uniqueness of paracontrolled solutions. In
Section 4, Theorems 4.2 and 4.5 we indicate how to adapt the arguments to also solve
the KPZ equation and the rough heat equation pathwise, and we show that the formal
links between these equations (u = Dh, w = e") can indeed be justified rigorously, also
for a driving signal that only has the regularity of the white noise and not just for the
equations driven by mollified signals.

We then show in Section 5, specifically in Corollary 5.2, that by working in a space
of paracontrolled distributions one can find a natural interpretation for the nonlinearity
in the stochastic Burgers equation, an observation which was not yet made in the works
based on rough paths or regularity structures, where the focus is more on the continu-
ous dependence of the solution map on the data rather than on the declaration of the
nonlinear operations appearing in the equation.

Section 6 extends our previous results to more irregular initial conditions. In the
previous sections we only worked with initial conditions for the KPZ equation that are
relatively smooth perturbations of the Brownian bridge. But in Theorem 6.13 we show
that by allowing for a singularity at 0 we can start the KPZ equation in any € function
if B > 0. For the linear heat equation we show in Theorem 6.15 that we can take
wo € Bpd whenever v < 1/2 and p € [1, 00]; in particular we can take wy as the Dirac
delta because § € B?,oo> and even initial conditions with worse regularity are possible.

In Section 7 we develop yet another approach to the KPZ equation. We show in
Theorem 7.3 that its solution is given by the value function of the stochastic control
problem

bita) =sups [0 + [ (66— 78) — o0 — glun)s]. ©)

where under E, we have
S
e :m—i-/ vpdr 4+ V2W,
0

with a standard Brownian motion W. Such a representation has already proved very
powerful in the case of a spatially smooth noise &, see for example [EKMS00, BCK14], but
of course it is not obvious how to even make sense of it when £ is a space-time white noise.
Based on paracontrolled distributions and the techniques of [DD16, CC15] we can give
a rigorous interpretation for the optimization problem and show that the identity (6) is



indeed true. Immediate consequences are a comparison principle for the KPZ equation
and a pathwise global existence result. Recall that in [Hail3] global existence could
only be shown by identifying the rough path solution with the (stochastic) Cole-Hopf
solution, which means that the null set where global existence fails may depend on the
initial condition. In Corollary 7.5 we show that this is not the case, and that for any w
for which {(w) can be enhanced to a KPZ-enhancement (see Definition 4.1) and for any
initial condition hy € €” with B > 0 there exists a unique global in time paracontrolled
solution h(w) to the equation

ZLh(t,z,w) = (Dh(t,z,w))* — 0o + £(t, z,w), h(0,w) = ho.

and that the L° norm of h is controlled only in terms of the KPZ-enhancement of the
noise and the L° norm of the initial condition.

A surprising byproduct of these estimates is a positivity result for the solution of
the SHE which is independent of the precise details of the noise. This is at odds with
currently available proofs of positivity [Mue91, MF14, CK14], starting from the original
proof of Mueller [Mue91], which all use heavily the Gaussian nature of the noise and
proceed via rather indirect arguments. Ours is a direct PDE argument showing that
the ultimate reason for positivity does not lie in the law of the noise but somehow in its
space-time regularity (more precisely in the regularity of its enhancement).

Section 8 is devoted to the study of Sasamoto-Spohn [SS09] type discretizations of the
conservative stochastic Burgers equation. We consider a lattice model uy: [0, 00) x Ty —
R (where Ty = (2nZ/N)/(27Z)), defined by an SDE

dun(t,z) = Ayun(t,z)dt + (DnBn(un(t), un(t)))(z)dt + d(DN\/%WN(t, x))
un(0,2) = uf (2),

where Ay, Dy are approximations of Laplacian and spatial derivative, respectively, By
is a bilinear form approximating the pointwise product, (Wn(t,x))ier, zeTy is an N—
dimensional standard Brownian motion, and uév is independent of Wy. We show in
Theorem 8.2 that if (u))) converges in distribution in '~ for some 8 < 1 to ug, then
(un) converges weakly to the paracontrolled solution u of

ZLu = Du? + cDu + DE, u(0) = uo, (7)

where ¢ € R is a constant depending on the specific choice of Ay, Dy, and By. If Ay
and Dy are the usual discrete Laplacian and discrete gradient and By is the pointwise
product, then ¢ = 1/2. However, if we replace By by the bilinear form introduced
in [KS91], then ¢ = 0. It was observed before in the works of Hairer, Maas and We-
ber [HM12, HMW14] that such a “spatial Stratonovich corrector” can arise in the limit
of discretizations of Hairer’s [Haill] generalized Burgers equation Zu = g(u)0,u + &,
and indeed one of the motivations for the work [HMW14] was that it would provide a
first step towards the understanding of discretizations of the KPZ equation. To carry
out this program we simplify many of the arguments in [HMW14], replacing rough paths



by paracontrolled distributions. A key difference to [HMW14] is that for us the “para-
controlled derivative” is not constant, which introduces tremendous technical difficulties
that were absent in all discretizations of singular PDEs which were studied so far, for
example [ZZ14,MW14]2. We overcome these difficulties by introducing a certain random
operator which we bound using stochastic computations.

As an application of our convergence result, we show that the distribution of m +
2-1/2y where 7 is a space white noise and m € R, is invariant under the evolution of
the conservative stochastic Burgers equation. While this is well known (see [BG97] and
also the recent work [FQ14] for an elegant proof in the more complicated setting of the
non-periodic KPZ equation), ours seems to be the first proof which does not rely on the
Cole-Hopf transform.

In Section 9, Theorems 9.1 and 9.3 we construct the enhanced white noise which
we needed in our pathwise analysis. We try to build a link with the Feynman diagrams
from quantum field theory. The required bounds are shown by reducing the computation
to a few basic integrals that can be controlled by a simple recursive algorithm. In
Section 10 (Theorem 10.1) we indicate how to adapt these calculations to also obtain
the convergence result for the enhanced data in the lattice models. We also calculate
the explicit form of the correction constant ¢ appearing in (7).

Acknowledgments. We are very grateful to Khalil Chouk, who pointed out that by
working in more general Besov spaces than By, o one can start the rough heat equation
in the Dirac delta. We would also like to thank Rongchan and Xiangchan Zhu, who
found a mistake in a previous version of the paper.

The main part of the work was carried out while N.P. was employed by Univer-
sité Paris Dauphine and supported by the Fondation Sciences Mathématiques de Paris
(FSMP) and by a public grant overseen by the French National Research Agency (ANR)
as part of the “Investissements d’Avenir” program (reference: ANR-10-LABX-0098).

2 Paracontrolled calculus

Paracontrolled calculus and the relevant estimates which will be needed in our study of
the KPZ (and related) equations have been introduced in [GIP15]. In this section we
will recall the notations and the basic results of paracontrolled calculus without proofs.
For more details on Besov spaces, Littlewood—Paley theory, and Bony’s paraproduct the
reader can refer to the nice recent monograph [BCD11].

2.1 Notation and conventions

Throughout the paper, we use the notation a < b if there exists a constant ¢ > 0,
independent of the variables under consideration, such that a < ¢-b, and we write a ~ b
if a < band b < a. If we want to emphasize the dependence of ¢ on the variable x, then

we write a(z) S b(z). For index variables ¢ and j of Littlewood-Paley decompositions

*Now also [HM15] are able to deal with problems where the paracontrolled derivative is not constant.



(see below) we write i < j if there exists N € N, independent of j, such that i < j+ N
(or in other words if 2¢ < 27), and we write i ~ j if i < j and j <.

An annulus is a set of the form & = {x € R? : a < |z|< b} for some 0 < a < b. A
ball is a set of the form & = {x € R? : |z|< b}. T = R/(27Z) denotes the torus.

If fis a map from A C R to the linear space Y, then we write fs; = f(t) — f(s). For
£ € LP(T) we write | £(z) 23y i= filf(@)Pda.

Given a Banach space X with norm ||-||x and T > 0, we write Cp X = C([0,T], X)
for the space of continuous maps from [0,7] to X, equipped with the supremum norm
|I-llcrx, and we set CX = C(Ry, X), equipped with the topology of uniform convergence
on compacts. Similarly C(R, X)) will always be equipped with the locally uniform topol-
ogy. For o € (0,1) we also define C¢X as the space of a-Hélder continuous functions
from [0, T] to X, endowed with the seminorm || f{|cex= supg<sci<r |l f5.tllx /1t — 5%, and
we write C}3 X for the space of locally a-Holder continuous functions from R to X.

The space of distributions on the torus is denoted by 2'(T) or 2’. The Fourier
transform is defined with the normalization

Fu(k) =u(k) = / e~ Fy(z)de, ke Z,
T

so that the inverse Fourier transform is given by .7 lv(z) = (2m)71 3, e*®v(k). We

denote Fourier multipliers by ¢(D)u = .% 1 (0.Zu) whenever the right hand side is well

defined.

Throughout the paper, (x,p) will denote a dyadic partition of unity such that
supp(p(27%)) N supp(p(277-)) = 0 for |i — j|> 1. The family of operators (A;);>—1
will denote the Littlewood-Paley projections associated to this partition of unity, that
is Alju=F"1(xFu) and Aj = .F 1 (p(277-)Fu) for j > 0. We also use the notation
Sj = Ylic; Qi We write pj = p(277) for j > 0 and p_1 = x, and x; = x(277+) for
j = 0and x; = 0for j < 0. We define ¢<(k,0) = >, xj—1(k)p;(£) and ¢o(k, ) =
>_ji—j|<1 Pi(k)p;(€). The Holder-Besov space BS, (T, R) for a € R will be denoted by
%< and equipped with the norm

1 flla = I1flBs, .. = sup (2 Aif||Loo(T))-
i>—1
If fisin €“ ¢ for all € > 0, then we write f € €*". For a € (0,2), we also define the
space L% = C;)f/ 21N Cr%“, equipped with the norm
1l zg= max {1l o s I e -

The notation is chosen to be reminiscent of . = 9, — A, by which we will always
denote the heat operator with periodic boundary conditions on T. We also write .Z% =
e’ L= ncge.

loc

2.2 Bony—Meyer paraproducts

Paraproducts are bilinear operations introduced by J. M. Bony [Bon81,Mey81] in order
to linearize a class of nonlinear PDE problems. Paraproducts allow to describe functions



which “look like” some given reference functions and to perform detailed computations
on their singular behavior. They also appear naturally in the analysis of the product
of two Besov distributions. In terms of Littlewood—Paley blocks, the product fg of two
distributions f and g can be (at least formally) decomposed as

fa= Y AifAjg=f=<g+f-g+fog.

j2—1iz—1

Here f <g is the part of the double sum with ¢ < j — 1, and f > g is the part with
i>7+1, and fog is the “diagonal” part, where |i — j|< 1. More precisely, we define

j—2
f=g=g=f=> > AifAjg and  fog= >  AifAjg.

j>—1i=—1 li—jl<1

This decomposition behaves nicely with respect to Littlewood—Paley theory. Of course,
the decomposition depends on the dyadic partition of unity used to define the blocks
{A;}j>—1, and also on the particular choice of the set of pairs (7, j) which contribute to
the diagonal part. Our choice of taking all (¢, 7) with |i — j|< 1 into the diagonal part
corresponds to a dyadic partition of unity which satisfies supp(p(2~¢))Nsupp(p(277-)) =
0 for [i—j|> 1. This implies that every term S;_1 fA;g in the series f <g = >, 5;_1fAjg
has a Fourier transform which is supported in an annulus 2’/.<7, and of course the same
holds true for f > g. On the other side, the terms in the diagonal part f o g have Fourier
transforms which are supported in balls. We call f < g and f > g paraproducts, and fog
the resonant term.

Bony’s crucial observation is that f<g¢g (and thus f>g) is always a well-defined
distribution. In particular, if « > 0 and 8 € R, then (f, g) — f < g is a bounded bilinear
operator from € x €° to €P. Heuristically, f < g behaves at large frequencies like ¢
(and thus retains the same regularity), and f provides only a modulation of g at larger
scales. The only difficulty in defining fg for arbitrary distributions lies in handling the
resonant term fog. The basic result about these bilinear operations is given by the
following estimates.

Lemma 2.1 (Paraproduct estimates). For any 8 € R we have

1f <glls<s [1fllze<llglls; (8)
and for a < 0 furthermore
If < 9lla+pSas [Ifllallglls- (9)
For a+ 8 > 0 we have
1f 0 glla+sSas 1fllallglls- (10)

A natural corollary is that the product fg of two elements f € € and g € €7 is well
defined as soon as o+ 5 > 0, and that it belongs to €7, where v = min{«, 8, a + 8}.

10



2.3 Product of paracontrolled distributions and other useful results

The key result of paracontrolled calculus is the fact that we are able to multiply para-
controlled distributions, extending Bony’s results beyond the case a+ 3 > 0. We present
here a simplified version which is adapted to our needs. Let us start with the following
meta-definition:

Definition 2.2. Let > 0 and o € R. A distribution f € € is called paracontrolled
by u € € if there exists f’ € €” such that ff = f — f' <u € €5,

Of course in general the derivative f’ is not uniquely determined by f and u, so more
correctly we should say that (f, f’) is paracontrolled by u.

Theorem 2.3. Let o, 3 € (1/3,1/2). Let u € €%, v € €* L, and let (f, f') be para-
controlled by u and (g,g’) be paracontrolled by v. Assume that uov € €**~! is given as
limit of (uy ovy,) in €21, where (u,) and (vy,) are sequences of smooth functions that
converge to u in €% and to v in €' respectively. Then fg is well defined and satisfies

1fg=1f < gllza=1 S (IF' Isllulat1Fllasrs) g I 10lla-1F 19 lars-1)+I1F 9 llslluov]l2ar.

Furthermore, the product is locally Lipschitz continuous: Let & € €%, © € €' with
Gob € €21 and let (f,f') be paracontrolled by @ and (§,§) be paracontrolled by
v. Assume that M > 0 is an upper bound for the norms of all distributions under
constderation. Then

I(fg—f=9)— (fi— F=d)ll2a-1
SA+M|NF = Flls+lg — 3 llp+u = dllat|v = 9]la1

115 = Flas gt = Fllass-r+luov — G0 dllzar .

Iff'=f=1org¢g =g =1, then M3 can be replaced by M?2.

Remark 2.4. The proof is based on the simple result of [GIP15], Lemma 2.4, that the
commutator

C(f,g.h) == (f<g)oh— f(goh)

is a bounded trilinear operator from €P x € x €~ to ¢€***+P-1.

We will write f - g instead of fg whenever we want to stress the fact that we are
considering the product of paracontrolled distributions. For some computations we will
also need a paralinearization result which allows us to control nonlinear functions of the
unknown in terms of a paraproduct.

Lemma 2.5 (Bony-Meyer paralinearization theorem, [GIP15], Lemma 2.6). Let o €
(0,1) and let F € C?. There exists a locally bounded map Ry : €% — €>* such that

F(f)=F'(f)<f+Rp(f) (11)
for all f € €. If F € C3, then Rp is locally Lipschitz continuous.
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We will also need the following lemma which allows to replace the paraproduct by a
pointwise product in certain situations:

Lemma 2.6 (An associativity result, [Bon81], Theorem 2.3). Let a« > 0, 8 € R, and let
f,g €€, and h € €P. Then

If < (g <h) = (Fg) < hllatsS [ fllallgllallPlls-

When dealing with paraproducts in the context of parabolic equations it would be
natural to introduce parabolic Besov spaces and related paraproducts. But to keep a
simpler setting, we choose to work with space—time distributions belonging to the scale
of spaces (CC*),cg- To do so efficiently, we will use a modified paraproduct which
introduces some smoothing in the time variable that is tuned to the parabolic scaling.
Let therefore ¢ € C°(R,R;) be nonnegative with compact support contained in R
and with total mass 1, and define for all i+ > —1 the operator

Qi:C6P = CE°,  Qiflt) = /Rz?hp(z%(t— $))f(s Vv 0)ds.

We will often apply Q; and other operators on C¢” to functions f € Cr%”? which we
then simply extend from [0,7] to Ry by considering f(- A T). With the help of Q;, we
define a modified paraproduct

f=<g=Y (QiSi1f)Aig

1

for f,g € C (R4, 2'(T)). Tt is easy to see that for f < g we have essentially the same
estimates as for the pointwise paraproduct f < g, only that we have to bound f uniformly
in time. More precisely:

Lemma 2.7. For any 8 € R we have
1 < g®llsS I llcere=llg®)lls, (12)
for allt > 0, and for a < 0 furthermore

If <9 llarsS I fllcieellg®)lls- (13)

See Lemma 6.4 below for a more general version and a proof. We will also need the
following two commutation results.

Lemma 2.8. Let a € (0,2) and € R. Then

I(f <9 =<9 Olla+s< [ Fll2ellg@®)lls

forallt > 0. If a € (0,1), then we also have
(Z(f<9) = = (ZL9) Ollazp_2 S I fllzellg®)]]s-
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More general versions of these bounds are shown in Lemma 6.5 below. As a conse-
quence, every distribution on Ry x T which is paracontrolled in terms of the modified
paraproduct is also paracontrolled using the original paraproduct, at least if the deriva-
tive is in .Z“ and not just in C€*.

Moreover, we introduce the linear operator I: C' (Ry, 2'(T)) — C (Ry, 2'(T))

t
If(t) :/0 P_sf(s)ds,

where P, = 2, t > 0 is the heat semigroup generated by the periodic Laplacian. Some
standard estimates for I are summarized in the following lemma.

Lemma 2.9 (Schauder estimates,[GIP15], Lemmas A.7-A.9). For o € (0,2) we have

I ll.ze S 1fllopga—2 (14)
for all'T >0, as well as
Is = Psuol| 2o < lluolla- (15)

Combining the commutator estimate above with the Schauder estimates, we are able
to control the modified paraproduct in £ spaces rather than just C7¢“ spaces:

Lemma 2.10. Let o € (0,2), 6 > 0 and let f € .,Zﬁ, g € Cr€®, and Lq € Cr€°*2.
Then

1f <9l S 1 1sg (Nllcrent 1Ll oyipas )

Proof. We apply the Schauder estimates for .Z to obtain

If < gllze SIfF<g(0)lga+ 1 L(f < 9)llcpga—r2
<L(f=<9) = FXZLglcpgars—2 + | f K (L) cpga—r
S g (lgllerge+ 1L gl opga-2)-

O]

It is possible to replace ||f|]$% on the right hand side by || f||c; L, see Lemma 2.16
of [Furl4]. But we will only apply Lemma 2.10 in the form stated above, so that we do
not need this improvement.

At the end of this section, let us observe that in (Z7)  spaces we can gain a small
scaling factor by passing to a larger space.

Lemma 2.11. Let a € (0,2), T > 0, and let f € L. Then for all § € (0, ] we have

1F 11 S 1O Is+T072] £ g

Proof. Tt suffices to observe that by interpolation ”f’|o<;—5>/2w5 | fll.zg- O
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3 Stochastic Burgers equation

3.1 The strategy

Instead of dealing directly with the KPZ equation we find it convenient to consider its
derivative u = Dh which solves the Stochastic Burgers equation (SBE)

ZLu = Du? + DE. (16)

In a later section we will show that the two equations are essentially equivalent. The
strategy we adopt is to consider a regularized version for this equation, where the noise
¢ has been replaced by a noise & that is smooth in space. Our aim is then to show that
the solution u. of the equation

ZLu. = Du? + D¢,

converges in the space of distributions to a limit v as ¢ — 0. Moreover, we want to
describe a space of distributions where the nonlinear term Du? is well defined, and we
want to show that u is the unique element in this space which satisfies Zu = Du? 4+ D¢
and has the right initial condition.

That it is non-trivial to study the limiting behavior of the sequence (u:) can be
understood from the following considerations. First, the limiting solution u cannot be
expected to behave better (in terms of spatial regularity) than the solution X of the
linear equation

LX =D¢

(for example with zero initial condition at time 0). It is well known that, almost surely,
X € C€ /%~ but not better, at least on the scale of (C%®),, spaces. In that case, the
term u? featured on the right hand side of (16) is not well defined since the product
(f,g) — fg is a continuous map from C€* x C€” to C€°"8 only if a + 8 > 0, a
condition which is violated here. Thus, we cannot hope to directly control the limit of
(u?): as e — 0.

What raises some hope to have a well-defined limit is the observation that if X,
is the solution of the linear equation with regularized noise ¢, then (DX2). converges
to a well defined space-time distribution DX? which belongs to ZC%°~ (the space of
all distributions of the form Zv for some v € C%4°~). This suggests that there are
stochastic cancellations going into DX? due to the correlation structure of the white
noise, cancellations which result in a well behaved limit. Taking these cancellations
properly into account in the full solution = is the main aim of the strategy we will
implement below.

In order to prove the convergence and related results it will be convenient to take a
more general point of view on the problem and to study the solution map ®,pe: (6,v) — u,
mapping well-behaved (for example smooth, but here it is enough to consider elements
of C(Ry,C") and C! respectively) functions § and initial conditions v to the classical
solution of the evolution problem

ZLu =Du* + D0, u(0) = v, (17)
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which we will call the Rough Burgers Equation (RBE).

To recover the original problem, our aim is to understand the properties of ® when 6
belongs to spaces of distributions of the same regularity as the space—time white noise,
that is for § € C€~1/2=. In order to do so we will introduce an n-tuple of distributions
X(0) constructed recursively from the data 6 of the problem and living in a complete
metric space Xype and show that for every bounded ball £ around 0 in X, and every
bounded ball £ in €~1* there exist T > 0 and a continuous map Ve : B X B —
Cr€ '~ satisfying @upe(6,v) = Upe(X(6), v)|jo 7] for all (X(6),v) € B x %. This will
allow us to obtain the local in time convergence of u. = ®pe(&e, p(eD)up) by showing
that the sequence (X(&:))e converges as € — 0 to a well-defined element of X;pe; here ¢
is a compactly supported, infinitely smooth function with ¢(0) = 1 and we recall that
0(eD)u = F1(p(e')Fu). That last step will be accomplished via direct probabilistic
estimates with respect to the law of the white noise £&. The described approach thus
allows us to decouple the initial problem into two parts:

1. a functional analytic part related to the study of particular spaces of distributions
that are suitable to analyze the structure of solutions to equation (17);

2. a probabilistic part related to the construction of the RBE-enhancement X(§) € Xipe
associated to the white noise .

3.2 Structure of the solution

In this discussion we consider the case of zero initial condition and we formally expand
the solution u to (16) in certain multilinear functionals constructed from the noise, just
as in [Hail3]. Let us first define a linear map J(f) for each smooth f on Ry x T as the
solution to .ZJ(f) = Df with initial condition J(f)(0) = 0. Explicitly, we have

J(F)(t) = I(DF)(t) = /0 P D(f(s))ds,

where (P;);>0 is the semi—group generated by the periodic Laplacian on T. Using the
estimates on I given in Lemma 2.9, we see that J is a bounded linear operator from
CrE* to Cr€*t! for all « € R and T > 0.

Let us now expand the solution to the rough Burgers equation (17) around the
solution X = J(#) to the linear equation X = D@. Setting u = X + u”!, we have

ZLu?t =D(u?) = D(X?) + 2D(Xu”t) + D((v”1)?).

We can proceed by performing a further change of variables in order to remove the term
D(X?) from the equation by setting

u=X+J(X?) +u? (18)

Now u>2 satisfies

Zu?? = 2D(XJ(X?))+D(J(X?)J(X?))

+2D(Xu?) + 2D(J(X2)u>2) + D((u?)2). (19)
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We can imagine to make a similar change of variables to get rid of the term 2D(X J(X?)).
As we proceed in this inductive expansion, we generate a certain number of explicit terms,
obtained via various combinations of the function X and of the bilinear map

B(f,9) = J(fg) = I(D(f9g))-

Since we will have to deal explicitly with at least some of these terms, it is convenient
to represent them with a compact notation involving binary trees. A binary tree 7 € T
is either the root e or the combination of two smaller binary trees 7 = (7172), where the
two edges of the root of 7 are attached to 7 and 7o respectively. The natural grading
d:T — N is given by d(e) = 0 and d((1172)) = 1 + d(71) + d(m2). However, for our
purposes it is more convenient to work with the degree d(7), which we define as the
number of leaves (that is nodes without children) of 7. By induction we easily see that
d = d+ 1. Then we define recursively a map X : 7 — C (R., Z') by

X*=X, XM™=PBX" X™),
giving
xV=B(x,X), x¥=BX,xY), x'=Bxx%, x¥Y=BuxY,xY)

and so on, where

(e0) =V, Vo)=Y, (o¥) = %, (VvV) =V,
In this notation the expansion (18)-(19) reads
uw=X+ XY + 72, (20)
w?? = 2XV 4+ X¥ 4 2B(X,w??) + 2B(XY,v*?) + B(u??,u??). (21)

Remark 3.1. We observe that formally the solution u of equation (17) can be expanded
as an infinite sum of terms labelled by binary trees:

u= Z e(r) X7,
TET

where ¢(T) is a combinatorial factor counting the number of planar trees which are iso-

morphic (as graphs) to 7. For ezample c(¢) = 1, ¢(V) = 1, ¢«(¥) = 2, C(Y(l) = 4,
() =1 and in general ¢(r) = Y ormeT Ymm)=rc(T1)c(T2). Alternatively, truncating
the summation at trees of degree at most n and setting

u= Z ()X +u”™,
TET,d(T)<n
we obtain a remainder u”™ that satisfies the equation
T Z e(r1)e(m) X (172) 4 Z c(T)B(XT,u”™) + B(u”", u”").

71,72 1 d(T1) < m,d(m2) <n rid(r)<n
d((mim2)) = n
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Our aim is to control the truncated expansion under the natural regularity assump-
tions for the white noise case. These regularities turn out to be

Xecg 1, xVece, x¥V xVecwVr, xYecw'~. (22

Moreover, for any f € C€ with a > 1/2 we have that B(X, f) € C€/?~: indeed, the
bilinear map B satisfies

IB(f, 9)llcres S I fllore=llgloree (23)

for any 7' > 0, where § = min(«, 3, + ) + 1, but only if & + 5 > 0. Equation (21)
implies that u>2 has at least regularity (1/2)—. In this case B(u”?,u>?) is well defined
and in C¢%/2~, but B(X,u>?) is not well defined because the sum of the regularities
of X and of u>2 just fails to be positive. To make sense of B(X,u”2), we continue the

>3

expansion. Setting u”? = 2xY ¢ u?3, we obtain from (21) that u=? solves

0P = 4X 4+ XV £ 2B(X,u7%) + 2B(XY,472) + B(u?, u?2).

At this stage, if we assume that ©>3,u>2 € C€Y/2~, all the terms but 4X‘Q’+2B(X, u?3)
are of regularity C¢'~: indeed

B(XY,u?%) e C¢'~, Bw??u??) e ¥/,

and we already assumed that X Y e C¢'~. This observation implies that 4”3 has the
form

w3 = 2B(X,u>%) + 4X Y + 0%,

by which we mean u”® — 2B(X,u”?) — 41X € 0¥, Of course, the problem still
lies in obtaining an expression for B(X,u”3) which is not well defined since our a pri-
ori estimates are insufficient to handle it. This problem leads us to finding a suitable

paracontrolled structure to overcome the lack of regularity of u=3.

3.3 Paracontrolled ansatz

Here we discuss formally our approach to solving the rough Burgers equation (17). The
rigorous calculations will be performed in the following section.
Inspired by the partial tree series expansion of u, we set up a paracontrolled ansatz
of the form
u:X—i—XV—i—QXY'—i—uQ, u? =o' < Q + uf, (24)

where the functions v/, Q and u! are for the moment arbitrary and later will be chosen
so that u solves the RBE (17). The idea is that the term u’ < @ takes care of the less
regular contributions to u of all the terms of the form B(X, f). In this sense, we assume
that Q € C¢/2~ and that v’ € C€'/2~ NCY4~ L. The remaining term u? will contain
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the more regular part of the solution, more precisely we assume that u! € C¢'~. Any
such w is called paracontrolled.
For paracontrolled distributions u, the nonlinear term takes the form

Du? = D(XX+2X XY+ XY XV4+4X X ¥)+2D(Xu®)+2D(XV (uQ+2X ) +D((u@+2X ¥)?).

Of all the term involved, the only one which is problematic is D(X uQ), since by our
assumptions 2D(XY (u® 4 XY')) + D((u® + X‘(’)Q) are well defined and

DXX +2XXY + xVxVraxx¥) = 2(xV +2x¥ 1+ x¥ 1 axh

are given through an explicit construction and do not depend on u®. Using the para-
controlled structure of u, the term D(Xu®) is defined as D(X - u?) provided that
QoX € C%¥" is given. Under this assumption we easily deduce from Theorem 2.3
that

D(Xu®) —u? <DX € C¥ 1.

In other words, for paracontrolled distributions the nonlinear operation on the right
hand side of (17) is well defined as a bounded operator.

Next, we should specify how to choose @ and which form v’ will take for the solution
u of (17). To do so, we derive an equation for uf:

Lut = Lu—X—XYV_2X¥ /< Q) =4D(XX V) +2u? < DX —/ < LQ+CE ",

where we used the commutator estimate Lemma 2.8 to replace .Z (v’ < Q) by v/ < ZQ.
If we now assume that X Yo X € C%€°~, then we obtain

2uf = (2uQ +4XY) < DX — v/ < LQ + CE 1,

which shows that we should choose @ so that . £Q = DX and v/ = 2u® +4X Y. Tn the
next section we derive a priori estimates for the equation driven by regular data which
allow us to pass to the limit where 6 can be replaced by the white noise £.

3.4 A priori estimates on small time intervals

We are now ready to turn these formal discussions into rigorous mathematics and to
solve Burgers equation on small time intervals. For simplicity, we first treat the case
of initial conditions that are smooth perturbations of the white noise. In Section 6 we
indicate how to adapt the arguments to treat more general initial conditions.

Throughout this section we fix & € (1/3,1/2). First, let us specify which distributions
will play the role of enhanced data. We will usually consider regularized versions of
the white noise which leave the temporal variable untouched and convolute the spatial
variable against a smooth kernel. So in the following definition we are careful to only
require a spatially smooth X, but not a smooth 6.
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Definition 3.2. (RBE-enhancement) Let
Xipe C CE I X CC* 7! x L% x L7 x L% x C¢°*}

be the closure of the image of the map O, : ZC(R, C°(T)) — Xpe given by

Oune(0) = (X(8). XV(6). X¥(6), X %(0). X ¥ (6). Q(0) 0 X (), (25)
where
LX) D9,
ZXY(0) = D(X(0)),
2X¥0) = DX(O)XV(0)), 26)
2X%0) = DXY(0)0X(0)),
Zx%(0) = DXY(0)XV(9)),

ZQ(0) = DX(0),

all with zero initial conditions except X (6) for which we choose the “stationary” initial
condition 0
X(6)(0) = / P_,Do(s)ds.
—0o0

We call ©,1,0(0) the RBE-enhancement of the driving distribution 6. For T' > 0 we define
Xove(T) = Xipeljo,r) and we write || X||y,, (7 for the norm of X in the Banach space
Cre® 1 x Cp6?™1 x L& x L2% x L2% x Cre**~!. Moreover, we set Ao () (X, X) =
IX = Xl xpe(1)-

For every RBE-enhancement we have an associated space of paracontrolled distribu-
tions.

Definition 3.3. Let X € X, and 6 > 1 — 2a. We define the space bee = Qébe’x of

r
distributions paracontrolled by X as the set of all (u, v/, uf) € CE*~! x £° x £°*9 such
that

u:X—I—XV—G—QXY'—i—u'«Q—i—uﬁ.

For 0 = a we will usually write Zy,. = 2. For every T' > 0 we set @fbe(T) = gfbe’[o,ﬂ?
and we define

/
lell g, y= I gl s

We will often use the notation u? = v’ < Q + . Since u is a function of «’ and uf, we
will also write (u/, uﬂ) € Do, and if there is no ambiguity then we also abuse notation
by writing u € Zipe. We call @/ the derivative and u! the remainder-.

Strictly speaking it is not necessary to assume uf € 2% the weaker condition
uf € C€* would suffice to define Du?. But this stronger assumption will simplify
the notation and the uniqueness argument below, and it will always be satisfied by the
paracontrolled solution to Burgers equation.
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Our a priori estimate below will bound |lul|g,, () in terms of the weaker norm
||u”_g]§bc(T) for suitable § < «. This will allow us to obtain a scaling factor T on small
time intervals [0,7], from where we can then derive the locally Lipschitz continuous
dependence of the solution u on the data (X, ug). Throughout this section we will work
under the following assumption:

Assumption (T,M). Assume that 0,0 € ZC(R, C>(T)) and ug, Wiy € €, and that u
1s the unique global in time solution to the Burgers equation

ZLu=Du®>+D¢,  u(0) = X(0) + ug. (27)
We define X = Oppe(#), u€ =u — X — XV — QXY’, and v = 2u® + 4XY', and we set
uf = u@ — ' < Q. Similarly we define X, @, 0%, @, 4. Finally we assume that T, M > 0
are such that .
max {[|uol|2a; ([0 l20- X[ e (1) Xl 20 (1)} < M.

Lemma 3.4. Make Assumption (T,M) and let 6 > 1 —2a. Then
W %
|20 = LX7 —4LX % cpigraatlu|l g S L+ M?)(1 + [ullZs (ry)- (28)

If further also |ul|g,,, (T, ||ﬂ|\@rbex(T)< M, then

I(2ut — 2x¥ 12X — (zit — XY 192X logigra—2tllu’ — @l zg  (29)
< M (A1) (X, X) + ([0 — @[ g+l — @[] 26))-
Proof. Let us decompose .Zuf into a sum of bounded multilinear operators:
ZLuf =Du? —DX? —2DXVX — 2 (v < Q)
= ZXY 4 2D[uPX — u® < X] +2[D(u® < X) — u® <DX]
442X 4 4D[XY - X] 4+ 4D(XY < X) - XY <DX] + [ <DX — o/ < DX]
+DRXVEXY +u) + 2XY + 1) - [Z2( < Q) — ' < (£Q)],
where we used that v’ = 2u®@ + 4X Y. From here it is straightforward to show that
|20 = £XY ~ 42X Yoyp20s S 1K gy (10@lcrgatid ) + 092 1
(30)
+ (X o) HIX o () L+ N6 opigts 10 Nl opigs)-

Now [[u®lcpwe S [0/l 251X M| 2oy HIwF [l opse by Lemma 2.10 (observe that [|Q.zp <
Xl x,,.(r) by the Schauder estimates, Lemma 2.9), and therefore the estimate (28)
follows as soon as we can bound (1+4|X||x,, (7)) |u'[ 2 by the right hand side of (28). For
this purpose it suffices to use the explicit form v’ = 2u@ 44X ¥ and then u® = o/ < Q+u
in combination with Lemma 2.10.

The same arguments combined with the multilinearity of our operators also yield (29).
O
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The main result of this section now follows:

Theorem 3.5. For every (X, ug) € Xipe X €% there exists T* € (0, 00| such that for all
T < T* there is a unique solution (u,u',u?) € Du,e(T) to the rough Burgers equation (27)
on the interval [0,T]. Moreover, we can choose

T* = sup{t > 0 : ||ul| g, )< o0}

Proof. Let M = 2max{||uo||2a; [|X]| x,,.(1)}- Consider a sequence (0, ug) C L C(R, C>)x
€2 such that X,, = Ope(0y) approximates X|jg ) in Xipe(T) for all T > 0 and (uf}) ap-
proximates ug in **. Without loss of generality assume that ||ug||2aV]|Xnl| 2. (1)< M
for all n. Denote by u,, the solution to Burgers equation driven by X,, and started in ug
and define ug, ul,, ub as in Assumption (7, M). In particular, for all n we are in the
setting of Assumption (1, M).

For fixed n, the remainder has the initial condition ui(o) = ul € €%, so that
Lemma 3.4 and the Schauder estimates (Lemma 2.9) yield

el 1S (L M)A+ 2 ()
for all 7 € (0,1]. Therefore, we can apply Lemma 2.11 to gain a small scaling factor:
[l o) S (1 M2 A+ 7 funllZ,,, r)- (31)

Now [[unll 7. (r) < [[unllg,,.) for all 7 € (0,1], and therefore there exists a universal
constant C' > 0 such that [[up|lg,, < C(1 + M?) for all sufficiently small 7 < 7*.
However, a priori 7* may depend on stronger norms of ¢, and not just on [|X,||x,,.(1)-
To see that we may choose 7" only depending on M, it suffices to note that 7 —
|unll2,,.(-) is @ continuous function (which follows from the fact that uf and ul, are
actually more regular than 2% and % respectively), to select the smallest 7* with
[tnll g, ()= C(1 4+ M?), and to plug |Jun| 4, (-+) into (31).

In other words |[un|g,, < C(1 4 M?) for all n, so that the second statement of
Lemma 3.4 in conjunction with the Schauder estimates for the Laplacian shows that

lthy, — bl e+ llup, — wpll e S (14 M) (A (1) (Kins Xn) + g’ — ufll2a)
for all m,n (possibly after further decreasing 7 = 7(M)). So if
B = {(Ome(0),v) : 0 € ZC(R,C¥(T)), v € €, || Ore(0) | o1, [0]|2a< MY,

and if ¥ : B — 275, % ,,2”35\4) is the map which assigns to (6, v) the local solution

(u/,uf) of (27), then ¥ has a unique continuous extension from % to its closure in
Xpe(1) x €2, which is just the ball By (Xme(1) x €%%) of size M in this space. By
construction, u = (u’,u?) = W(X,ug) solves Burgers equation driven by X and with
initial condition ug if we interpret the product Du? using the paracontrolled structure
of u. To see that w is the unique element in Zp,c x(7(M)) which solves the equation, it
suffices to repeat the proof of estimate (29).
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It remains to iterate this argument in order to obtain solutions until the blow up time
T*. Assume that we constructed a paracontrolled solution w on [0, 7] for some 7 > 0
and consider the time interval [r, 7 + 1]. Denote the solution on this interval by @, and
write X(t) = X(t 4+ 7). The initial condition for @ is %(0) = u(7) € €%, so that we are
not in the same setting as before. But in fact we only needed a smooth initial condition
to obtain an initial condition of regularity 2« for the remainder, and now we have

@ (0) = (0) — X(0) — XV(0) — 2X¥(0) — @ < Q(0)
= u(r) — X(0) — X¥(1) = 2X (1) — /(1) < Q().

According to Lemma 2.8 we have u/(7) < Q(7) — v/ < Q(7) € €**, so that the paracon-
trolled structure of u on the time interval [0, 7] shows that the initial condition for @t is in
%2, As a consequence, there exists M > 0 which is a function of [|X]| x,,_(r+1), [t/ 2. ()

such that the unique paracontrolled solution @ can be constructed on [0, 7(M)]. We then

extend u and v’ from [0, 7] to [0,7 + 7(M)] by setting u(t) = u(t — 7) for t > 7 and
similarly for «'. Then by definition v’ € .XTO‘JFT 1)’ For the remainder we know from our

construction that on the interval [, 7 4+ 7(M)] we have u® — v/ < ,Q € £%*, where
t
u < -Q() =) / 2210 (2% (t — 5))S;_1u/ (s V 7)dsA;Q(2).
§ -0

It therefore suffices to show that (v < ,Q — v < iy rir (i) € £?“. But we already
showed that (v < ,Q —u/ < Q)(r) € €%, and for t € [r,7 + 7(M)] we get

L <,Q - <Q)(t) = (v <, 2Q —u <.LQ)(t) + €**
= (u' < ,DX —u/ < DX)(t) + €.

Now Lemma 2.8 shows that v/ <« DX — v/ <DX € CT+T(M)<€2OC_2’ and by the same

arguments it follows that also (v <,DX —u/'<DX € €?%72) iy € CUm T +
7(M)], 62%), so that the .2>* regularity of uf on [0, 7 +7(M)] follows from the Schauder
estimates for the heat flow, Lemma 2.9.

Reversing these differences between the different paraproducts, we also obtain the
uniqueness of u on [0, 7 + 7(M)]. O

Remark 3.6. There is a subtlety concerning the uniqueness statement, similarly as for
controlled rough paths. The uniqueness is to be interpreted in the sense that there exists
(locally in time) a unique fized point (u,u’,u?) in Dpe for the map Dpe > (v,0',0%)
(w,w',w') € Dype, where

w = P.(ug) +I(Dv?) + X, w’:2vQ+4X‘<’, wﬁ:w—X—XV—2X‘({'—w'«Q.

For general X € Xye it is not true that there is a unique v € C7€*~ for which there
exist u', uf with (u,u’, u*) € Dpex(T) and such that u = P.(ug) + I(Du?) + X, where the
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square is calculated using v and u®. The problem is that ' and u' are in general not
uniquely determined by u and X (see however [HP13,FS13] for conditions that guarantee
uniqueness of the derivative in the case of controlled rough paths). Nonetheless, we will
see in Section 5 below that this stronger notion of uniqueness always holds as long as
X is “generated from convolution smoothings”, and in particular when X is constructed
from the white noise.

Moreover, without additional conditions on X € Xype there always exists a unique
u € Cr€°! so that if (0,) is a sequence in LC(R,C%) for which (Ope(6,)) converges
to X, then the classical solutions u, to Burgers equation driven by 0, converge to u.

The solution constructed in Theorem 3.5 depends continuously on the data X and
on the initial condition ug. To formulate this, we have to be a little careful because for
now we cannot exclude the possibility that the blow up time 7™ is finite (although we
will see in Section 7 below that in fact 7% = oo for all X € Xype, ug € €>*). We define
the distance dy,,, as follows:

o (X, X) i= ) 27" (1 Adgy () (X, X)), (32)
m=1

Theorem 3.7. Let (X,,)p, X € Xipe be such that limy, dy, (Xp, X) =0 and let (u),uo €
€2 be such that lim,||ull — ugll2a= 0. Denote the solution to the rough Burgers equa-
tion (27) driven by X,, and started in X,,(0) + vy by w,, and write u for the solution
driven by X and started in X (0) 4+ ug. Then there exists a sequence of times T,, with
limy, 00 Ty = T :=sup{t > 0 : ||ul| g, 1)< oo} such that

nlin;o]]un —ullc,, ¢o= 0.

We say that the solution depends “continuously” on (X, ug).

Proof. Let m € N and define M = max{||X[|x,,.(m) IXn |l x,,.(m)s @020, [ug |20 } as well
as
T = 1f{t 2 0 : [Junl 9,00 VUl 2401y = M} A

Using the same arguments as in the proof of Theorem 3.5, we see that there exists a
constant C(m, M) > 0, increasing in m and M, such that

[un —ullc, o < Clm, M)(dxy, (X0, X) + [lug = uoll2a)-

Now the larger n is, the smaller the second factor on the right hand side is and thus
the larger we may choose m. In other words there exists a sequence (m(n)),en with
lim,, m(n) = oo and limy,||u, —ul/c_. @e= 0. It remains to show that lim, Ton(n) = L

Clearly the limit is bounded from above by T™, so assume that it is strictly smaller.
Then there exists T' < T™* such that for all large n we have T,;fb(n) < T, and by definition
of 7,y and T* this means that |tunll 7. ()> m(n) for all large n. But then we can
use that lim, m(n) = oo and apply once more the same arguments as in the proof of

Theorem 3.5 to obtain ||ul| 4, ()= 00, a contradiction to 7' < T™. O
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Remark 3.8. We say that the solution depends “continuously” on the data because we
did not define a topology on the space where the solution lives. There are canonical
definitions for the distance on the space of exploding paths f:Ry — Z U {(} where
(Z,||-l) is a normed space and ¢ is a cemetery state; we can for example set T,(z) =
inf{t > 0 : [[z(t)||= m} Am and y"(t) = y(t A7) and start with the pseudodistances
dm(2,2) = ||27" ) — 27" @)|| which can be combined into a metric as in (32)). However,
for the solution to Burgers equation we are not able to prove convergence in any useful
distance on the space of exploding paths which is why we state the convergence result in
the same form as in [Hail4].

Remark 3.9. The analysis in this section is very similar and of course equivalent to
the one in [Hail3], where the solution of the KPZ equation is expanded in a number of
multilinear functionals Y7 constructed from the white noise (see also the next section
where we study the KPZ equation). The key difference is that in [Hail3] the product
u®X is constructed using the controlled rough path integral of [Gub04] by first noting
that there exists Y with DY = X and then setting u®X =D I u®(y)dY (y). Working
directly with the product simplifies some of the arguments.

Of course it is also possible to solve the stochastic Burgers equation using reqularity
structures (see [Haild,FH14]), where roughly speaking every term X7 is identified with
a basis vector for an abstract vector space in which the solution to Burgers equation
can be expanded. Regularity structures are very powerful and allow to deal with more
general equations than the ones that can be treated using paracontrolled distributions. On
the other hand they are built completely from scratch and sometimes need sophisticated
arguments to carry over results from classical analysis, while paracontrolled distributions
are a relatively lightweight addition to the available PDE theory.

4 KPZ and Rough Heat Equation

We discuss the relations of the RBE with the KPZ equation and the multiplicative heat
equation in the paracontrolled setting.

4.1 The KPZ equation

For the KPZ equation
Zh=(Dh)*+¢&  h(0) = ho,

one can proceed, at least formally, as for the SBE equation by introducing a series of
driving terms (Y7),c7 defined recursively by
Zy*=¢,  2yn™ = (DYTDY ™)

and such that DY” = X7 for all 7 € T; we will usually write Y = Y*. However,
now we have to be more careful because it will turn out that for the white noise &
some of the terms Y7 can only be constructed after a suitable renormalization. Let us
consider for example Y. If o:R — R is a smooth compactly supported function with
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©(0) = 1 and & = (D)€, then as ¢ — 0 we only obtain the convergence of Y.¥ after
subtracting suitable diverging constants (which are deterministic): there exist (c:)es0,
with lim._,g c. = 0o, such that (st(t) — cet)=0 converges to a limit YVY. We stress the
fact that while c. depends on the specific choice of ¢, the limit YV does not. To make
the constant ¢. appear in the equation, we should solve for

ZLh. = (Dhe)? — c. + &, he(0) = @(eD)hy.
In that sense, the limiting object h will actually solve
ZLh=Dh)2+¢,  h(0) = hy, (33)

where (Dh)°? = (Dh)? — co denotes a renormalized product. The reason why we did not
see this renormalization appear in Burgers equation is that there we differentiated after
the multiplication, considering for example XY (t) = D(YY(t) — c.t) = DY.Y(t). There
are two other terms which need to be renormalized, Y ¥ and YV, But on the level of
the equation these renormalizations will cancel exactly, so that it suffices to introduce
the renormalization of Y.¥ by subtracting c.. We still consider a fixed a € (1/3,1/2).

Definition 4.1. (KPZ-enhancement) Let
ykpz - R 3204 > gaJrl % $2a+1 % $2a+1 % 0%20471
be the closure of the image of the map

Oupz : LCAR, C(T)) x R x R = Vieps,

loc

given by
O (0., ) = ((0). YV(0), Y¥(0). Y 4(0), Y¥(6), DP(0) o DY (0)),  (34)

where
0) = 0,

(6) = (DY(8))* Y,
YY) = DY (6)DYY(8), 35)

() = DYYoDY +¢¥/4

(0) = DYV(ODYY(H) - c?,

ZP(9) = DY(),

all with zero initial conditions except Y (6) for which we choose the “stationary” initial
condition

0
Y (6)(0) = / P_ILo0(s)ds.

—0oQ
Here and in the following II..o denotes the projection on the (spatial) Fourier modes # 0.
We call Oy (0, v, cv) the renormalized KPZ-enhancement of the driving distribution
0. For T'> 0 we define Yip, (1) = Vipzl[o,7) and we write || Y[y, () for the norm of Y
in the Banach space .Zf x fr}f‘ x Lot X grotl x g2etl s Cpg?e1. Moreover, we
define the distance dy, (1) (Y,Y) = [|Y = Y|y, (7).
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Observe the link between the renormalizations for Y and Y‘%. It is chosen so that

¢ will never appear in the equation. It is known from the work of Hairer [Hail3], see

also Section 9.6, that in the case where 6 is a suitable approximation of the space-time

white noise it is possible to find such renormalizations for Y'Y and Y‘%. Also note that
for every Y € )i, there exists an associated X € AXpp,e, obtained by differentiating the
first five entries of Y and keeping the sixth entry fixed. Abusing notation, we write
X =DY.

The paracontrolled ansatz for KPZ is h € Py, = Dips,y if

h=Y+YV+2v¥+n?, P =n <P+, (36)

where b/ € £%, and hf € Z?**1 For h e Dxps it now follows from the same arguments
as in the case of Burgers equation that the term

(Dh)°? = (Dh)? — ¢

is well defined as a bounded multilinear operator. Now we obtain the local existence
and uniqueness of paracontrolled solutions to the KPZ equation (33) exactly as for the
Burgers equation, at least as long as the initial condition is of the form Y (0) 4+ h(0) with
h(0) € €2+,

Moreover, let X = DY € &y, and let h € Py, v. Then Dh = X+XV+2X‘<'+DhP,
where

DhP = (DW) < P + W <DP + Dhf = i’ < Q + (Dh)

with (Dh)! € 2207 for all e > 0. This follows from the fact that Z2e+1 C C2079)/2g1+e,
In other words Dh € @fbex for all § < a (using an interpolation argument one can ac-

tually show that (Dh)! € £2*, but we will not need this). And if h € Dpz solves the
KPZ equation with initial condition hg, then ©w = Dh € bee solves

ZLu=DZLh =D((Dh)*? + 6) = Du® + Db,

where we used that Dc¥ = 0 (or more rigorously that DYY = XV). So u solves the
Burgers equation with initial condition Dhy.

Conversely, let u € Zpe. It is easy to see that u = Dh + f, where h e Dipy, and
f € C€?. Therefore, the renormalized product u°% = u? — ¢V is well defined. Note that
u°? does not depend on the decomposition u = Dh + f- The linear equation

ZLh=u?+6,  h(0)=Y(0)+ ho,

has a unique global in time solution k for all hg € €2**!. Setting h*’ = h—Y—YV—QYY',
we get

2P = Lh-y —yY—2vY) =2 — (DY)2 - &) — 2DYDYV.

Recalling that u°? = (Dh)°% + 2fDh + f2 = (DY)? — V) + 2DY DYV + Z(L*t1), we
deduce that h” € Z**1. Furthermore, if we set b’ = 2u® + 4X ¥ and expand u°?, then

ZL(hF -0 < P)=u? - ((DY)? - ¢Y) - 2DYDYV
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—(Z(W=<P)—NWN<KZLP)+h<KZLP
=W =<X—-h=<X)+2(L%.

Using Lemma 2.8, we get that hf € £2*! and therefore h € Dxpz- By construction, Dh
solves the equation .#(Dh) = Du?+ D@ with initial condition Dh(0) = X (0)+Dhyg. So if
u solves the Burgers equation with initial condition X (0)+Dhg, then .Z(Dh—u) = 0 and
(Dh — u)(0) = 0, and therefore Dh = u. As a consequence, h solves the KPZ equation
with initial condition Y (0) + ho.

Theorem 4.2. For every (Y, hg) € Xip, X €211 there exists T* € (0,00] such that for
all T < T* there is a unique solution (h,h', h*) € Dip,(T) to the KPZ equation

Zh=(Dh)?+6,  h(0)=Y(0)+ h, (37)

on the interval [0,T). The map that sends (Y,hg) € Vkps X €**TL to the solution
h € Dypyy is “continuous”™ in the sense of Theorem 3.7 and we can choose

T =sup{t > 0: Hh‘|-@kpz(t)< o0}

If X = DY, then X € Xpe and u = Dh € P,o(T') solves the rough Burgers equation
with data X and initial condition u(0) = X (0) + Dhg. Conversely, given the solution u
to Burgers equation driven by X and started in X (0) + Dhy, the solution h € Dyp,(T) to
the linear PDE £h = u®? + 0, h(0) = Y(0) + ho, solves the KPZ equation driven by Y
and with initial condition Y (0) + hy.

4.2 The Rough Heat Equation

Let us now solve

Lw=wok, w(0) = wo, (38)

where ¢ denotes again a suitably renormalized product and where £ is the space-time
white noise. We replace for the moment £ by some 6 € C(R,C*°(T)) and let Y =
Okpz (0, v, cv) for some ¢V, c¥ € R be as in Definition 4.1. Then we know from the Cole—
Hopf transform that the unique classical solution to the heat equation .Zw = w(f —cY),
h(0) = eho is given by w = exp(h), where h solves the KPZ equation with initial condition
hg. Indeed, we have

ZLw = exp(h).Lh — exp(h)(Dh)? = exp(h)((Dh)? — ¢¥ + ) — exp(h)(Dh)? = w(h — V).

Extending the Cole-Hopf transform to the paracontrolled setting, we suspect that the

solution will be of the form w = eY+Yv+2YW+hP where h = W' < P + h! with b/ € ¥~
and hf € 221 or in other words

Y A
w= Y Y +2Y wP, P

wf = w < P+ wh,

with w' € 2% and wf € £22t1, So we call w paracontrolled and write w € Ziney = Zrhe
if it is of this form.
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Our first objective is to make sense of the term wo# for w € Zpe. In the renormalized
smooth case Y = Oyp, (0, v, %) for 0 € C(Ry,C>(T)) and ¢¥,c¥ € R we have for
W € Drhe

X
P = ¥ YV {xwp +.2(Y +YY +2vY)w” — (DY + DYV + 2DY V)20
X
2V YYDy 1YY 42y YDw?
Taking into account that 2Y =0, LYY = (DY)? — ¢Y, and 2yY = DYDYV, we get

A%
w(l — V) = Pw — Y TYVHY [ 42y 4+ DYV <DY + DYV - DY) + 2V 0’
+ [4DYVDY'Y + (2DY ¥ w”
+ 2w’ —2D(Y +YY 4+ 2y YD’ |. (39)

At this point we can simply take the right hand side as the definition of wof = w(f—cY).
For smooth § and Y = ©,4,0(6, Y, cv), we have just seen that w ¢ 6 is nothing but the
renormalized pointwise product w(f — cv). Moreover, the operation w ¢ 6 is continuous:

Lemma 4.3. The distribution w ¢ 0 is well defined for all Y = @rbe(G,cV,cv) with
0 e ,,Z”Cgf(R, Cc>(T)), M.V eR, w e £ and wt € L2, Moreover, wo 0 depends
continuously on (Y,w', w?) € Vipz X LY % K725

Proof. Consider (39). Inside the big square bracket on the right hand side, there are three

terms which are not immediately well defined: DY Dw?, D?va’wp , and LYY, For
the first one we can use the fact that w? = w’ < P+w! and that Y “contains” DP o DY,

just as we did when solving the KPZ equation. The product AY‘%wP is well defined
because AY‘% € 0?1 and w” € C¥*. The product 8,5Y‘%wp can be defined using
Young integration: we have Y‘Y’ e COtY210 and wh € CgéQLoo and 3a/2 +1/2 > 1.

loc
The same arguments show that & Y YwP is well defined.
So taking into account that w” = w’ < P 4 w! and using Lemma 2.8 as well as
Bony’s associativity result Lemma 2.6, we see that the term in the square brackets is of

the form
A (w* + e YY) + (' — 4w"DYY — 2Dw?) < DY + C2 L

. . A2
The second term is paracontrolled by DY, and since Y HYV2rY i paracontrolled by Y,

the product between the two is well defined as long as Y o DY is given. But of course

Y oDY = D(Y oY)/2. Finally, the product eYH/VHYYI(%(wti —|—Y‘%+Y‘°’) can be defined
using Young integration as described above. O

Besides it agreeing with the renormalized pointwise product in the smooth case and
being continuous in suitable paracontrolled spaces, there is another indication that our
definition of w ¢ @ is useful, despite its unusual appearance.
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Proposition 4.4. Let £ be a space-time white noise on R x T, and let (Fi)i=0 be its
natural filtration,

fto =0 (5(]1(51,52}¢) P00 < s <sy <ty e COO(T,R)) ) t>0,

and (Fi)i=o is its right-continuous completion. Let Y € Yy, be constructed from & as
described in Theorem 9.3, and let (w;);>0 be an adapted process with values in L+,
such that almost surely w € Pyp,y with adapted w' and wh. Letp : R xT — R be a
smooth test function of compact support. Then

[ wawot)sadeds = [ ((sapuls)(sa)deds

Ry xT Ry xT

where the left hand side is to be interpreted using our definition of w < &, and the right
hand side denotes the Ito integral.

Proof. Let ¢ be a smooth compactly supported even function with ¢(0) = 1 and set
¢ = (eD)E. Theorem 9.3 states that for ¢Y = ﬁ Jz ¢?(x)dz and an appropriate choice
of czy, we have that Oy, (&, czl, cy) converges in probability to Y as € — 0. Moreover,
by the stochastic Fubini theorem ([DPZ14], Theorem 4.33) and the continuity properties

of the Itd integral,

/]R XT(?/)(S,$)w(s,a:))£(s,$)dmd5 = lim (U(s, z)we(s, ))& (s, z)dxds,

e—0 R+ <T

where we set

Y5+YEV+2YEY’(

we = e w’-«PE—kwﬁ),

and where the Y7 and P, are constructed from ¢, ¢V, and ¢ as in Definition 4.1. But
by definition of Y and the continuity properties of our product operator, also w. ¢ &
converges in probability to w ¢ £ in the sense of distributions on Ry x T. It therefore
suffices to show that

/Ot(w€ o8e)(s,@)ds = /Ot we (s, 2)&(s, x)ds = /0 (s, 2)du Bu(s. )

for all (t,z) € Ry x T, where we wrote B.(t,z) = fot &(s,z)ds which, as a function
of ¢, is a Brownian motion with covariance (27)71 3", p(ek)? = 2¢Y + o(1) for every
x € T. The first term on the right hand side of (39) is Zw.. Let us therefore apply 1t6’s
formula: Writing w’* = w’ < P. + w*, we have for fixed z € T

A%
dyws — Awgdt = YoV 2V [dthe — Aw'=dt
+w (d(Ye + VY + 2V - A(Y: + VY + 2vY)dt)
— (DY. + DY + 2DY.¥)2wP=dt — 2D(Y. + Y + 2Y.¥)Dw’=dt

1
+ Swed(Yo( ),
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where we used that all terms except Y. have zero quadratic variation. But now d(Yz(+,z)); =
d(B.(-, 7)) = (2¢Y + o(1))dt, and therefore the It6 correction term cancels in the limit
with the term —w.cYdt that we get from w.(d;YY — AYYdt — (DY.)2dt). So if we
compare the expression we obtained with the right hand side of (39), we see that

we © &dt = we(di Yz — AYodt) + o(1) = wed B + o(1),
and the proof is complete. O
With our definition (39) of w ¢ 6, the function w € % solves the rough heat
equation (38) if and only if
X
VYT oy L DYY DY £ DYV - DY) + 2YY 4 4DYVDYY 4 (2DY ¥)2ju?

+ 20” — DY +YY + QYY’)DwP] =0.

Since ¥ HYVH2Y g 5 strictly positive continuous function, this is only possible if the

term in the square brackets is constantly equal to zero, that is if

20 = 42V 4+ DYV <DY + DYV DY) + 2vY 4 4DYVDYY 4 2DV 2ur
+2D(Y + VY + 2vY)Dw?. (40)

We deduce the following equation for w?:
Zuwt = (2Dw’ + 4w"DYY — w') < DY + (4$YY3 + 2Vl + ggrett

where we used again Bony’s associativity result Lemma 2.6. Thus, we should choose
w' = 2Dw? +4DY YwP. Now we can use similar arguments as for the Burgers and KPZ
equations to obtain the existence and uniqueness of solutions to the rough heat equation
for every Y € Yxp, with initial condition eYowy with wy € €2. Since the equation is
linear, now we even obtain the global existence and uniqueness of solutions. Moreover,
as limit of nonnegative functions w is nonnegative whenever the initial condition wy is
nonnegative.

Theorem 4.5. For all (Y,wp) € Xyp, X €2t and all T > 0 there is a unique solution
(w, W', w*) € Dip,(T) to the rough heat equation

Lw=wob, w(0) = ¥ Oy, (41)

on the interval [0,T]. The solution is nonnegative whenever wy is nonnegative. If Y is
sampled from the space-time white noise & as described in Theorem 9.3, then w is almost
surely equal to the Ité solution of (41).
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4.3 Relation between KPZ and Rough Heat Equation

From KPZ to heat equation. Let now h € %, and set w = e. Then w =
X . .
Y HYVH2Y TP with wP = e, To see that w € Dihe, we need the following lemma:

Lemma 4.6. Let F ¢ C*(R,R), ' € £*, P € £°%! with P € C€*"', and h* €
L4 Write W = W < P+ ht € £t Then we have for all € > 0

F(hY) — (F'(hT )W) < P € g?ot1=

Proof. Tt is easy to see that the difference is in C€?**!, the difficulty is to get the right
temporal regularity. If we apply the heat operator to the difference and use Lemma 2.8
together with Lemma 2.6, we get

ZL(F(RT) = (F'(W")I) < P) = F'(h")Z (W < P + 1F) — F"(n”)(DR")?
—(F' (W)= 2P+ Cce?!
= F'(hY)oih* + c6* 1.

So an application of the Schauder estimates for .Z shows that

(F(hY) — (F'(R")h) < P — / P_{F'(hF(5))0:h*(s)}ds € L2+,
0

Since F'(hF) € C(etD/2[ and hf € C2+1)/2[® the Young integral

t
10) = [ P05
0
is well defined and in C?**t1/2[°  We can therefore apply Theorem 1 of [GLT06] to
see that [; P_.dI(s) € C(2at1-6)/2120 for all £ > 0, and the proof is complete. O

As a consequence of this lemma we have e/ € the for every h € Zp, and 6 < a,
with derivative el b/ € 2.

Lemma 4.7. Let Y € Yip,, T >0, and let h € D,y solve the KPZ equation on [0, T

with initial condition h(0) = ho, and set w = e" € P55, with derivative e""W. Then w
ho

solves the rough heat equation on [0, T with initial condition w(0) = e
Proof. Recall that
ZLh = ZL(h-Y —YY —2vY) = (D)2 — (DY)? - ¢¥) — 2DYDYY.

From the chain rule for the heat operator we obtain

2wt = wP Zh? —w?P(DhP)? = w?(Dh)*? — (DY)? — ¢¥) — 2DYDYY — (DAF)?).
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But now
(Dh)*? — (DY)? = ¢¥) —2DYDYY — (DAF)?
— 42V 4 DYV <DY + DYV V) + VY 4 4DYYDYY 4 (2DY )2
+2D(Y +YY 4+ 2y DA’

and DA = D(logw”) = Dw® /w”, from where we deduce that

PP = [4(31/‘% +DYY<DY + DYV Y)+ v 4Dy ¥DYVY + (2DYY')2]wP
+2D(Y +YY + 2y Y)Du”.

In other words, w’ satisfies (40) and w solves the rough heat equation. O

From the heat equation to KPZ. Conversely, let w = eY+YV+2YWwP € Dihe be
strictly positive and define h = logw. Then h = Y+YV+2YY'—Hog w’, and Lemma 4.6
yields log w? = (w'/w?) < P+.£?**1=¢ for all ¢ > 0, in other words h is paracontrolled
with derivative w’/w?.

Lemma 4.8. Let Y € Vip,, T > 0, and let w € Zhey be a strictly positive solution to
the rough heat equation with initial condition w(0) = wo > 0 on the time interval [0,T].
Set h =logw € 7§, with derivative w' /wP. Then h solves the KPZ equation on [0, T
with initial condition hg = log wy.

Proof. We have

LHP = Z(logu?) = — Lu” + (DwP)?
w

(wh)?
1
= F[LL(XYY“ +DYY<DY +DYY-DY) +.2YY + 4DYVDYY + (2DY V) 2u?
1
+—2D(Y +YY + 2y )Du? 4 (DAF)?,
w

where for the last term we used that Dw?” = w”DA?. Using this relation once more, we
arrive at

21’ = 4(2Y ¥+ DYV <DY + DYY - DY) + 2vY + 4DYVDYY + (2DY V)2
+2D(Y +YY + 2y Y)DRP + (DRP)2,
or in other words .Zh = (Dh)®? + 6. O
Let us summarize our observations:

Theorem 4.9. Let Y,wq, h be as in Theorem 4.5 and set

T* =inf{t > 0 : minw(¢,z) = 0}.
z€T
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Then for all T < T* the function logw|g 1€ Zkpa(T) solves the KPZ equation (37)
driven by Y and started in Y (0) + logwg. Conversely, if h € Zyp,(T) solves the KPZ
equation driven by Y and started in Y (0) + ho, then w = exp(h) solves (41) with wy =

exp(ho)-

As an immediate consequence we obtain a better characterization of the blow up
time for the solution to the KPZ equation:

Corollary 4.10. In the context of Theorem 4.2, the explosion time T™ of the paracon-
trolled norm of the solution h to the KPZ equation is given by

T =inf{t > 0: miqlrlexp(h(t, z)) =0} =sup{t = 0: ||h(t)|| < 00}.
re

5 Interpretation of the nonlinearity

The purpose of this section is to give a more natural interpretation of the nonlinearity
Du? that appears in the formulation of Burgers equation. We will show that if ¢ is a
space-time white noise, then wu is the only stochastic process for which there exists '
with (u,u) € Zipe almost surely and such that almost surely

Ou = Au + lim D(p(eD)u)? + D¢, u(0) = uo,
E—

whenever ¢ is an even smooth function of compact support with ¢(0) = 1, where the
convergence holds in probability in 2'(R4 x T).
This is a simple consequence of the following theorem.

Theorem 5.1. Let X € Xy and ¢ € C°(R) with compact support and p(0) = 0.
Define for e > 0 the mollification XI = ¢(¢D)X7, Q. = ¢(¢D)Q, and then

X. = (X., I(D[(X.)?)), I(D[XY X.]), I(D[X¥ 0 X.]), I(D[(XY)?]), Q- 0 X.).

Let T'> 0 and assume that ||X; — X[y, (1) converges to 0 as e — 0. Let u € Zie(T).
Then

g%I(D[(W(SD)U)2]) = I(Du?), (42)
where
IDu?) = xY +2x% + x¥ 1 4x¥ (43)
+I(2D(WOX) + 2D(XY (@ + 2X ) + D((u@ + 2X¥)2))
and

WX =u<X+u-X+ufo X +((/ < Q) =/ <Q)o X +C(v/,Q, X)+u' (Qo X) (44)

denotes the paracontrolled square and where the convergence takes place in C ([0,T), 2').

33



Proof. We have p(eD)u = (X5+X;'+2X;{’+¢(5D)UQ), and our assumptions are chosen
exactly so that the convergence of all terms of I(D[(¢(eD)u)?]) is trivial, except that of
I(D[(p(eD) (v’ < Q)) o X¢]) to I(D[(v < Q) o X]), where the second resonant product is
interpreted in the paracontrolled sense. Since f — I(Df) is a continuous operation on
C([0,T],2"), it suffices to show that (¢(eD)(u' < Q)) o X, converges in C([0,T],2’) to
(v < Q) o X. We decompose

(p(eD)u?) 0 Xe = (p(eD)[(u' % Q) — (0 < Q)]) 0 Xe + (p(eD) (u' < Q) 0 X<

and use the continuity properties of the resonant term in combination with Lemma 2.8
to conclude that the first term on the right hand side converges to its “without € coun-
terpart”. It remains to treat (p(eD)(u' <@Q))o X.. But now Lemma 5.3.20 of [Perl4]
states that

lo(eD) (u' < Q) = ' < Qellgpgra—s S €l llopa | Qllcreo

whenever § < 1. If we choose § > 0 small enough so that 3ac — § > 1, this allows us to
replace (¢(eD)(v' <Q)) o X, by (v <Q:) o X.. Then we get

(u/ < Qs) o X, = C(Ula Qe Xs) + u/(Qe S Xe)a

and since C' is continuous and by assumption Q. o X, converges to Qo X in C7¢?*1,
this completes the proof. O

Corollary 5.2. Let £ be a space-time white noise on R X T, let X € Xy, be constructed
from & as described in Theorem 9.1, and let ug € €% almost surely. Assume that u is
a stochastic process for which there exists u' and uf with (u,u, uﬂ) € Dive almost surely
and such that almost surely

Ou = Au + lin% D(p(eD)u)? + DE, u(0) = up + Y(0), (45)

E—

whenever ¢ is an even smooth function of compact support with ¢(0) = 1, where the
convergence holds in probability in 2'(Ry x T). Then u is almost surely equal to the

unique paracontrolled solution to the rough Burgers equation driven by X and started in
Uug + Y(O) .

Proof. Theorem 5.1 and the convergence result of Theorem 9.1 imply that almost surely
ZLu=Du?+DE  u(0) =up+ Y(0),

where the square Du? is interpreted as in (43), (44) using the paracontrolled structure
of (u,u/,uf). Therefore, there exists a unique @* such that also (u,2u® + 4XY',ﬂﬁ)
is almost surely paracontrolled, where v = u — X — XV — 2X A2 However, another
application of Theorem 5.1 shows that Du? can be computed without explicit reference
to the paracontrolled derivative and remainder of u and thus it agrees for (u,’, uﬂ) and
for (u,2u® +4X v @), and therefore (u,2u® +4X v @) is the paracontrolled solution of
the equation. O
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Remark 5.3. The conclusion of Corollary 5.2 should be read more precisely as follows:
There exists a unique @ such that with u® = u— X — XY — 92XV the tuple (u, 2u@ +
4X Y’, @) is almost surely equal to the unique paracontrolled solution to the rough Burgers
equation driven by X and started in ug + Y (0).

Remark 5.4. There have been several efforts to find formulations of the Burgers equa-
tion based on interpretations like (45), see for example [Ass02,GJ14,Ass13,C0O14,GJ13].
Corollary 5.2 shows that any solution satisfying (45) is unique provided that it is addi-
tionally paracontrolled.

Remark 5.5. For simplicity we formulated the result under the assumption u(0) =
Y (0) + ug for some relatively regular perturbation uy. Using the techniques of Section 6
it is possible to extend this to general u(0) € €~ 1+¢.

6 Singular initial conditions

In this section we extend the results of Section 3 to allow for more general initial con-
ditions. For that purpose we adapt the definition of paracontrolled distributions. To
allow for initial conditions that are not necessarily regular perturbations of X (0), we
will introduce weighted norms which permit a possible singularity of the paracontrolled
norm at 0. Moreover, as was kindly pointed out to us by Khalil Chouk, in the case of
the rough heat equation it is very convenient to work on

a _ po
Cgp - proo

for a« € R, rather than restricting ourselves to p = oco. For example the Dirac delta

has regularity %”pl 71 on T, so by working in ¢}* spaces we will be able to start the
rough heat equation from (—A)%§y for any B < 1/4. In fact for the same reasons and
in the setting of regularity structures an approach based on Besov spaces with finite
integrability index was developed recently in [HL15].

Recall that the space ¢} is defined as

%y ={f € Z'(T): |fllgp:= sup 2% Aj fll o< oo}
P

For p € [1,0¢], v = 0 and T > 0 we define M~.LP = {v:[0,T] — 2'(T) : [0l vz Lo < 00}
where

[oll g o="sup {[It7v(t)|[Lr}-
t€[0,T]

In particular Hv||M}Lp: llvl|cpre for v = 0. If further a € (0,2) we define the norm
1oy = max {[[t = 7Ol cor2 o I vz}
and the space .Z,"*(T) = {f:[0,T] - 2" : [ £l ()< oo} as well as
L)y ={fRy = 2" flon€ £ (T) for all T > 0}.

In particular, we have Z%%(T) = £2.
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6.1 Preliminary estimates

Here we translate the results of Section 2.3 to the setting of .%,"” spaces. The estimates
involving only one fixed time remain essentially unchanged, but we carefully have to
revisit every estimate that involves the modified paraproduct <, as well as the Schauder
estimates for the Laplacian.

Let us start with the paraproduct estimates:

Lemma 6.1. For any 8 € R and p € [1, 00| we have

1F < 9llge Sp min{[| fllze<llgllgs: [ fllzellglls

and for a < 0 furthermore

If<g

o8 Sa,s || fllwgllglls: [[fllallgllep -

For a+ 8 > 0 we have

1f 0 gllgo+s Sas min{[| flleellglls, [ fllallgllgs }-

To carry over the multiplication theorem of paracontrolled distributions to our set-
ting, we first adapt the meta-definition of a paracontrolled distribution:

Definition 6.2. Let 3 > 0, a € R, and p € [1,00]. A distribution f € ;' is called

paracontrolled by u € €% and we write f € @5 (u), if there exists f' € ‘fpﬁ such that
fi=f—f <ucer?

Let us stress that u € €“ is not a typo, we do not weaken the integrability assump-
tions on the reference distribution wu.

Theorem 6.3. Let o, 8 € (1/3,1/2). Let u € €%, v € €L, and let (f, ) € D5 (u)
and (g,9') € .@5(1}). Assume that uov € €1 is given as limit of (u, ovy,) in €271,
where (uy) and (v,) are sequences of smooth functions that converge to u in € and to
v in €71 respectively. Then fg is well defined and satisfies

1fg=F < glligza—1 S (IF NslwllatFEllass) (N9 s [0 la1+1197 | gars—1)+1F gl g5l 0 vll2a—1.

Furthermore, the product is locally Lipschitz continuous: Let 4 € €, v € €1 with
tov € €%t and let (f,f') € 2%(a) and (§,§') € Z5(0). Assume that M > 0 is an
upper bound for the norms of all distributions under consideration. Then

I(Fg = £ <9) = (F3 = F<@)llgzar S O+ MO[IF = Fllsllg’ = 5l g+ u — il
+ ”U - 6‘|o¢—1+||fﬂ - fﬁch-&-B

+1lgf = Gl gosa-alluov — G0 dla ]
P
Iff'=f=1or¢ =g =1, then M3 can be replaced by M?2.
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In this setting the proof is a straightforward adaptation of the arguments in [GIP15],
see also [AC15]. For an extension to much more general Besov spaces see [PT16].
Next we get to the modified paraproduct, which we recall was defined as

f=xg= Z(QiSi—lf)Aig with Qi f(t) = /RZ_Q%(Q%(t —5))f(sV0)ds.

K3
Since for f € M7.L? we have in general f(0) ¢ LP, this definition might lead to problems.
Recalling that f € ZL%(T) if and only if ¢t — 7 f(t) € £}, it seems reasonable to replace

f by f(t)L>0, so that fi)oo ©(2%(t—5))f(sV0)ds = 0. So in what follows we shall always
silently perform this replacement when evaluating < on elements of £, (T') or M7.LP.

Lemma 6.4. For any f € R, p € [1,00], and v € [0,1) we have

ONf = g@®)llp S min{ ||l vy o llg@llss [ lagg oo g (@)l 3 (46)
for allt > 0, and for a < 0 furthermore
O F = 9@O)llgors S min{[| fllagep lg@llss [ ageallg@)llge - (47)

Lemma 6.5. Let o € (0,2), B € R, p € [1,00], and v € [0,1). Then
ON(f<g—F=9)®)

for all t >0, as well as
OIL(f=g) = f= (L)1)

These two lemmas are not very difficult to show, but at least the proof for the second
one is slightly technical; the proofs can be found in Appendix A.

Recall the definition of the operator I f(t) = fg Pi_sf(s)ds. In the singular case we
can adapt the Schauder estimates for I as follows:

cor8 S | fllggenllg(®lls

gori=2 S flLggenllg®lls.

Lemma 6.6 (Schauder estimates). Let a € (0,2), p € [1,00], and v € [0,1). Then
I f Lz ey S Wl ag e (48)

for all T > 0. If further B € [—a,2 — «), then

ls = Psuol| yovarsze gy S lluolleg-s- (49)
For alla € R, v €[0,1), and T > 0 we have
1t 1 s (50)

To a large extent the proof is contained in [GIP15]. We indicate in Appendix A how
to adapt the arguments therein to obtain the estimates above.

Just as in the “non-singular” setting, the Schauder estimates allow us to bound f <« g
in the parabolic space £, (T):
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Lemma 6.7. Let o € (0,2), p € [1,00], v € [0,1) and § > 0. Let f € ZPV’J(T),
g€ Cre®, and Lg € Cr€“2. Then

1f <9l gy S W fll g2 oy 9l erga+ 12 gl opipa—2)-

The proof is completely analogous to the one of Lemma 2.10. Finally, we will need
a lemma which allows us to pass between different .2, spaces, the proof of which can
be also found in Appendix A.

Lemma 6.8. Let a € (0,2), v € (0,1), p€ [1,00], T > 0, and let f € L. Then
Hf”gg*s/la*S(T)S ”f”f;“(T)

for all e € [0, A 27).

6.2 Burgers and KPZ equation with singular initial conditions

Let us indicate how to modify our arguments to solve Burgers equation with initial
condition ug € ¥~ for arbitrary 8 < 1. Throughout this section we fix a € (1/3,1/2)
and € (1 — «,2a). For € > 0 we write

B+e
5

Definition 6.9. Let X € X, and 0 > 1 — 2. We define the space .@f&g’é = .@rsézggg of

distributions paracontrolled by X as the set of all (u, v/, u*) € C€” x ,,2”070‘5’6 X $;a+57(a+5)
such that

Ye =

u=X+ XYV rox¥ o <Q+ub.
For 6 = o we will usually write @f&g = .@f}ﬁg’a. For T > 0 we set Qfg;g’é(T ) =

Qféig"sl[o,ﬂ, and we define
. _ !/ ﬁ
”qurT;g’é(T)i Ju Hz;foﬂ(T)JFHu ‘|$;a+,;,(a+6>(T).

We will often use the notation u® = v/ < Q + u*, and we will also write (u/,uf) € -@:E)r;g

or u € @rsér;g. We call «’ the derivative and uf the remainder.

The sing in _@f‘ér;g stands for “singular”, by which we mean that the paracontrolled
norm of u(t) is allowed to blow up as ¢t approaches 0. Throughout this section we work
under the following assumption:

Assumption (T,M). Assume that 6,0 € ZLC(R,C>(T)) and uo, o € €7, and that u
1s the unique global in time solution to the Burgers equation

ZLu=Du®>+D0,  u(0) = up. (51)
We define X = Oupe(#), u€ =u— X — XV — ZXY', and v = 2u® + 4XY’, and we set
uwf = u@ —u' < Q. Similarly we define X, 4,09, @, at. Finally we assume that T, M > 0
are such that )
max {||uol|-g, [|tol| -8, || X[ o (7> Xl (1)} < M-
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From the paracontrolled ansatz we derive the following equation for u!:
Zut =Du? —DX2—2DXVX — (/' < Q),  u*(0) = up — X(0) — X¥(0) — 2X ¥(0),

where for the initial condition we used that u’' < Q(0) = 0. Using similar arguments as
for Lemma 3.4, we deduce the following result.

Lemma 6.10. Under Assumption (T,M) we have

(20~ 2XY ~ 42X )0 laaS (U ML+ [0l )

for all t € (0, T]. If further also |[ul| sine < M, then
rbe,X

fL 7»Sin
(T)’ H ngsbeii(T)

l(Luf — 2XY —42x %) — (2 - ZXY ~ 12X 4) ()20 (52)
< (A M) Ay (K, K) + [l — @ gyt — @] e ).

Sketch of Proof. We use the same decomposition for (Luf — 2 XY —.;Z”X‘%)(t) as in the
proof of Lemma 3.4. The most tricky term to bound is

D ()2 ll2a-25 1(w?())*ll2a-1S 1w @) 7 S (4 pyo o).
Now 279 = g and Lemma 6.4 and Lemma 6.8 yield

”UQHM}OLOO < ||U,«QHM}OLw‘i‘HUﬁHM;OLooS ||ul||M}OL°°||Q||CTcga+Huﬁ||j07020u20‘(T)
<

(P I U TC I o S

Every other term in the decomposition of (Luf — ZX%¥ — 4$X‘%)(t) that does not
explicitly depend on u? can be estimated with a factor ¢t~ and since 2y = v and
a < B we get t7 <p 720 for all t € [0, T]. The last remaining term is then

ID(u? 0 X (1))

goenrS T s o IXOllaaS 10 gy K )
where we used that a4+ g > 1 and that 2a > . O
Corollary 6.11. Under Assumption (T,M), we have

. Y2a—7, 2 2 )
ol gy S M+ T (1 M2 )

If further also HuH@reggx(T), HﬁH@f;c:X(T)é M, then
= B[] iz 2 gy U = @ o) S N0 = ol -+, ) (X, X)
T (L M) (g 19 (5,50 + [0 = @ Lz — ] s ).
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Proof. Lemma 6.10 and Lemma 6.6 yield

14681 2 1y S tol] 1K s my 7272 (14 M2+ B )

and similarly we derive the bound for v — @¥. It remains to control v’ and v’ — @'. We
have

¥
'l gy < 2Mul ooy +4IX ] 002 1y
<

Hu «Q”ZQ&"’(T)"’HMHggomﬂa +HX||Xbe (T)>

where we used Lemma 6.8 to bound HuﬁHgowoa,a(T)S Huﬁ”;f;?a’m(T)' Now Lemma 6.7 and
then once more Lemma 6.8 yield
v < Q| ey ST o/ < Qll g
o —« /
ST oo g Kl e

< T2e—8 HUIHZQOQ’Q(T) ”XHXrbe(T)

Combining this with our estimate for ||u* | 72020 ) » We obtain the bound for [[u'|| gz ().

(T)
The same arguments allow us to treat [[u" — @'[| gz (1) O

The main result of this section now immediately follows. Before we state it, let us
recall that the distance dy,_ was defined in (32).

Theorem 6.12. For every (X,ug) € Xppe x €P there exists T* € (0,00] such that
for all T < T* there is a unique solution (u,u’,uf) € .@rsll;g( ) to the rough Burgers
equation (51) on the interval [0,T]. The map that sends (X,ug) € Xpe x €P to the
solution (u,u’,u) € .@Smg is “continuous” in the sense of Theorem 8.7, and we can
choose

T* =sup{t > 0 : ||ul|g,g-8< 00} (53)

Proof. The proof is essentially the same as the one for Theorem 3.5. The only difference
is in the iteration argument. Assume that we constructed a paracontrolled solution u
on [0, 7] for some 7 > 0. Then 772 (u@(7) — v/ < Q(7)) € €>* by assumption, and
Lemma 6.5 shows that

P2 < Q(r) — /() < Q(r)) € 6. (54)

The initial condition for u in the iteration on [, 7 + 1] is given by u® (1) — /(1) < Q(7),
which as we just saw is in €?%, and therefore we can use the results of Section 3.4 to
construct a paracontrolled solution (@, @, @f) € C:€*~! x L x .,2”%2"‘ on the time interval
[0, 7] for some 7 > 0. Extend now u and v’ from [0, 7] to [0, 7+7] by setting u(t) = @ (t—7)
for ¢ > 7 and similarly for /. Since on [r,7 + 7] the function ¢ — 7 is infinitely
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differentiable, we obtain that (u, ') € Cry %" x 2. Moreover, u@ —u < ,Q e L
on the interval [7, 7 + 7], where

W <-Q) =Y / 221 (2% ( — 8))S;_1u/ (s V 7)ds A, Q(E).
§ /oo

Using the smoothness of ¢ — 72« on [7, 747], it therefore suffices to show that (v' < ,Q—
U < Q)| 7€ Z£**. But we already saw in equation (54) above that (u/ < Q —
' < Q) (1) € €*, and for t € [1,7 + 7] we get from the second estimate of Lemma 6.5
that

L <,Q—u <Q)(t) = (v <,DX —u' «DX)(t) +t Tg?* 2

On [r,7 + 7] the factor =7 poses no problem and therefore it suffices to control the
difference between the two modified paraproducts. Now the first estimate of Lemma 6.5
shows that (u/ « DX — v/ <DX)|(; 7€ C€** 72, and from Lemma 2.8 it follows that
also (v ;DX — u' <DX)|;;15€ C€¢?*72, so that the .£%* regularity of uﬁ\[ﬂﬂrﬂ
follows from the Schauder estimates for the heat flow, Lemma 2.9. Uniqueness and
continuous dependence on the data can be handled along the same lines.

However, so far the construction only works up to time 7% = sup{t > 0 : ||u| gins () <

00}, and it remains to show that 7% = T* for T* defined in (55). Assume therefore that
lullg;,4-5< o0. Then we can solve the equation starting in u(T* — ¢) for some very

small e for which we can perform the Picard iteration on an interval [T* —e, T* +¢], and
in particular the solution (u,u’, uf) restricted to the time interval [T* — /2, T* 4+ /2] is
in C([T* —e/2,T* +¢/2],6*") x L(T* —¢/2,T* +¢/2]) x L>*([T* —¢/2,T* +¢/2])
(with the natural interpretation for the #?([a, b]) spaces). Using the uniqueness of the
solution we get a contradiction to ||ul| geing () = OO, and the proof is complete. O

For the KPZ equation and Y € )i, we introduce analogous spaces Qiipnzgy with

distance dls{igf(h, h) and obtain the analogous result:

Theorem 6.13. For every (Y, ho) € Yip, X €77 there exists T* € (0,00] such that for
all T < T* there is a unique solution (h,h', hf) € .@iglzg(T) to the rough KPZ equation

Zh=Dh)*2+0,  h(0) = ho

on the interval [0,T]. The map that sends (Y,ho) € Xipe x €'17F to the solution
(h, W bt € Dt is “continuous” in the sense of Theorem 3.7, and we can choose

T =sup{t > 0: [Jul|g,41-8< 00}. (55)

6.3 Heat equation with singular initial conditions

The rough heat equation is linear, and therefore it sometimes turns out to be advan-
tageous to solve it in 6" spaces for general p in order to allow for more general initial
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conditions. More precisely, we will be able to handle initial conditions wy € ‘Kp_ﬁ for
arbitrary 8 < 1/2 and p € [1,00]. Taking p = 1, this allows us for example to start in
(—=A)7 for v < 1/4, where § denotes the Dirac delta.
We fix p € [1,00], @ € (1/3,1/2), and § € (0, a), and we want to solve the paracon-
trolled equation
Lw=wok, w(0) = wo,

for wq € € B. For € > 0 let us write

B+e

5
Definition 6.14. Let Y € )y, and 6 € (1 — 2,1 — o — ). We define the space
@fﬁg’(s = @fﬁgg@ of distributions paracontrolled by Y as the set of all (u, 1, uf) € C‘zo”pﬁ X

gp’mﬁ « gp’71+a+57(1+a+6) such that

Ye =

v %
u =Y YV

w' < P 4 wh).

For T' > 0 we set @f}ilrég"s(T) = @rslif;g’éhoﬂ, and we define
/
Il gy =10 0y H 1P s it

We will often write w! = w’ < P + wh.

Recall from (39) the definition of the renormalized product wof for Y = Oy, (€, ¢Y, c¥):

X
wot = Lw— YV ey L DYV DY 4 DYV DY) 4 2V 0
+ [4DYVDYY + (2DY )2w”
+ 2wf — DY +YY + QYY’)DwP] .

It is then a simple exercise to apply the results of Section 6.1 to see that w ¢ £ depends
continuously on (Y, w) € Vyp. X .@fﬁg%{‘s. Moreover, w € .@fﬁi’ggfé solves

Lw=wok, w(0) = wo,
if and only if

L0 = 42V 4+ DYV <DY + DYV DY) + 2vY £ 4DYVDYY 4 2DYY)2ur
+2D(Y +YY + 2y Y)Dw’,

w?(0) = wOe_y(o)_yV(o)_sz'(o). Since wy € ‘gpfﬁ and =Y (©-YV(0)-2v¥(0) € €% with
a > (3, the latter product is well defined and in ‘Kp_’B .

We define the distance di:;g analogously to the case of the KPZ or Burgers equation.
Solutions to the rough heat equation can now be constructed using the same arguments
as in the previous section, so that we end up with the following result:
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Theorem 6.15. Let 6 € (1 —2a,1 —a — (). For all (Y,wo,T) € YVipz X ‘fp_ﬂ X
[0,00) there is a unique solution (w,w’, w*) € @fﬁ%’f(T) to the rough heat equation (51)
on the interval [0,T]. The solution depends “continuously” on (Y,wq) in the sense of
Theorem 3.7. Moreover, if there exist (wg) C C* with ||wg —w(||—g— 0 as n — co and
such that wy > 0 for all n, then w(t,z) >0 for all (t,z).

7 Variational representation and global existence of solu-
tions

7.1 KPZ as Hamilton-Jacobi-Bellman equation

Here we show that for every Y € Ve and every hg € €7 for § > 0 there are global
in time solutions to the KPZ equation. The idea is to interpret the solution as value
function of an optimal control problem, and to “guess” an expansion of the optimal
control. This can be made rigorous in the case of smooth data and allows us to obtain a
priori bounds which show that no explosion occurs as we let the smooth data converge
to Y.

Let h solve the KPZ equation

ZLh=(Dh)?*-c"+0, h0)=h, (56)

for 6 € ngf(R, C>®), Y € R, and h € C®. Then by the Cole-Hopf transform we
have h = log w, where

Lw=w(d—cY), w(0) = el (57)

We specified in Section 4.2 how to interpret this equation. But as long as Y (see Defini-
tion 4.1) is in C(R4, C*), we have the following simpler characterization. The function
w:Ry x T — R solves (57) in the sense of Section 4.2 if and only if w = e¥ w!, where w!
is a classical solution to

ZLuw' = (DY P—cV)w' +2DYDu!,  w'(0) = YO,

For the rest of this section it will be convenient to reverse time. So fix 7" > 0 and define

5 = ¢(T —t) for all appropriate ¢. Then

@+0" =—(ORE-M-%.  Tm=h
and 0 = evﬁl with
@, +A+2DYD)T = (DY 2-V)&@!,  @(T) =T,
The Feynman—Kac formula ([KS88], Theorem 5.7.6) shows that for ¢ € [0,7] we have

%1@7 .Z') = ]Et,z [eﬁ(vT)_?(T’,YT)J'_LT(|D?|2(5,"/5)—Cv)ds ’ (58)
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where under P; , the process 7y solves
s
Vs = / QD?(’F, v )dr + Bs, s>t
t
with a Brownian motion B with variance 2 (that is d(B)s = 2ds), started in By = . An
application of Girsanov’s theorem gives
Tt x) — e‘?(t,m)Em [el_z(BT)f?(T,BT)JrftTﬂD?|2(s,Bs)fcv)dseftT DY (s,B5)dBs— [T DY [2(s,B5)ds

_E,, [eB(BT)f(?(T,BT)f?(t,:p)fftT Dv(s,Bs)st)fcv(Tft)] '

If we formally apply It6’s formula, we get

Y BT)_?(t,z)_/T DY (s, B.)dB, = /tT(as+A)37(s,BS)ds _ —/tT?(s,Bs)ds,

t

and we simply take the left hand side as the definition of the right hand side so that we
can write

U(t, x) = Et,x[eﬁ(BT)fftT(?(S’BS)*CV)dS].

We will need the following generalization of the Boué-Dupuis [BD98] formula which has
been recently established by Ustiinel:

Theorem 7.1 ([Ust14], Theorem 7). Let B:[0,T] — R® be a Brownian motion with
variance o2 and let F' be a measurable functional on C([0,T); R?) such that F(B) € L?
and e=¥B) € L2, Then

_logEjeF(B)] — me[F(BJr/ vsds) + Q}‘Q/T\Us‘zds},
v 0 0

where the infimum runs over all processes v that are progressively measurable with respect
to (Fi), the augmented filtration generated by B, and that are such that w — vs(w) is
Fs—measurable for Lebesgue—almost all s € [0,T].

Corollary 7.2. Let h solve (56), let T > 0, and let B be a Brownian motion with
variance (B); = 2t, started in By = 0. Then

h(T,z) = log w (0, z) = logE[exp (E(x + Br) + /OT(?(S,l' + Bs) — cv)dsﬂ
= —irvle [—h(’ﬁ«) - /OT(?(S,%’) —cV)ds + le/OT|vs|2dS}
—supE i) + [ (T - - foP)as] 69

t
where we wrote v{ = x + B + fo vsds and the supremum runs over the same processes
v as in Theorem 7.1.
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Define now for any ~ of the form dv; = v;dt + dB; the payoff functional
T

_ - 1

81,0 =h(r) + [ (Floor) = ¥ = fluf)ds
0
~ T T
= h(r) = ¥ (@orn) + V0,0 + [ DT (s = [ (@ flua)ds
0

0

so that h(T,z) = sup, E[®(v",v)]. Plugging in dv{ = v,dt + dB;, we get

T
By, v) = h(r2) — ¥ (T,45) + ¥V (0, 2) — /0 (~wD¥ 4+ + lw) (5,7?)ds + mart.

+ mart.,

where we write “mart.” for an arbitrary martingale term whose expectation vanishes
under E. Now change the optimization variable to v} = vy — 2D Y (t,~?), so that

t
v =x+ By +/ (o' + 2D?)(s,7§)ds,
0
and the payoff becomes

T
B(1",0) = h(o) = V(7o) + V(0.0)+ [ (DT P’ = o) (s92)ds + mare.

. . \'%

In the following denote X* = DY"*. We can iterate the process by considering ? ,
v

where YV is as in Definition 4.1 (i.e. Y solves (O + A) ? ]?\2 ) with

v
terminal condition ¥ (T') = 0), which allows us to represent the payoff functlon as

(1", 0) = h(4) — Y (T,4%) + Y (0,2) + ¥ (0,2)
T
+ /0 (1)1?\/ + 2§§v - %|vl|2> (s,77)ds + mart .

—hiy) - Y (125 + Y (0,2)+ ¥V (0,2)
T
+/0 (]§v|2+2§§\/7 ih} 2? | ) s,7ve)ds + mart .

\%
We change the control strategy to v? = v} — 2? (t,7¢), so that the dynamics of ¥ read
v
dy? = dB; + (02 42X 42X )(t,~¥)dt. Now let

27 P = | xV242x XY +2Xx + XV)DYE,  YE(0)=0. (60)
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This is a linear paracontrolled equation whose solution is of the form Y® = 2y 4
Y’ < P + YY" and depends continuously on Y. Moreover, another application of Itd’s
formula yields with X% = DY F

_ v R
(1", v) = h(w) = Y (Trf) + Y (0,0) + ¥ (0,2) + ¥ (0,2)
T R 1
+ / (vgy - 1’U2’2> (s,v¢)ds + mart .
0
Let us summarize the result of our calculation:

Theorem 7.3. Let § € XCQ/Q(R C®) and ¥, c¥ € R, and let Y = Okpa(0,cY ) e

loc

Vipz (see Definition 4.1). Let h solve the KPZ equation (56) driven by Y, started in
he L, let Y solve (60) and X =DY®, and let T > 0. Then

(h—Y =YY YT, 2)
= swB[icH) Y00 + [ (K" de - 2K )0 ], o)
where
g;:m+/ @X + 25" 1 0)(s,¢%)ds + By (62)
and the supremum is taken over the same v as in Theorem 7.1.
This representation is very useful for deriving a priori bounds on h.

Corollary 7.4. In the setting of Theorem 7.3, for all T > 0 there exists a constant
C > 0 depending only on T and ||Y|y, (1), such that

Ihllorre< C(1+ [[All ).

In particular, if (Oxpy(On,cy,c X))y is a converging sequence in Yipz and every 6y, is as

above, then the corresponding solutions (hy) stay uniformly bounded in CpL> for all
T >0.

Proof. First, we have —f|v — 2% 12(s < 0, independently of v, and therefore
T
sup B[(GF) — Y (0,¢5) + /O (|f? 2~ 3lo — 2K ) (s, )]
<Nl + Y (O) oo +HIXF) T2 poe- (63)

Moreover, choosing the specific control v(t) = 0 we get

supE[A(GR) ~ ¥ (0,¢) /0 (K Pl — 2K P) (5, 0)s] > Rl Y (0) -
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In combination with Theorem 7.3 and (63), this yields
(T Lo < 1Y + Y'Y + YY) | oo+ Y (0) | oo H 1Al oo+ X T2 ooy (64)

which gives us a bound on the solution of the KPZ equation which is linear in terms of
the data Y € )k, and quadratic in terms of the solution Y% to a linear paracontrolled
equation that can in turn be bounded by the data Y. O

An immediate consequence is the global in time existence of solutions to the KPZ
equation:

Corollary 7.5. In Theorem 4.2, Theorem 4.9 and Theorem 6.13 we have T* = oco. If in
Theorem 3.5 and Theorem 6.12 the initial condition is ug = Dhg for some hg € €2*+1
(respectively hg € €~°+1), then also here T* = .

Proof. To see that T* = oo in Theorem 4.2, Theorem 4.9 and in Theorem 3.5 under
the condition ug = Dhyg, it suffices to combine Theorem 7.3 with Corollary 4.10. As for
Theorem 6.12, recall from the proof of this theorem that in order to extend a solution
uw e ZE(T) from [0,T] to [0,7"] with T" > T, it suffices to solve Burgers equation on
[0,7" — T] with the initial condition u®(T) — v/(T) < Q(T) € € for the remainder.
Moreover, if uy = Dhg, then also u(T') = Dh(T'), so that the first part of the theorem
tells us that u can be extended from [0,7] to [0,00). The same line of reasoning works
also for Theorem 6.13. O

Remark 7.6. The condition ug = Dhg is equivalent to fT up(x)de = 0. In case the
integral is equal to ¢ € R\ {0} we can consider & = u — ¢ which solves

Zi = Di? + 2¢Di + D6, @(0) = Dhy

for some hg. This is a paracontrolled equation which we can solve up to some explosion
time, and we have 4 = Dh for the solution h to

Zh = |Dh|*?4+2¢Dh 4+ DO,  h(0) = ho.
The Cole—Hopf transform then shows that h = log w, where
L =2cDw 4+ wo, w(0) = e,

and based on these observations we could perform the same analysis as above to show
that the explosion time of u (and thus of u) is infinite. We would only have to replace
the Brownian motion B by the process (By + 2ct)y>o which corresponds to the generator

A+ 2c¢V.

Another simple consequence of (61) is a quantitative comparison result for the KPZ
equation.
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Lemma 7.7 (“Comparison principle”). In the setting of Theorem 6.13 let hy, ho € €8,
and let h; solve

Zhi = Dhi|®+6,  hi(0) =hs;,  i=1,2.

Then

ha(t,z) + igf(l_w(iﬂ) — hi(2)) < ha(t,2) < ha(t, z) + sup(ha(z) — hi(z))  (65)

for all (t,z). In particular, ||h1 — ha||cprLe=< ||h1 — ha||L= for all T > 0.

Proof. Consider regular data (Y", hf, h%) that converges to (Y, A1, ha) in Vip, x €177 x
€' P, and denote the corresponding solutions by h} and hj respectively. For every n
the representation (61) and the decomposition h2 = hl + (h2 — hl) gives

hi(t,x) +inf(hy (z) = hyi(x)) < hy(t, ) < hi(t,z) + Sl;p(hg(w) — hi'(z)).

Letting n tend to infinity, we get (65). O

Remark 7.8. Corollary 7.5 gives a pathwise proof for the strict positivity of solutions to
the rough heat equation started in strictly positive initial data. The classical proof for the
stochastic heat equation is due to Mueller [Mue91], whose arguments are rather involved;
see also the recent works [MF14,CK14]. Compared to these, our proof has the advantage
that it does not use the structure of the white noise at all, so that it is applicable in a
wide range of scenarios. The disadvantage is that we need to start in strictly positive
data, whereas Mueller’s result allows to start in nonpositive, nonzero data.

However, after the completion of this work it was shown by Cannizzaro, Friz and
Gassiat in [CFG15] that even a strong mazimum principle holds for the rough heat
equation. That is, for all nonpositive, nonzero initial conditions wqg the solution to the
rough heat equation w satisfies w(t,x) > 0 for all t > 0 and all x € T, and also their
proof does not rely on the structure of the white noise. But one significant advantage of
Corollary 7.4 is that it comes with good qualitative bounds on the solution h of the KPZ
equation, while the result of [CFG15] is rather qualitative.

7.2 Partial Girsanov transform and random directed polymers

To formulate the optimization problem (61) for non-smooth elements Y of Vi, we
first need to make sense of the diffusion equation (62) for ¢V in that case. This can be
done with the techniques of [DD16] or [CC15], which we will apply with a slight twist.
Both [DD16] and [CC15] allow to make sense of diffusions with singular drifts; [DD16] is
based on rough path integrals and applies in a one-dimensional setting while [CC15] use
paracontrolled distributions to generalize [DD16] to higher dimensions. Here we could
of course apply both, but since [CC15] is formulated in the language of paracontrolled
distributions it relates more directly to the concepts developed in this paper.
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Let us start by formally deriving the dynamics of the coordinate process under the
random directed polymer measure. This is the measure given by

dQr, = exp (/OT(?(t, B — oo)dt) dP,,

(—
where ¢ is a space-time white noise (and thus ¢ as well), and under P, the process B
is a Brownian motion started in x and with variance 2. The term —ooT is chosen so
that Q7 has total mass 1. If now h solves the KPZ equation with h(0) = 0 and if

—
h (s) = h(T — s), then we can write

T T
o:?(o,xw/ (8t+A)<ﬁ(t,Bt)dt+/ D% (t, B,)dB,
0 0
T T T
:T(o,x)+/ (—?(t,Bt)Jroo)dtJr/ D% (t, B)dB, — | D% (¢, B2,
0 0 0

which shows that under Q7 , the process B solves the SDE
T
By =x+ / 2D h (t, Bt)dt + dW4,
0

where W is a Qr ,-Brownian motion with variance 2.

Of course, a priori such a diffusion equation does not make any sense because D h (t,-)

is a distribution and not a function. But let ?, ? , and ? be as in Section 7.1. Then
we can rewrite

T
/ (€ (¢, B,) — 00)dt = Y(0,2) + YY(0,2) + YR(0,2) — Y(T, Br)
0
/ X + X")(t B)dB, — / (5 + 5 By Par
+/ S BB, — 205 + 5 )(t, B db),
0

and the only terms that will be distributions in the limit are X and XVY. So let us define
Z=(X+XxV) (66)

and set . .
dIP’%x:exp< / 7 (t,B,)dB, — / Z ¢, Bt)yzdt)dIP’.
0 0

Then under IP’%I the coordinate process B solves
t o ~
B; = w—I—/ 27 (s, Bs)ds + By,
0
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where B is a (variance 2) Brownian motion under P7 .. The advantage of this splitting
of the Radon-Nikodym density is that now we isolated the singular part of the measure,
and Qr, is absolutely continuous with respect to IP’%@, with

exp(—Y (T, Br) +f0 Y (s,B )dB )
EP%I[GXP(—Y(T Br) "'fo ? (5, B:)dBy)]

dQr, = dPZ .

The density on the right hand side is strictly positive and in LP(Qr ;) for all p € [1, 00),
even for general Y € )y, (not necessarily smooth). It remains to construct the measure
]P’%m for general Y € Yyp,. In general }P’%m will be singular with respect to the Wiener
measure.

Theorem 7.9. Let Y € Yy, and T > 0. Consider for given o € €t and f €
C([0,T], L) the solution ¢ to the paracontrolled equation

<_
(0s +A)p=—-2ZDyp + f, o(T) = or.

Then for every x € T there exists a unique probability measure PT:): on Q= C([0,7],T),
such that ]P’%’x(’yo =x) =1 and for all ¢ as above the process

(t %) — / f(s,9)ds,  te[0,T],

18 a square integrable martingale Here ~ denotes the coordinate process on ). Moreover,
assume that Y, = Oy, (0n, Y, ¢,y Y for a sequence 0, € XCQQ(R C>®) and ¥, cY € R

loc ny Cn
is such that (Y,) converges to Y in YVip,. Let B be a variance 2 Brownian motion and

consider the process

o
%”=x+/ 97 u(5,4")ds + B,
0

with Zp, = Xn + XY = D(Y, + YY), which is well defined because Z, is Lipschitz

continuous, uniformly in t € [0,T]. Then there exists a Brownian motion B on Q with
respect to the measure IP’Tx such that (yn, B) converges weakly to (v, B). Finally, v is a

time-inhomogeneous strong Markov process under the family of measures (IP’%J:):EGT.

Proof. In the paper [CC15] diffusions with singular drift are constructed as solutlons to
singular martmgale problems. Using paracontrolled dlstrlbutlons it is shown that if Z €

C’T%a 1 and QZo Z € Cr¢?*~" is given for the solution QZ to (O + A QZ ﬁZ

QZ( ) =0 (i.e. Zisa “ground drift” as defined in [CC15]), then there exists a unique
martingale solution v to

t o
’Yt=3?+/ 27 (s,7s)ds + By,
0
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and if Z, Q%" o ? Z QZ o Z) for n — oo, then 7 is the limit of the v" solving the

same equation with ? instead of Z. See Theorem 2.6 and the discussion in Section 3
of [CC15].

%

It remams to construct ng But QZ Q + QV, where (0; + A)QV -DXV.

Slnce X YV € C ¢! and thus QY € Cr%?®, the only problematic term in the definition

of QZ o Z is Q ? Q o X. And since Q o X is “contained” in Y, the proof is complete.
O

Remark 7.10. We expect that for 0 < s <t < T under (P Tx)xe’]r the transition function
Tsi9(x) = Epg [9(7e)|vs = =]

has a density ps(x,y) which is jointly continuous in (s,t,x,y). For that purpose we
would have to solve the generator equation

(0, + A+ ZD)p=f,r€0,1), e(t) = ¢t (67)

for general t € [0,T]. Taking f =0, we would have Tsypi(x) = p(s,z). Then we could
enlarge the class of terminal conditions ¢, and using the techniques of Section 6.3 it
should be possible to take ¢ as the Dirac delta in an arbitrary point y € T. But then
the transition density ps+(x,y) of Ts; must be given by ¢(s,x), where ¢ solves (67) with
terminal condition §(y).

We also expect that the density is strictly positive: In [CFG15] it is shown that if
u solves a linear paracontrolled equation and u(0) € C(T) is a continuous, nonnegative
and non-zero function, then u(t,x) > 0 for all t > 0, x € T. Combining this with the
smoothing effect of the linear equation (67), which takes as the terminal condition at
time t the Dirac delta and returns a nonnegative non-zero continuous function for all
sufficiently large r < t, the strict positivity of the density will follow.

Remark 7.11. In the setting of Theorem 7.9, we can construct the “full random directed
polymer measure” Qr, by setting

dQr, _ exp(=Y(Tyr) + Jy X" (s,7)dBy)
Plo Bz lep(~Y(T,90) + fi X (s,7)dB,)]

9

which is now a perfectly well defined expression.
Similarly we can also construct the measure Qg ;) under which the coordinate y
process formally solves

Vs =T —i—/ QD%(T,%)dT + (Bs — By), s € [t,T).
t

With respect to Qg ») we have the following Feynman-Kac representation for the solu-
tion w to the paracontrolled equation heat equation driven by Y and started in w(0) = w:

w(t,x) = EQT,(t,x) [w(yr)]w(t, ),

where W(t, z) solves the same equation as w but started in w(0) = 1.
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7.3 Rigorous control problem

The control problem that we formulated in Section 7.1 worked only for “smooth” ele-
ments of Vipy, that is for Y = Oy, (6, v, cv) with 0 € 30&2(1& C*) and ¢V, v eR.
Let us use the construction of Section 7.2 to make it rigorous also for general Y € YVip,.

For that purpose fix T > 0 and set Qr = C([0,T],T), equipped with the canonical
filtration (F;)scpo,7]- Recall that a function v:[0,T] x Qr — R is called progressively
measurable if for all t € [0,7] the map [0,t] X Qr > (s,w) — v(s,w) is B0,t] ® Fi—
measurable.

From now on we also fix Y € Yy, and define Z as in (66).

Definition 7.12. Let v be a progressively measurable process and let (€, F, (ﬁt)te[o,T} ,P)
be a filtered probability space. A stochastic process on this space is called a martingale
solution to the equation

=t / (27 (5,7%) + v(5,7))ds + By (68)

if P(yo = #) = 1 and whenever pr € € and f € C([0,T], L) and ¢ solves the
paracontrolled equation

F
(8 +A+2ZD)p = f, o(T) = pr.

on [0, 7], then

o(tm) — /0 (f(5,7%) + D, 78)u(s,))ds, € [0,T],

is a martingale.

We write pm for the set of progressively measurable processes, and for a given v €
pm and z € T we write (v, x) for the collection of all martingale solutions to (68).
Note that here we explicitly allow the probability space to vary for different martingale
solutions, and also that we do not make any claim about the existence or uniqueness (in
law) of martingale solutions.

Theorem 7.13. Let h—Y (0) € €2*L and let h be a paracontrolled solution to the KPZ
equation with initial condition h. Then

(h—Y =YY - YT, 2) (69)

- T R, 1 R
—swp swp E[() - YO0+ [ (1K Pl - 2K P) s,
vepm yeN(v,z) 0

and the optimal v is

ot y) =2D(h =X = X)) = 20X+ D5 i),
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where b solves the paracontrolled equation
LhE = | XEP22(X + XV + XBYDRE + |DAE)2,  AF(0)=h—Y(0). (70)

For this v and all x € T, the set M(v,x) is non-empty and every v € M(v,x) has the
same law.

Proof. Clearly h solves the KPZ equation driven by Y and started in A if and only if
hft =h — X — XV — X% solves (70). Moreover, the paracontrolled structure of h' is

hft = 2(DAf) < P 4 pftt

with hff € 20+ and in particular hft € C€*t!. Reversing time, we get

R R _
@ +a+27D) 5 = X oS R T o pR . SN =h—v(0).

Let now v € pm and let v be a martingale solution to
b &
=T+ / (27 (5,75) + v(s,7))ds + B.
0

- “—R
Since h — Y (0) € €?**!, we can take h as test function in the martingale problem
and get

SR 6

o)~ ¥ O = W00+ [ KPR DR DT s 0
T
—I—/O D% (s,'ys)v(s,’y)ds—i—mart.,
so writing 0(s,7y) = v(s,y) — 2§R(8,%) - QD%R(S,%) we obtain
E[E(WT)—Y(O,'VT +/O <|§ \2—f|v D | ) 8,7 ds} - (O,x)

_ E[/T(_&R?_z%RD%R DR PR X 2D T ) (s, ) ds

0
T
+IE[/O <|§R]2—i|17+2D%R|2)(3,78)ds}

T

:E[/O —%]f}(s,vﬂzds].

This shows that

sup  sup E{B(VT) —Y(0,~v7) —l—/OT (]§R|2—i\ _o&” | ) (s,7) ds] < hE(T, z).

vepm yeM(v,x)
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R +—R
On the other side, taking v = 2? +2D h  we obtain a ground drift in the terminology
of [CC15], and therefore for all x € T there exists a v € M(v, x) and its law is unique.
For any such v we obtain

E[h(yr) Y (0.77) + /0 (K" Pl — 2K P) (s, )s] = (T, ),

and thus the proof is complete. O

Remark 7.14. We only needed h — Y (0) € €2+ to apply the results of [CC15]. By
using similar arguments as in Section 6 it will be possible to weaken the assumptions on
the ground drift (allowing a possible singularity at 0) and on the terminal condition in the
martingale problem in [CC15], and then the variational representation of Theorem 7.13
will extend to h € €'1=P for B < 1 as in Theorem 6.13.

Actually, the extension to h € €% is immediate because we can simply start Y in
h—Y (0) (which still gives us a ground drift 7 +2?R+2D%R, where h® is now started
in 0), and change the control problem to

sup  sup E[/OT (\?RP— _o%" | ) S,y ds]

vepm yeM(v,x)

Similarly, if we start Y® in —Y (0) the control problem has the more appealing form

sup  sup E[l_z(’yT)—l—/OT (|§R|2— _o%" | ) 8,7y ds}

vepm yeM(v,x)

8 Convergence of Sasamoto-Spohn lattice models

In this section we consider the weak universality conjecture in the context of weakly
asymmetric interface models pn: Ry X Zy — R (where Zy = Z/(NZ)) with

d‘va(t? :L') - AZN90N<t7 .%')dt + \/E(BZN (DZN(PN(t)ﬂ DZN()DN(t)))(x)dt + dWN(tv x)v
en(0,7) = @ (x), (71)

where Az, and Dz, are discrete versions of Laplacian and spatial derivative respectively,
Bz, is a bilinear form taking the role of the pointwise product, (Wx (t,))icr, zczy is an
N—-dimensional standard Brownian motion, and apév is independent of Wy. We assume

throughout this section that
27

N
Equation (71) is a generalization of the Sasamoto-Spohn discretization of the KPZ equa-
tion, see Remark 8.3 below. To simplify things (eliminating the need to introduce renor-
malization constants), let us look at the flux Dz, ¢n. Assume that there exists § < 1
for which (z +— (Dz,¢{)(x/e))n converges weakly to 0 in ¢ ~# with rate of convergence

E =
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e'/2. Then ((t,z) — Dzypon(t/e?, 2/€)) converges to 0 (this will be a consequence of

our analysis below), and we can study the fluctuations defined by
un(t,x) = 6_1/2DZNcpN(t/62,:C/5).
This is a stochastic process on Ry x Ty with Ty = (¢Z)/(27x7Z) which solves the SDE

duN(t, .’L‘) = ANUN(t, x)dt + (DNBN<7J,N(t), uN(t)))(m)dt + d(DNéil/QWN(t, .’L‘))
un(0) = uév. (72)

where Ay, Dy, and By are approximations of Laplacian, spatial derivative, and point-
wise product respectively, 9D ye~Y/2Wy converges to DE, where € is a space-time white
noise and u (z) = Dye'/2p) (x/¢). We show that if Dyel/2p) (x/¢) converges in distri-
bution in €~#, then (uy) converges in distribution to the solution of a modified Burgers
equation involving a sort of It6-Stratonovich corrector.

Another way of reading our result is that (72) is a lattice discretization of the Burg-
ers equation and we show that it might converge to a different equation in the limit,
depending on how we choose Ay, Dy, and By.

There are two problems that we have to deal with before we can study the conver-
gence. First, it is not obvious whether uy blows up in finite time, because the equation
contains a quadratic nonlinearity. Let therefore ( be a cemetery state and define the
space

Cn = {p: Ry — R™ U {¢}, ¢ is continuous on [0, 7¢(¢)) and ¢(1¢(p) +1) = ¢, t > 0},
where
e(p) =inf{t 2 0:p(t) =(} andforc>0 7.(p)=inf{t = 0: [|o(t)|Loo(Ty)=> c}

with |[[{]|ee(ry)= 00. Then a stochastic process uy with values in Cy is a solution
to (72) if 7¢(un) = supeso 7e(un) and un|jor (uy)) solves (72) on [0,7¢(un)). It is a
classical result that there exists a unique solution in that sense (which is adapted to the
filtration generated by u{’ and Wy, but we will not need this).

The next problem that we face is that ux () is only defined on the grid T and not on
the entire torus T. Since we will only obtain convergence in a space of distributions and
not of continuous functions, some care has to be exercised when choosing an extension
of uy to T. For § > 0 one can easily define sequences of smooth functions (fy) and
(gn) on T such that fxy and gy agree in the lattice points Ty, but both converge to
different limits in € ~°. Here we will work with a particularly convenient extension of
(un) that can be constructed using discrete Fourier transforms [HM12, HMW14]. Since
it will simplify the notation, we make the following assumption from now on:

N is odd.
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Of course, our results do not depend on that assumption and we only make it for con-
venience. We define for ¢: Ty — C the discrete Fourier transform

Fnopk)=¢ > ple)e™™™,  kely,
|[¢|<N/2

(for even N we would have to adapt the domain of summation), and then

Envelz)=2m)™t > Fyek)e*s,  zeT.
|[k|<N/2

Then Enxg(x) = p(z) for all z € Ty, and by construction Ex¢ is a smooth function with
Fourier transform .ZEnp(k) = Fnp(k)1jp<ny/2- If ¢ is real valued, then so is Enp.

Remark 8.1. A quite generic method of extending a function ¢:Tn — R to T is as
follows: write

Y= Z (p(l‘)s(sm,

z€T N

let ny € 2'(T), and define g(x) = 1 x nxn, which yields for all k € Z
Fo(k) = FP(k)Fnn (k) = Fne(k)Fn (k).

Now assume that (pn) is a sequence of functions on Ty such that (Enyn) converges
in 2'(T) to some limit poo. Convergence in P'(T) is equivalent to the convergence
of all Fourier modes, together with a uniform polynomial bound on their growth, and
thus we get limy Fnon(k) = Fpoo(k) for all k € Z. So if (nn) converges to oy in
2'(T), then (pn) converges in P'(T) to poo. Typical examples for interpolations that
can be constructed in this way are the “Dirac delta extension” (take ny = ¢ for all
N), the “piecewise constant extension” (take ny = e "1y )), or the “piecewise linear
extension” (take ny(z) = e (e e+ 1) _. g (x) + (1 —e 'x)L o 4(2)) ). In particular,
our convergence result below also implies the convergence of all these interpolations.

For ¢ € Cn we then get Eyp: Ry — C°(T)U{(}, and for T > 0 and 8 € R we have
Enelpm€E C36P = Cr%P U {oo},

where we identify all trajectories that take the value ¢ and assign them the symbol co.
On C4%” we consider the metric introduced by Hairer and Matetski in [HM15],

d (1, 00) := df, 5(00, ) := (1 + |9l cpeps) " for ¢ # oo, (73)
dr5(, ") := min{||¢) — V|| o0, d g (10, 00) + d 5 (1, 00) }.

We will need some assumptions on the operators Ay, Dy, By: Let
Bxpla) == [ ploteprtan). Dy ==t [ plateppidn), (7
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B(p0)(@) = [ ola+ eu)ule + e2huldy. dz),

where 7, v, and p are finite signed measures on Z and a probability measure on Z2,
respectively. We define

_ fz emyﬁ(dy)

T gy = LD

1T

f(z) . h(xy,20) = /2 elmat22) ) (A2, day),
z

and make the following assumptions on the measures 7, v, u:

(Hy) The finite signed measure 7 on Z is symmetric, has total mass zero, finite fourth
moment, and satisfies [, y?m(dy) = 2. Moreover, there exists ¢; > 0 such that
f(x) > ¢y for all x € [—m, 7.

(Hy) The finite signed measure v on Z has total mass zero, finite second moment, and
satisfies [, yv(dy) = 1.

(H}) The probability measure u has a finite first moment on Z? and satisfies (A x B) =
w(B x A) for all A, B C Z.

The constant ¢y in (Hy) exists for example if 7 =3, o) p(dx + k) — cdp where py, > 0,
> k>12pk = c and p1 > 0.

Theorem 8.2. Make assumption (Hy), (Hy), (Hy) and let B € (—=1,—1/2). Consider
for all N € N an N-dimensional standard Brownian motion (Wy(t,2))i=0zeTy and an
independent random variable (ulY (z))zer, and denote the solution to (72) by uy. If
there exists a random variable ug such that ENu[])V converges to ug i distribution in %ﬁ,
then for all T > 0 the sequence (Enun|jpr))N converges in distribution with respect to
the metric d}ﬁ to u, the unique paracontrolled solution of

Lu=Du®+4cDu+DE,  u(0) = up, (75)

where £ 1s a space-time white noise which is independent of ug, and where

1 [T Im(g(x)h(x)) h(z, —z)|g(x)[*
A Jo T |f(2)]?

dx € R.

Proof. We have

FaBr(o k) = 2m)7 3 PvelO) Falk—0) [ S0 ay,dz),

from where we deduce that Ey By (i, ) = IInBn(Eng, Ent) for all ¢, € RTN | with

Myep(z) = (2m) 71> e* = Fop(k),
k
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where &V = argmin{|¢|: £ € Z,¢ = k + jN for some j € Z} € (—~N/2, N/2). Moreover,
we obtain for |k|< N/2

Bl 2 FEN Wy (t, kn)e 2 FENW it k)]

=c Y E[Wn(tel)Wnl(t,ely)]e =Ohittak)
[€1],]€2|<N/2

—¢ Z te—if(k‘l-i-k’z)a — t27r5k1+k2=07
[{|<N/2

which shows that atsfl/ 2enWi (t) has the same distribution as Py§, where £ is a space-
time white noise and Py = 1(_n/2,n/2)(D) = ﬁ_l(]l(,N/z,N/Q)gzgo) is a Fourier cutoff
operator.

We now place ourselves on a probability space where such a space-time white noise
is given and where (@) is a sequence of random variables with values in 2'(T), which
is independent of &, such that ﬁév has the same distribution as SNuéV for all N, and
such that uév converges to a random variable ug in probability in ©? (which is then also

independent of £). Then uy has the same distribution as @y, the solution to

and therefore it suffices to study uy. The pathwise analysis of this equation is carried
out in Section 8.2 below, and the convergence result assuming convergence of the data
(Xn(€)) and the random operators (Ay) is formulated in Theorem 8.17. The conver-
gence of (Xy(€)) and (An) in LP spaces is shown in Theorem 10.1 and Theorem 10.4,
respectively. Thus, we get that (@) converges in probability with respect to d}’ 5 tou,
the solution of (75). O

Remark 8.3. If we take By as the pointwise product for all N, and Ay as the discrete
Laplacian, An f(z) = e 2(f(z+e)+f(x—e)—2f(x)) and Dn f(x) = e L (f(x)— f(z—¢)),
then we get ¢ = 1/8, so the additional term in equation (75) is 1/2Du.

However, if we take the same Ay and Dy but replace the pointwise product by

Bn(p,¥)(x) = m(w(x)w(w)+A(w($)¢(w+6)+<P($+€)1/J(IB))+w(fﬂ+€)¢(x+6))

for some Kk, \ € [0,00) with K+ X > 0, then one can check that ¢ = 0. Here the Sasamoto—
Spohn discretization [ZK65,KS91,1.598,SS09] corresponds to k = 1, A = 1/2, and in that

case one furthermore has
(o, DNBn (9, 9))1y = Y @(x)DyBn (e, ¢)(x) =0,
zeTn

which entails that already for fixzed N there is no blow up in the system, i.e. uy is well
defined for all times. Moreover, now we can explicitly write down a family of stationary
measures for un: For all m € R, the evolution of uy s invariant under

N-1 2
exp(—ex? + mx;j)
ptde) = =55,
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where Z%, is a constant normalizing the mass of us, to 1; see [SS09] or simply verify
that the L*(T)-adjoint of the generator of uy applied to the density of i, equals 0 and
then use Echeverria’s criterion to obtain the invariance of u;, from its infinitesimal
invariance [Ech82]. If un(0) ~ us,, then for all t > 0 the vector (un(t,x))zeT, consists
of independent Gaussian random variables with variance =1 /2 and mean m. Therefore,
for all t > 0 the 2'-valued random variable (Enun(t,-)) converges in distribution to a
space white noise with mean m and variance 1/2. It is also straightforward to verify
that supy E[||Enun (0, ')Hp;}p] < 0o whenever a < —1/2, and then the Besov embedding

theorem shows that the convergence actually takes place in distribution in €P, for 8 as
required in Theorem 8.2. But if Eyun is a stationary process for all N, then any limit
i distribution must be stationary as well, and this shows that the white noise with mean
m and variance 1/2 is an invariant distribution for the stochastic Burgers equation.
This is of course well known, see for example [BGI7] or [FQ14]. But to the best of our
knowledge, ours is the first proof which does not rely on the Cole—Hopf transform. See
also [2715b, HM15] for a similar-in-spirit proof of the invariance of the qﬁ% measure for
the gb§ equation.

We now take
Zyun(t,z) = (0 — An)un(t,z) = DNIINBy(un,un)(t, z) + DNPnE(E, z)  (76)

as the starting point for our analysis, where we assume that ux(0) = Pyun(0). Recall
that

Mygp(z) = 2m)70 Y e* " Fp(k)
k
with
EN = argmin{|¢|: ¢ € Z,{ = k + jN for some j € Z} € (—N/2,N/2),
and that
Pre = L_nan2)(D) = F (L _njan/2)F @)

The operators Ay, Dy, and By are given in terms of finite signed measures m, v, u as
described in (74).

Lemma 8.4. Let 7 be a finite signed measure on R that satisfies (Hy ). Then the function

_fR e r(dy) :/ 1 —cos(zy) o
R

flx) = > TR m(dy)

is in C¥ and such that f(0) = 1.

Proof. The function p(x) = (1—cos(z))/x? = 2sin?(z/2)/2? is nonnegative, bounded by
1/2, and satisfies ¢(0) = 1/2. Therefore, f is bounded and f(0) = 1/2 [ y?m(dy) = 1.
Furthermore, it is easy to check that ¢ € C’g, and thus

|f'(@)]< /R!so/(:cy)lyl?’\ﬂ(dy) S/RIyI?’WI(dy), 1" (@)IS /Rlyl‘llﬂl(dy)-

As 7 has a finite fourth moment, this shows that f € C7. O
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Lemma 8.5. Let v be a finite signed measure on R that satisfies (Hy). Then the function

ey (dy) ey — 1
S LanidC O [ L gay
iT R 1Ty

is in C} and such that g(0) = 1.

Proof. 1t suffices to observe that the function ¢(x) = (e —1)/(iz) is in C} and satisfies
©(0) = 1, and then to copy the proof of Lemma 8.4. O

The next lemma is a simple and well known statement about characteristic functions
of probability measures.

Lemma 8.6. Let p be a probability measure on R? that satisfies (Hy ). Then the function

h(z,y) = /R2 HHR) (dz, d )

is in C} and such that h(0,0) = 1.

Our general strategy is to find a paracontrolled structure for (76) and then to follow
the same steps as in the continuous setting. To do so, we need to translate all steps of
our continuous analysis to the discrete setting.

8.1 Preliminary estimates

Fourier cutoff. The cutoff operator Py is not a bounded operator on ¢ spaces (at
least not uniformly in V) and will lead to a small loss of regularity.

Lemma 8.7. We have
|Pneplle S log No|| Lee,

and in particular we get for all § > 0

-0
PNe — Olla—s S N2 log N ¢l ll©lla-

Proof. We have
PNl Lo (1) S Hﬁ_lﬂ(_N/Q,N/z)HLI(T) el oo ()

and using that N is odd we get

_ycos(z(N —1)/2) — cos(z(N +1)/2)
1 — cos(z) ’

F M jany () = (2m)7) Z e = (2m)
|k|<N/2

Now

cos(x(N —1)/2) — cos(z(N +1)/2) ’ < min {N:L"2 |x|}
1 — cos(z) ~ R
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and therefore -
/ ‘f%\_l]l(_N/Q’N/Q)(x)’dx §logN.

To obtain the bound for Pyy — ¢ it suffices to note that Py acts trivially on A; (either
as identity or as zero) unless 2/ ~ N. O

Lemma 8.8. Let a« > 0 and p € €*. Then for any § > 0

ITxg — ¢llasS N0 log N|¢lla-

If supp(F ) C [—cN,cN] for some ¢ € (0,1), then this inequality extends to general
a e R

Proof. We already know that |Py¢—¢|la_s< N0 log N||¢|la. So since Iy = Py ((1+
eV 4+ e7 V) we get for a > 0

18PN (€™ + ™ )@)llze < Taagn [P (™™ + ™)) o

S > LougwlogW)|(e™ + ) Ao e
j:29eN

D laacnlog(N)277¢lla
j:20~N
< Loogy log(N)N oS 277~ log(N)N || o
If also supp (Zu) C [~cN,cN], then the spectrum of (e'V" + e¢~*N")u is contained in an

annulus N7, and therefore we can replace the indicator function lgs<y by l2i~n in
the calculation above, from where the claim follows. ]

Remark 8.9. There exists ¢ € (0,1), independent of N, such that if supp (F) C
[-N/2,N/2|, then supp (F (p <)) C [—cN,cN]. This means that we can always bound
IIx(p <) — ¢ <1 using Lemma 8.8 even if the paraproduct has negative regularity. On
the other side the best statement we can make about the resonant product is that if ¢
and 1) are both spectrally supported in [—N/2, N /2], then supp (% (pov)) C [-N,N]. A
simple consequence is that if a + 5 > 0, ¢ € €%, 1 € €°, and supp(F ) Usupp(Fv) C
[-N/2,N/2|, then

TN (29) = ¥ llans—sS N~ log(N)llellalle 5.

Estimates for the bilinear form. Let us define paraproduct and resonant term with
respect to By:

By(p <) = Bn(Sj19,8;0),  Bn(p-1) ZBN 0 i),
J

By(fog)= Y. Bn(Aif Ajg).

li—j|<1

We have the same estimates as for the usual product:
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Lemma 8.10. Let pu satisfy (Hy). For any B € R and ¢ € [0, 1] we have
IBN (@ <9) = 0 <¥llg-sS N ellre=¥llg,

and for o < 0 furthermore
1BN (< %) = 0 < Pllars-sS N ollall$lls-

For a+ 3 — 9 > 0 we have
1BN (0 09) = @ otllats—sS N°llellallvlls.

Proof. 1t suffices to note that .# By (Ajp, Ajv) and .# (A;pA ;1)) have the same support
and that || By (Aip, Aj)||1ee < ||Aipl Lo || A1 oo, whereas

IBN (Aip, Aj1h) — Dip Al oo S N7H2 +27) [ Aol e | A9 e
O

To invoke our commutator estimate, we have to pass from By(-<-) to the usual
paraproduct, which can be done using the following commutator lemma. Here we write

Bng = Bn(v) = By(p,1) = By (1, ).
Lemma 8.11. Let p satisfy (Hy). Let a <1, BER, and p € €, Pny € €5. Then
|Bn (o <Pr) = 0 < BN(PNY) |0y s S lellall Paidlls.
Proof. By spectral support properties it suffices to control
|(Bn(Sj—10, A7PNY) — Sj—19BN(A;PNY)) ()]
[ (S +20) = Siap(e) A Pavis(o + 22)(dy. )

< 21072 Do)l | Pay .

But now A;Py = 0 unless 2/ < N, and therefore we may estimate €27 < 1. d

Estimates for the discrete Laplacian.

Lemma 8.12. Let 7 satisfy (Hy). Let « <1, B € R, and let ¢ € € and Y € €P both
have spectral support in (—N/2,N/2). Then for all § € [0,1] and N € N

|ANY — Avllg—2-5S N_‘SH@bHﬂ and for & > 0 also

|ANTIN By (o <9) —HnBn (e < ANY)|latrs—2-55 l@llall?lls-
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Proof. As m has zero mass, zero first moment, and finite second moment, we get

|A;ANY(x)| =

= [ ayuto +enpntan)

_ |2 /R(Aj¢(:c +ey) — Ajip(z) — DAW(i”)gy)”(dy)‘

< ID?A;9 | /R g2l (dy) < 2] 5.

On the other hand we use that [, y*m(dy) = 2 to obtain

1A (ANY — Ay)(z)| =

_ 1
= [[(@to e - A0V (ar)
< £ DPA ] /R I el(dy) < 2770 Deyls,

and thus by interpolation [[AxvY — AY|ls_25S €295

For our second claim we use that ¢ and ¢ have spectral support in (—=N/2, N/2),
which means that there are unique lattice functions ¢ and 1; such that ¢ = Exy¢ and
==& N@Z). For these lattice functions we get

ANTIN By (p,%) = ANTIN By (En@, En) = ANEnBN($,%) = ENANBN($, ),

and a direct computation shows that

ANBN(8,9) = BN(An@, ) + By (9, Avy) +e7° / By (T—eyf = @, T-eyth — )m(dy),
from where we obtain
ANINBn(p,¢) = INBN(Ang, ¥) + B (p, ANY)
+e? / HNBN(T—cyp — ¢, T-eyth — ¥)m(dy).
so also for the paraproduct
ANIINBy(p <9) =TINBn (o < Anv) + Hn By (Ane < 1))
472 [IxBy((rayp = ) < (7 = D)r(a).

Now |[IINBN(Ane <Y)|a+8-2-6S [|AN®|la—2]|?]|g by Lemma 8.10 and Remark 8.9,
and [[An¢lla—2S [|¢l|la by our first bound. For the remainder term we use once more
Remark 8.9 to get

2 / Ty BN ((T—ey — 9) < (Teyth — ))m(dy)

a+p—2—-6
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S [IBN (7 = 0) < (e = ) a2 ().
Now we apply Lemma 8.10 to bound

IBN((T—eyp = ) < (T-ey® = Y)llatp—2 S [IT-cyp = ¢lla-1llT—ey) = Plls
< Cely)?lelallvls,

from where the claimed bound readily follows. O

While the semigroup generated by the discrete Laplacian Ay does not have good
regularizing properties, we will only apply it to functions with spectral support contained
in [—-N/2, N/2], where it has the same regularizing effect as the heat flow. It is here that
we need the assumption that f(z) > ¢y > 0 for xz € [—m, 7.

Lemma 8.13. Assume that 7 satisfies (Hy). Let « € R, B > 0, and let ¢ € ' with
supp (F¢) C [-N/2,N/2]. Then we have for all T > 0 uniformly in t € (0,7

1Y ollarsS 72 o lla- (77)

If a < 0, then we also have

”etAN toz/2

[ella

Proof. Let x be a compactly supported smooth function with y = 1 on [—m, 7] and such
that f(z) > c;/2 for all # € supp(x). Then e!2Nyp = et (EDID?y (eD)p =: (D).
According to Lemma 2.2 in [BCD11], it suffices to show that

ollreS

max_sup|DFy.(2)[t%/?|z|PF< C < oo,
k=012 zcR

uniformly in e € (0, 1]. For 1), itself we have
be(@)7 o) S e F VI VS 1.
To calculate the derivatives, note that
(e ¥ p(a)) = e #O [~/ (2)p(x) + o' ()],
(e *@p(a))" = e ? [P (2)%p(x) — 2¢/(2)p'(2) — ¢"(@)p(2) + p" (2)].
In our case we set ¢.(z) = —tf(ez)z? and p.(z) = x(ex), and obtain
pL(z) = —tz(f'(ex)ex + 2f(e)),  @i(z) = —t(f"(ex)(ex)? + 4f (ew)ex + 2f (ex)).
Since |exx(ez)|< 1 and similarly for (ex)?x(ex) and exx/(cx), we get
2|l (2)pe(2)|S VP lyemyzo  and  [2[|pL(2)|S Ly(eay2o,
from where we deduce that

Dt (@)1l 5 e F Y (Va4 VEl?) £ 1

Similar arguments show that also |D2¢.(z)[t?/?|z|?+2< 1, which concludes the proof
of (77). The L™ estimate now follows from an interpolation argument. O
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Corollary 8.14. Let m satisfy (Hy), let o € (0,2), and let ¢ € €~ with spectral support
in [-N/2,N/2]. Then
(e = id)g| o S %72 ][¢p -

Proof. By definition of €N we have

t t
125 — id)p] e < / 1925 Aol eds < / 52 Allacads S 2] ¢l
0 0

where we used Lemma 8.13 and Lemma 8.12 in the second step. O

Combining Lemma 8.13 and Corollary 8.14, we can apply the same arguments as in
the continuous setting to derive analogous Schauder estimates for (¢/*~) as in Lemma 2.9
or Lemma 6.6 — of course always restricted to elements of .’ that are spectrally sup-
ported in [—-N/2, N/2].

Estimate for the discrete derivative.

Lemma 8.15. Let v satisfy (H,). Let a € (0,1), B € R, and let p € €~ and ¢ € €°.
Then for all 6 € [0,1] and N € N

DNt — D|ls_1-6S N7\l and for 6 > 0 also
IDNIINBN (¢ <¢) = IINBn (¢ < Dnv)|lats-1-63 [ollall¥]l -
The proof is the same as the one of Lemma 8.12, and we omit it.

Lemma 8.16. Let p satisfy (Hy). Let a+ 5+~ >0, B+ <0, assume that o € (0, 1),
and let ¢ € €%, Pyt € €°, x € €7. Define the operator

AR () = / (v (Ix (< 7—ey Prt))) 0 7-c2X) = Pa((ip < 7y Pvtp) 0 7o) dy, d2).
Then for all 6 € [0, + S+ 7)
Ty By (IIn (p < Pnep) o X) — PnC(p, Pnt, X) — Pn (BN (Pnt o X))l g4
S N7 og(N) [ @llal Pt sl HI AR e g5+ I lla,

where C is the commutator of Remark 2.4 and L(U,V) denotes the space of bounded
operators between the Banach spaces U and V', equipped with the operator norm.

Proof. We decompose the difference as follows:
|In By Iy (¢ < Pnip) o x) = PnC(o, Pne, x) — PN (BN (PNt o X))l g+

< HHN<BN(HN(<,0<77N1/J)OX) - /(HN(S"*T—EyPNw))OT_EZXN(dy’dZ))Hﬁ+7

AL () st / PN (C (s 7oy Pt 7o) — Cli2 Pty )| sty ).
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For the first term on the right hand side the same arguments as in the proof of Lemma 8.11
show that for all 6 € [0,1] witha+8+~v—3d>0

HHN (By(e=<Prv)on) — [(Uy(o = o Pb) o co)n(dy. dz)

a+p+y—48
< N2 log(N)?[l@llall Predllsl Xl

(the factor log(IV)? is due to the operator Il which appears twice, see Lemma 8.8 and
Remark 8.9). The second term is trivial to bound, and for the last term we simply use
that

[T—eyt — ulls—s3 N_é‘yPHan

whenever k € R, u € €%, and ¢ € [0, 1]. O

8.2 Paracontrolled analysis of the discrete equation

We now have all tools at hand that are required to describe the paracontrolled structure
of the solution uy to equation (76) which as we recall is given by

fNuN ZDNHNBN(UN,U/N)-FDN'PN& uN(O) :PNUJDV.

We set
X (€) = (Xn(€), XY (€), X(6), X £(€), XX (€), Bn(Qn 0 Xn)(€)),

where
ZLXn(E) = DnPnE,
LXY(€) = DyINBy(Xn(€),Xn(E)),
ZXU(E) = DallyBy(Xn(), XY (), 78)
ZX8(E) = DyIyBy(XY(E)o Xn(©)),
ZXX(€) = DaTInBy(XY(), XY (),

ZQn(E) = DnBy(Xn(),1),

all with zero initial conditions except X (&) for which we choose the “stationary” initial
condition

Xn(6)(0) = /0 e=*/<I7(D)D P& (s)ds.

—0o0

As in Section 6.2 we fix o € (1/3,1/2) and 8 € (1 — o, 2av).

Theorem 8.17. Let (Xy) be as in (88) and assume that the sequence is uniformly
bounded in Cr€* ! x Cr€?*1 x Lp % .,S,”%a X .,2”%0‘ x Cr€?**~! for all T > 0, and
converges to

(x,xV, x% 4 2cQ,XV{‘ + QY +2eQ2°% XY Qo X +0¢)
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in Cr€™1 x Ore? 1 x L& x L2% x L2 x C([6,T), €** ) for all 0 < § < T, where
ceR,

%= (X, XY, X% X4 XY Qo X) € X,
and

2QY =DXV, Z£Q%°X =D(Qo X),
both with 0 initial condition. Assume also that the operator An = A%N AN in Lemma 8.16
converges to 0 in Cp(L(€%, € 1)) forallT > 0, & € (1/3,a). Finally, let (Pxud)),uo €
¢~ and assume that limy||Pyud — uo||—s= 0.

Let (un) be the solution to (76) and let dy. 5 be the metric defined in (73). Then

for all T > 0 we have limy d, _5(un,u) = 0, where u € D30y (see Definition 6.9) is
the unique solution to

Lu = Du? + 4cDu + DE, u(0) = wp. (79)

Remark 8.18. According to Remark 7.6, equation (79) has a unique solution in Qfgfx
which does not blow up. In particular we get limy Ty, = oo for the blow-up time T, =
sup{t > 0 : |lun||c,g-8< o0} of un, even if for fired N we cannot guarantee that uy
stays finite for all times.

Proof. Throughout the proof we fix & € (1/3, «) and we define s = (8 + ¢)/2 whenever

0 =2 0. We would like to perform a paracontrolled analysis of the equation, working in

spaces modeled after the 7Y of Definition 6.9. For that purpose, we decompose the

nonlinearity as follows:

DNHNBN(UN,UN) = gN(X}\,] + 2XXI/ + 4X]‘%7 + X}(\;’) + 4DNHNBN(X]‘{\,; < XN)

+ AD NN By (X = Xn) + 2D NIy By (uS, X )
+ 2DNHNBN(X]\\II> 2X]‘?f + u%)

A Q X Q
+ DNHNBN(QXN + up, 2X N+ uN).

The term DyIInB N(u%, Xn) can be further decomposed as

DTy By (ul, Xn) = DyTly By (u$ < Xn) + Dylly By (u$ = Xi)
+ DTy By (u o X),

and the critical term is of course DNHNBN(u]% o Xy). Using Lemma 8.15, Lemma 8.11,
Lemma 8.7, and Remark 8.9 we have for all T > 0

IDNTIN By (20§ +4X %) < Xn) — TIn (20§ + 4X§) < By (DN Xw)) || peqza-s

Y
S (el ggma oy HI XN N 28 1 X a1
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However, the Fourier cutoff operator Il does not commute with the paraproduct (at
least not allowing for bounds that are uniform in N), and in particular u% is not para-
controlled. Rather, we have

u§ = Ty (uly < Q) + vy

with
uy = 2§ +4XY € L3NT), by € LP(T),

This means that we need an additional ingredient beyond the paracontrolled tools in
order to control the term DyIInBy(IIn(uy <@n)o Xn), and it is here that we need
our assumption on the operator Ay. Under this assumption we can apply Lemma 8.16
to write

DyIINBy(IIy(uy < Qn) o Xn) = Ry + PnC(uy, Qn, Xn) + Pn(uyBn(Qn o Xn)),

(80)
where Ry is a term that converges to zero in M%&‘K%‘_Q if )y stays uniformly bounded
in Z3%%(T). Denote now

(X, XY, X4, X5, X, 5,Q) = lim(Xw, XY, XY, X$, XY, By(Qu 0 Xx), Q).

Based on the above representation of the nonlinearity, it is not difficult to repeat the
arguments of Section 6.2 in order to show that d7. _(un,u) converges to 0, where

u=X+XVrox¥+a?, Q=<0+,
with (a9, @/, at) = limN(u%,uN, Ug\;), where u(0) = ug and

2i% = 2XY 142X 1 (XY + a9) < X) + 2D(2XY + Q) » X)
+2D(uf o X) 4 2D((#/ < Q — @' < Q) 0 X) + 2DC(#/, Q, X) + 2D(@'7})
+2D(XV(2XY + Q) + DXV + a9)2. (81)
We also have i
i =2a9 +4XV.

The fact that (By(Qn o Xn)) converges not uniformly but only uniformly on intervals
[0, T] for 6 > 0 poses no problem because the sequence is uniformly bounded, so that
given £ > 0 we can fix a small § > 0 with supy|lun(8) — Pyud'||-s< &, and then use
the uniform convergence of the data on [§,7] and the convergence of (Pyud’) to ug.
Now observe that
u=X+XV+2xV¥4u@

with u®@ — 4@ = 2XY — 2x ¥V = 4c(@), and moreover

i =209 +4X Y +8cQ = 2u? +4X V.
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Plugging this as well as the specific form of the X7 into (81), we get

20 = 4DX + 2X¥ 142X 1+ 4DXV + 8cD(Q o X) + 2D((2X Y + u®) < X)
+2D((2XY +u?) = X) + 2D(uf o X) + 2D((@ < Q — @ < Q)0 X)
+2DC(#,Q, X) + 2D(#(Qo X + ¢)) + 2D(XV(2X Y + u?)) + D2X Y + u?)2.

Since

8¢D(Qo X) +2D(uf o X) +2D((#' < Q — i/ < Q) 0 X) 4+ 2DC (&, Q, X) + 2D (& (Q 0 X))
=8D(QoX) +2D(i? 0 X) = 2D(u¥ 0 X),

we end up with
Zu? =Du? — X — XV —2.2XY + 4eDX + 4eDXY + 2D
—Du?— 22X — 2XY 22X 4 4cDu,
which completes the proof. O

It remains to study the convergence of the discrete stochastic data, which will be
done in Section 10 below.

9 The stochastic driving terms

In this section we study the random fields
X, xV. xY. x4 x¥ Qox

which appear in the definition of X € X;pe. Our main results are the following two
theorems, whose proofs will cover the next subsections.

Theorem 9.1. Let £ be a space-time white noise on R x T and define

£X = D¢,
XV = D(X?),
XY = D(XXV),
2x% — D(xYoX),
2xV = DXVXVY),
£Q = DX,

all with zero initial condition except X for which we choose the stationary initial condi-
tion

0
X(O)—/ P_;D¢(s)ds.

—0o0
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Then almost surely X = (X, XV,XY',X‘%,X‘O', QoX) € Xpe. If : R — R is a measur-
able, bounded, even function of compact support, such that p(0) = 1 and ¢ is continuous
in a neighborhood of 0, and if

&= F Hp(e) 7€) = p(eD)E
(here .F denotes the spatial Fourier transform) and X; = Ope(&e), then for all T,p > 0

hmE[HX Xe HXb (T] 0.

Similarly, if X. = (X, XY, XY, X8 XY 0. 0 X.) for X. = p(eD)X and

XY = D((X.)%,

ZX¥Y = D(X. (5D)XV)
ZXE — D(p@ED )XY'OX)
ZXY = D(p(eD)XVp(eD)XV),
D%Qé - DX€7

all with zero initial conditions, then for all T,p > 0

lim B[JX = Xe|fh, ) = 0.

Remark 9.2. The theorem would be easier to formulate if we assumed ¢ to be contin-
uous, of compact support, and with ¢(0) = 1. The reason why we chose the complicated
formulation above is that we do not want to exclude the function p(z) = 1_1 3j().

Theorem 9.3. Let & be a space-time white noise on R X T. Then there exists an
element Y € Vi, such that for every even, compactly supported function ¢ € CH(R,R)

with ¢(0) = 1 there are diverging constants c;/ and c‘éy for which

: p _
;IL%E[HY - YEHykpZ(T)] =0
for all T,p > 0, where Y. = Oyp,(p(eD)E, Y, c‘éy) Moreover, we have

1

VvV _ 2

c — x)dx.

Remark 9.4. We will only worry about the construction of X and Y. The convergence
result then follows easily from the dominated convergence theorem, because since ¢ is an
even function all the symmetries in the kernels that we will use below also hold for the
kernels corresponding to X., X, Y.
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9.1 Kernels

We can represent the white noise in terms of its spatial Fourier transform. More precisely,
let £ =7\ {0} and let W be a complex valued centered Gaussian process on R x E,
such that W (s, k)* = W(s, —k) and with the covariance

E[ [ s [ XEg(n’)W(dn’)] =0 [ g,

where 1q = (Sq, ka), S—a = Sa, k—a = —kq and the measure dn, = ds,dk, is the product
of the Lebesgue measure ds, on R and of the counting measure dk, on F. The functions
f.g are complex valued and in L?(R x E). Then the process (@) = W (F¢), where
¢ € L>(RxT) and .# denotes the spatial Fourier transform, is a white noise on L3(RxT),
the space of all L? functions ¢ with Jp e(z,y)dy = 0 for almost all .

Convention: To eliminate many constants of the type (27)? in the following cal-
culations, let us rather work with v/27W, which we denote by the same symbol W. Of
course all qualitative results that we prove for this transformed noise stay true for the
original noise, and we only have to pay attention in Theorem 9.3 to get the constant cé'
right.

The process X then has the following representation as an integral

X(t,z) = / e H, (—k)W (dn),
RxE
where n = (s,k) € R x E and

ho(k) = e Mo,  Hy(k) = ikhy(k).

This means that H;_s(— ) = —H;_4(k), and it will simplify the notation if we work

with W = —W and £ = —&, which of course have the same distribution as W and € and
for which

X(t,z) = /R XEeikat_s(k)W(dn).

The space Fourier transform X (¢, k) = X;(k) of X (¢,-) reads

X(t, k) = /R o H;_ o (k)Wy(ds),

where Wy (ds) = [} 0k W (dsdk) is just a countable family of complex time white noises
satisfying Wk(ds) = W_i(ds) and E[Wj (ds)Wi(ds")] = 0k —xd(s — §')dsds’.
Note that if s <t

/ He o (k) Hyo (—k)do — e_sz (82)
R

from where we read the covariance of X:

E[X(t,a:)X(s,y)J:IEM M, (k)W () / M H,, (ka)W (i)

xE RxFE
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:/ dk1€ik1(m_y)/Htsl(k’l)Hs51(_k1)d51
E R

—Ek2|t—s|
. . e 1 1
_ /Eezlﬂ(w y)Tdkl = ip\tfs|(l‘ - y)’

where p; is the kernel of the heat semigroup: P f = p; x f = [;pi(- — ) f(y)dy. In

Fourier space we have
N . e—k2\t—s|
E[X; (k) Xs(K)] = 5k+k’ZOT

as expected.

These notations and preliminary results will be useful below in relation to the repre-
sentation of elements in the chaos of W and the related Gaussian computations. Recall
that X* = X and X(17) = B(X™, X™2). Then

n

X7t 2) :/ G (¢, 2,m0) [ W (),
(Rx E)™

=1

where n = d(7), nr = N1 = (M1, .-, 1n) € (R x E)" and dn, = dny..q, = dng - - - dpy,.
Here we mean that each of the X7 is a polynomial in the Gaussian variables W (dn;),
and in the next section we study how these polynomials decompose into the chaoses of
W. For the moment we are interested in the analysis of the kernels G” involved in this
representation. These kernels are defined recursively by

G*(t,a.m) = T Hy_ (k).
and then
G(TID)(t, z, 77(7'17'2)) = B(G™ (", 0r), G (5, 1m)) (E, 7)

t
- /0 dUDPt—o(GTl (Jv B r'77'1)GYT2 (Ua B 777-2))(.@).

In the first few cases this gives

GV (t,x,m2) = / doDP;,_,(G*(0,-,m)G* (0, -, 1m2))(z)

0
t
= elk[ulx/ dO’Ht_U(k’[lQ})HJ_Sl (kl)HJ_SQ (kz),
0
where we set k[j..,) = k1 + -+ + ky, and

t
G¥(t, 2, mag) = / doDPs o (GY (0, m12)G* (0, -, 13)) ()
0

t o
— elk[123]m/0 dUHt—U(k[123]) (/0 dO',Ho-_O./(k[12])HU/_51 (kl)HU’—SQ(k2)> Ho'—83(k'3).
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In both cases, the kernel has the factorized form
G (t,x,7:) = €MITHT (8, my), (83)

where we further denote kj;; = kjy..,) = k1 + -+ + ky, and this factorization holds for all
G7. In fact, it is easy to show inductively that

) t
G(T1T2) (t, €z, 77(7'17'2)) = e’ / dUHt*U(k[T})HTl (J’ U )HT2 (Ua 777'2)7
0

from where we read

) t o
G%(ta$7771234) = ezk[1234]$/ dO’HtU(k[1234])/ do’ Hy o1 (Kp123))
0 0

X (/0 dO’HHa’—a“(k[12})Ho'”fsl (kl)Hcr”fsg (kQ))HO'/fsg (k3)HO'—S4 (k4)

and thus

t o
G‘%(ta$>?71234> —€Zk“234]x/0 dUHt—a(k[1234])¢o(/€[123]7k4)/0 do’Hy— o (kpi23)) X

< ( /0 A0" o g (k1)) Horr—s, () Hop sy (3) ) Hor— sy () H oy (),

where we recall that 1o (k, £) = 3 ;_; < pi(k)p;(€). Similarly, we have

t o o
GV (t, 2, m231) = elk“mlw/ dU/ dU// do” Hy— o (kpi234) Ho—o (K12)) Ho— o (Kj347) X
0 0 0

X Ha/fs1 (kl)Ha/fSQ (k2>H0”733 (kS)Ha”f&l (k4)

9.2 Chaos decomposition and diagrammatic representation

The representation

Xty = [ @) [[Wn
(RxE)™

i=1
is not very useful for the analysis of the properties of the random fields X. It is more
meaningful to separate the components in different chaoses. Denote by

/ Fen)W (d1.m)
(RxE)™

a generic element of the n-th chaos of the white noise W on (R x E). We find convenient
not to symmetrize the kernels in the chaos decomposition. If we follow this convention
then we should recall that the variance of the chaos elements will be given by

2
E = / Jmen) F(N(—o(1))-(—o(n)))AM1-n
> . (1) f (N(=0(1))-(~o(n))) A1

O'GSn

/ Sn)W(dny...p)
(RxE)™
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where the sum runs over all the permutations S,, of {1,...,n} and where we introduced
the notation n_; = (s1, —k1) to describe the contraction of the Gaussian variables. By
the Cauchy-Schwarz inequality

2
D /(Wf(nl...nwwdm...n)

<l / [ (eon) P71,
(RxE)™

so that for the purpose of bounding the variance of the chaoses it is enough to bound the
L? norm of the unsymmetrized kernels. The general formula for the chaos decomposition
of a polynomial

/( ooy e TTWam)

=1

is given by

/M)n Fon. n>H (dn) :Z / WV )

Rx E)k

with fe(n1..¢) = 0 if n — £ is odd. To give the expression for f; with n — ¢ even, let
us introduce some notation: We write S(¢,n) for the shuffle permutations of {1,...,n}
which leave the order of the first £ and the last n — £ terms intact. We also write

nUv=m._ UV m=0,..,N0,01,...,Un)

for the concatenation of n and v. So if n — ¢ = 2m for some m, then

fem.)=2"" Y > / o [T (M(et1)...(04m) DT (M= (051)... = e4m) DD AN E41) ... (04m)
ceS(tn) TeS(m,2m), RxE)™
7€8(m)

where o(01..n) = Ns(1)...0(n)- This just means that we sum over all ways in which 2m of
the 2m + ¢ variables can be paired and integrated out. For example, we have

W (dn1)W (dnz) = W (dnz2) + 6(n + n—2)dnidns.

We will denote by G the kernel of the /-th chaos arising from the decomposition of X:

Xt = [ Gt )W dn)
=0 ¥ RxE)*

Terms X7 of odd degree have zero mean by construction while the terms of even degree
have zero mean due to the fact that if d(7) = 2n we have

EX7(t,2)] =27 Y /R (2,7 (e U F (1))

T7€8(n,2n) (RxE)"
TES
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But now kjj..p(—7(1))(=7(n))] = k1 + -+ kn — kz1) -+ — kzn) = 0 and we always have
G7(t,2,m1...2n) o< K1...(2n)), Which implies that

G™(t,z, 7(Mn U T(1(1)(=n)))) = 0.

This is a special simplification of considering the stochastic Burgers equation instead of
the KPZ equation. Later we will study the kernel functions for the KPZ equation to
understand some subtle cancellations which appear in the terms belonging to the 0-th
chaos.

Applying these considerations to the first nontrivial case given by XV, we obtain

me:/ GV (¢, 2, ma)W (dmydip) + GY (8, 2)
(RxE)?
with
GXawx>=h/ ¥ (1,2, 1)),
(RxE)?

But as already remarked

t
Gv(t7 z, 771(71)) = BZk[l(_l)]x/ Ht—a(k[l(fl)])HU—a (kl)HU—Sz (k—l)da =0
0
since H;_»(0) = 0. Consider the next term

XVt x) = / G (t, 2, mas)W (dmidnpdns) + GX(t,2,m)W (dm).
(RxE)3 RxE

In this case we have three possible contractions contributing to G‘f', which result in

GMmMZA;&WWMmHG%mmeG%meMM-
X

But note that GY'(t, x, 772(_2)1) = 0 since, as above, this kernel is proportional to ko(_g) =

0. Moreover, by symmetry GY’(t, T, Mi9(—2)) = GY'(t, T,791(—2)) and we remain with

G‘f{(tvxanl) = QGV(t7:C>771) =2 & EGYI(tax77712(—2))dn27
X

where we introduced the intuitive notation Gv(t,x,nl) which is useful to keep track
graphically of the Wick contractions of the kernels G” by representing them as arcs
between leaves of the binary tree.

Now an easy computation gives

t o
GY(t,z,m) = eF® / do / do’ Hy_o (k1) Hyr—s, (k1)V (0 — o' k1),
0 0
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where
e_|o'|k%
2

VO(0.k1) = [ Hoba) Ho-ra() oo -2} = [ oy ()

We call the functions V] vertex functions. They are useful to compare the behavior of
different kernels.
By similar arguments we establish the decomposition for the last two terms, that is

X%(tﬁ) :/ G‘k(t7$,771234)W(d771234) +/ G‘;g(taxan].Q)W(dan)

(RxE)3 (RxE)?
and
x¥(t, ) :/ GV (t, 2, m1234) W (di1234) +/ Gy (t, z,m2)W (dn2)
(RxE)3 (Rx E)2
with

G‘;&(ta T, M2) = /]R E(GYQ(@ T, M123(-3)) + 2GY&(YZ T, 1M13(—3)2) + 2GY&(75, T, M32(-3)))dn3
X

= (G‘%(t,LE, 7712) + QG‘%(ta'ra’r/lQ) + 2G‘@(tvman12))

and

G‘éy(t7 €z, 7712) =4 . Gv(t, x, 7]13(_3)2)(1’/]3 = 4Gv(t, x, ?’]12).
X

Here the contributions associated to Gvg(t, x,m2) and G‘?’(t, x,m2) are “reducible” since
they can be conveniently factorized as follows:

G‘(g(t T, N2) = GY&(R T, M123(~3))dn3
RxFE

) t o o’
= eZk[m]x/ dU/ dU,/ dO‘”Ht,U(k[lg])Hg/,Uﬁ(k‘[lg])HU//,Sl (k1)
0 0 0

X Ho'”—52 (kz)v‘g((f - O'/, k[12])

with
V¥(o, k1) = /%(k[u],k—z)Ha(/f[m])Ho—sg(k2)H—s2(k—2)d?72
eflo"k%
Z/dka?!)o(k[u},kQ)Ha(k[m}) 5
Also,
Gg(t,l’ﬂ?w) = GY&(@»’U, M3(3)2)dn3

RxE
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t g o'
= eik[m]xwo(k’la ko) / dUHt—a(k[lﬂ)Ha—SQ(kQ)/ dU// dJIIH‘T*U'(kl)
0 0 0
X HO'"—SI (kl)vv(gl - O-”’ kl)
t
= e"MnBTg (ky, ke) / dUHt—a(k[u})Ha—sz(kz)eﬂklev(‘L 1)
0

On the other side, the term G‘@(t, x,n12) cannot be reduced to a form involving VY or

V‘g, and instead we have for it

G@(t, xr,ma) = GY&(E T, Mi32(—3))dn3
RxFE

) t o o’
= 6Zk[12]$/ dU/ dU,/ dO’”Htfg(/{?[lz])Ha/,SQ (k‘g)Houfsl (]{:1))(
0 0 0
X V‘@(a —o',0— 0" ki2)
with

V‘@(U - Ul? g — OJ,) k12) = /R 5 d773w0(k[132]7 k73)H0783 (k,3)Ho.,o./(k‘[132]) X
X

X HU’—U” (k[l?)})Ho’”—S;; (kj3)

—kZ|o—0o"|

2

e
:/Edk:a%(k[mg},k:a)ffao—/(k[123})Ha/o—“(k?[13])

Similarly we have for GY

G (t,x,m2) = . EGv(tw’Uanw(f:“))z)dUs
X

) t o o
:em[”]x/ dcr/ da'/ da”Ht,g(k:[m])Ha/,sl(k:l)Han,SQ(k:Q)x
0 0 0
X Vv(a —d 0—0d" k)

with a vertex function which we choose to write in symmetrized form:

1
VV(O' — U/, o — 0'//, k?12) = 5 /R 5 d773Ha—a’(k[13])HU—a”(k[Q(—S)})HU’—sg(k?))Ha”—sg (k—S)
X

1
+ 5 / dnSHO'—O’N (k[13])Ha—o" (k[Q(—3)])Ho"—53 (k3)H0'”—53 (k73)
RxE

—k§|a/—a”|
2
7k§|0/70”‘

2

1

e
= /EdkiiHcrU’(k[13])HUcr”(k[2(—3)])

2

1 e
+ ) /E dk’?;Hafa”(kj[l?)})Hofa/(k[Q(—S)})
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9.3 Feynman diagrams

While here we only need to analyze few of the random fields X7, we think it useful to give
a general perspective on their structure and in particular on the structure of the kernels
G7 and on the Wick contractions. Doing this will build a link with the theoretical physics
methods and with quantum field theory (QFT), in particular with the Martin—Siggia—
Rose response field formalism which has been used in the QFT analysis of the stochastic
Burgers equations since the seminal work of Forster, Nelson, and Stephen [FNS77].

The explicit form of the kernels G™ can be described in terms of Feynman diagrams
and the associated rules. To each kernel G” we can associate a graph which is isomorphic
to the tree 7 and this graph can be mapped with Feynman rules to the explicit functional
form of G7. The algorithm goes as follows: consider T as a graph, where each edge and
each internal vertex (i.e. not a leaf) are drawn as

wnw—  and ll’T'rr‘

To the trees V, YI, Y(l, W we associate, respectively, the diagrams

v ¢ | % | v

’HT-'

These diagrams correspond to kernels via the following rules: each internal vertex comes
with a time integration and a factor (ik),

m 2

’HTH: — (lk[lﬂ ) / dO'.
R

Kpi2)

Each external wiggly line is associated to a variable 7; and a factor H,_s,(k;), where
o is the integration variable of the internal vertex to which the line is attached. Each
response line is associated to a factor h,_,/(k), where k is the moment carried by the
line and o, 0’ are the time labels of the vertices to which it is attached:

k

T AMM—— o’ — hU,al(k).

Note that these lines carry information about the casual propagation. Finally, the out-
going line always carries a factor h;_,(k), where k is the outgoing momentum and is o

78



the time label of the vertex to which the line is attached. For example:

2

3 . fRi doda’ (ikp123) hi—o (Kp123)) (ikp12)) ho — ot (Kp12)) X
X Hyr gy (k1) Hyr sy (ko) Ho—s5 (k3).

K[123)

Once given a diagram, the associated Wick contractions are obtained by all possible
pairings of the wiggly lines. To each of these pairings we associate the correspond-
ing correlation function of the Ornstein-Uhlenbeck process and an integration over the
momentum variable carried by the line:

k —k2|o—o’|
; o — /E dk——.

So for example we have

m
O,/
Yl / eik§|07‘7/|
Gy (t,z,m) = 2X ky = 2/2 dodo Hta(k‘l)/ deTHafa/(kl[l(—Z)})Ha’fsl(kl),
R2 E
g
k1

which coincides with the expression obtained previously. Note that we also have to take
into account the multiplicities of the different ways in which each graph can be obtained.

The contractions arising from GY{' and GV result in the following set of diagrams:

The diagrammatic representation makes pictorially evident what we already have

remarked with explicit computations: G‘Q' and G are formed by the union of two graphs:

{:} and "T'“

while the kernel G cannot be decomposed in such a way and it has a shape very similar
to that of G¥.
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9.4 Bounds on the vertex functions

Up to now we have obtained explicit expressions for the kernels appearing in the Wick
contractions. These kernels feature vertex functions. Let us start the analysis by bound-
ing them. Consider for example the first non-trivial one,

t o
GVt z,m) = / do / do’ Hy_o (k1) Hyr—s, (k1) V(0 — o', ky).
0 0
We have
t o
GOt z.m) < / do / 40" My (k) Mooy (kD)|V (0 — o', )],
0 0

where My(k) = |H(k)|= |k|lexp(—k*t)1;50. Since the integrand is positive, we can
extend the domain of integration to obtain an upper bound:

GO (t, 2, m)|< /R do /R 0" My—o (k1) Myr—, (k0)|V (0 — o' k1) |= Z(t,2,m1).

The quantity Z(t,x,n;) is given by a multiple convolution, and since we are interested
in L? bounds of G‘o(t,x, n1), we can pass to Fourier variables in time to decouple the
various dependencies:

/ 1G¥ (¢, 2, m) P < / \Z(t, 2 m) P = (27) / Z(t,2,00) o,
RxFE RxFE RxE

where 0; = (w1, k1) and
Z(t,z,0,) = /Rei“’lle(t,x,m)dsl = M(—=01) M (=0,)VY (—w1, ky)
with
Wi, ki) = / e[V (0, k) do
Then :

/ \Z(t,x,@l)\Qdﬁl g / \M(Gl)M(el)P\V‘o(wl,k1)|2d91
RxE RxE

< [ 1wl ( [ V¥ ki)

where Q(0) = H(0) is the time Fourier transform of H:

ik
Q) = 57

This computation hints to the fact that the relevant norm on the vertex functions is
given by the supremum norm in the wave vectors of the L' norm in the time variable.
Summing up, we have in this case

/ 1G¥(t 2, P < / QONQO)2IV (o, 1) 12, 6.
RxE RxE 7
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For the other contraction kernels we can proceed similarly. Consider first

Gvg(t, T, m2) = G‘%(tv T, Mig3(—3))dn3
RxFE

t o o
— e"’“[m]x/ da/ da// do” Hy—o (k19)) Hor— o (kpz)) Horr—s, (k1) X
0 0 0
X Hon_yy (ka)V ¥ (0 — o' ki),

for which we have

Jp G < [ @0a)QQE0QE 1Y (o Iy o

(RxE)?

The next term is
‘% _ ik[m]x ! —ik1z Y
G (t,r,m2) =e Yo(k1,k2) | doHio(kpg)Ho—s,(k2)e G (o, 2,m),
0
for which
/ !G%(t,%mz)!anu </ WO(klak2)Q(9[12])Q(QI)Q(QI)Q(02)|2”V‘0(07 k1)l|71 d61a.
(Rx E)?2 (Rx E)2 7

And finally

) t o’ o’
G‘@(t7$an12) = em“z]x/o dU/O dU//O do" Hy o (ko)) Hor — s, (ko) Hgr g, (K1) %
X V‘@(a —0o 0 —0d" ki),
for which
/ G 8 (t, 2, m2) [Pdma < / |Q(9[12])Q(91)Q(92)|2HV\@(U, o' ki2) |31 1 dbra.
(Rx E)2 (RXE)? 7o

Similarly, we get

/ (G (t 2, ma)Pdms < / Q012 QRO PIIV (00" k12) 74 11 dBra.
(Rx E)2 (Rx E)2 7

For these computations to be useful it remains to obtain explicit bounds for the norms
of the vertex functions.

Lemma 9.5. For any € > 0 we have

/dayv"<a, kl)y+/dayv9(a, kIS k.
R R
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Proof. Some care has to be exercised since a too bold bounding would fail to give a finite
result. Indeed, a direct estimation would lead to

24k2 kol
/dO‘ O‘k‘l /dk‘g/ d0'|k‘[12]|€ k2 ki) \/dk2]€2—i-k[12]_+oo’

due to the logarithmic divergence at infinity (recall that [, stands for ZZ\{O})' To
overcome this problem, observe that
e_lo—‘kg

5~V

V¥0,0) =2 /E dko Hy (ko)

since the integrand is an odd function of k3. So we can write instead

e_|o—|k%
9 )

VY0, k) =2 / dka[Hy (kpa) — Ho(k2)]
E

and at this point it is easy to verify that
[ dolV¥(o )< il
R

for arbitrarily small ¢ > 0. Indeed,

/ do|V¥(o, k1)< / ks / Ao [ H, (kpiz)) — Ho(k)|e"
R E 0

and a first order Taylor expansion gives
1
[Ho(hz) — Holho)| la] [ dreetbmb’e,
0

Therefore,

1 oo
/dO’|V‘0(O'7 k1)| S kl/ dT/ dk?/ dg‘e_c(k2+7k1)20—k§0'
R

dk
Skl d
1/ T/ (ko + 7k )2 + K2’

/ dko </ d/{:g <1
E(k2+Tk1)2+k%N k‘2 ~

On the other side the sum over F is bounded by the corresponding integral over R, so
a change of variables gives

but now

/ dko / dko / dko 1
E(k‘2+7'k21)2—|—k'%N R(k‘2+7'k‘1) —|—k‘2N7"k‘1’ k‘Q—I-l k‘%NTVﬁ‘.
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By interpolating these two bounds, we obtain

1dT

/da|Vv 0, k1)|< |1<;1|6 < |kt

for arbitrarily small € > 0. The same arguments also give the bound for [ da|V\g(a, k1)l
O

Lemma 9.6. For any € > 0 we have

J.

V‘@(O', o, klg)‘ dodo’ < \k[12}|_1+€.

Proof. We have

J.

V@(U o' k‘12 dodo’ dk‘3¢o Kp123), k )Ho(k[132])Ha/(k[13])€_k§(al+0) dodo’

LGERLEE]
S (k2 + Kt (k5 + K )
[123] [13]

/ dk !
3
(k3 + kfigq) /2 (K3 + K2 5)1/2
1
SR < Iz 7
E (k3+k123])1/2|k | 12
for arbitrarily small € > 0. O

Lemma 9.7. For any € > 0 we have

J.

Vv(a, o' ki2) ‘ dodo’

V(0,0 k12)| dodo’ < [kpg| "

Proof. We can estimate

J.

s dk‘3H (k) Hor (kj(—3)2)e ~Hilo' =]

/do—/ da/dk3|H 1)) Ho o (Ki(_g)2)) e 3

+/ dU/ do’ / dk3|H0+J/(k:[13])Ha(]€[(_3)2])|6_ k3o’
|k llky(—3)2] / |kl [k (—3)2]
dks dks
/ (k3 + ki >1)(k’{2 + i3 (k3 + ki) (K g0 + Fz))

5/ dks
B (k§+k[2<—3>21)1/2(k[ 3+ ki)'

dodo’
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+ / dk !
3
B (kS KV 2 (R gy + Kfi) Y/

1
< [ aks S ey
ksl (g + R _g)5) /2

whenever ¢ > 0. O

9.5 Regularity of the driving terms

In this section we will determine the Besov regularity of the random fields X7. Below
we will derive estimates of the form

sup 221 — | TORE[(AXT(t,2) — A X (s,2))2] < 1 (84)

q>0,2€T,5,t>0

for any v2(7) € [0,2] with v1(7) + v2(7) = v(7). Each A, X7 (¢,2) is a random variable
with a finite chaos decomposition, so Gaussian hypercontractivity implies that

sup 2019t — o TPRDRRE[(AXT(t 2) — AXT(s,2))P] < 1
q>07$6T787t20

for any p > 2, and then

sup  2Pm(Majy s]_m?(T)/zE[HAqXT(t, D)= AGXT (s,

S WMo (m) S

From here we derive that for all € > 0

Sup‘t_8‘—11“/2(7)/2[5[”X7(t, )= X7 (s, )HBn(T) ]

5,620

= sup|t — 5|—PW2(T)/2]E[ Z o(m(r)—e) UNAXT(t,-) — AXT(s,)

5,20 et} HL”(T } ~

and by the Besov embedding theorem we get for p > 1/¢
BIIX() = X7y oad S BN (0 = X767
Thus an application of Kolmogorov’s continuity criterion gives

E[|X77 Sy

~

C"/Q(T)/Q fm(r)—¢

whenever € > 0, v1(7)+72(7) < v(7), and p, T > 0. This argument reduces the regularity
problem to second moment estimations.

Let us start by analyzing ) o X, whose kernel is given by
A ¢
GQOX(t7:Ba7712) = elk[m]xwo(klv kQ)Htfsl (kl)/ dUHt U(kZ) o—59 (kZ)
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Now note that, by symmetry under the change of variables k; — —k; we have

GOQOX(t7m) = / GQOX(tvxanl(—l))dnl =0
(RXE)

since
t
GQOX(t,%m(_n) = o (k1, _kl)Ht—51(kl)/ doHy—o(—k1)Ho—s,(—k1)
0
and H;_,(—k1) = —H;_s(k1). So only the second chaos is involved in the following
computation:

E[(Ag(Qo X)(t, x))?]
~3lo—o'|

t t
S/ dklwq(k’[m])Q%(klak’2)2/ / dO’dO',Htfg(k‘Q)Ht,o./(kg)%
E2 0 Jo

t t
S /2 dlepq(k[12])2¢o(k1, k‘2)2|k’2|2/ / dUdO,e_kg[(t_0)+(t_al)+|a_0'|]
£ 0 Jo
< /2dklzpq(k[H])Q%(klak2)2|k2|25 /2dkdk/pq(k;)21/)o(k _ k’,k’)Zlk’rQ
L E

$21y 2P <L

i2q

Similarly we see that E[(A,(Qo X)(t,z) — Ay(Qo X)(s,))?] < 27|t — s|*/? whenever
k € [0,2], from where we get the required temporal regularity.

Next, let us get to the X7. We would like to reduce the estimation of the time
difference in (84) to an estimate at fixed times. For that purpose observe that every
X7 solves a parabolic equation started in 0 (except for 7 = e which is easy to treat by
hand). Thus we get for 0 < s < ¢

t s
X7(t,-) — X7 (s,°) :/ Pt_r.fXT(r)dr—/ Py X7 (r)dr
0 0
t
(P — 1)X7(s) + / Py 2 X7 (r)dr. (85)
We estimate the first term by

[Ag(Pies = X7 (5,2)| S ™ = 1|8 X7 (s,2)|S |t — 5[ /22720)| A X7 (s, )|

whenever y2(7) € [0,2]. The first estimate may appear rather formal, but it is not
difficult to prove it rigorously, see for example Lemma 2.4 in [BCD11]. So if we can
show that

E[|AX7(s,2))") S 279, (86)
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for v(r) < 2, then the estimate (84) follows for the first term on the right hand
side of (85). For the second term in (85), we will see below that when estimating
E[|A;X7(t,2)?] we can extend the domain of integration of fot P, Agu” (r)dr until
—o00, and this gives us a factor 2724, If instead we integrate only over the time interval
[s,t], then we get an additional factor 1 — ec(t*s)yq, which we can then treat as above.
It will therefore suffice to prove bounds of the form E[|A, X7 (t,z)[?] < 27207(7).

Next we treat the X7. As we have seen in the case of the vertex functions it will be
convenient to pass to Fourier variables. In doing so we will establish uniform bounds for
the kernel functions (G7); in terms of their stationary versions (I'"),: that is the kernels
which govern the statistics of the random fields X7 (¢,-) when t — 400.

Let recursively define I'* = G* and

t
F(TITQ)(tv €, 77(7172)) - / ds0y Pr—s(L™ (8,17, ), T (8,5, 117,) ) (2).

—00

Like the G kernels they have the factorized form T'7 (¢, z,7,) = e*71%~7 (,). The advan-
tage of the kernels I' is that their Fourier transform @ in the time variables (s1, ..., s,)
is very simple. Letting 0; = (w;, k;) we have

QT(ta Zz, 97’) = /(R E) dSTein'STFT(t, x, 7’]7_) = eik[T]x+iw[T]th(07),
X n

where "
[ ] 4 T1T¢ [ ] T T
q°(0) = DXL 0™ (O (r110)) = @O0 (0 )07 (07,).

The kernels for the I' terms bound the corresponding kernels for the G terms:

1G4, 2,0 my)) = [HT (8,02)|< 97 (07)|= T2 (8 2,05y ) -

This is true for 7 = e and by induction

t
|G(TIT2)(t7xa77(T1T2))| = ’H(TIT2)(ta"7(T17'2)) = |k[(7172)]|/0 h7ﬁ*8(l€[(7'17'2)])|I{T1 (SanTl)HHT2 (57777'2)|d8

t
< !k‘[(rm)ﬂ/ s (Ki(ry o)) 195" (1171|1952 (11, ) |ds

t
<l | BreslBma) DE (1) 2 )l

= wé“”’(mw))lz T2 (8, 2,17, 1))

These bounds and the computation of the Fourier transform imply the following estima-
tion for the L? norm of the kernels G uniformly in ¢ > 0:

/ G (1,2, mr)[Pds, < / 7 (t, 2, m,)Pdsy < / Q7 (1,2, 0,) Pdeor,
R” Rn R™
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that is
/ \GT(t,x,nT)IstTg/ lq" (0;) 2 dws. (87)
R” R

This observation simplifies many computations of the moments of the X7’s and gives
estimates that are uniform in ¢ > 0. Actually it shows that the statistics of the X™’s are
bounded by the statistics in the stationary state.

Now, note first that due to the factorization (83) we have that

AQGT(t’ €z, 7]‘1‘) = pq(k[T])GT(t) xz, 777')7

so the Littlewood-Paley blocks of X7 have the expression

AX7(tz) = / oG (1, m,) T W ()
(RxE)™ i—1

which we rewrite in terms of the chaos expansion as

d(r)
AXT(tz) =) / pq (k)G (t, 2, 11.) W (dnr...p).
—0 Y (RxE)"

By the orthogonality of the different chaoses and because of the bound (87) we have
E[(A X7 (t,2))?] S Pq (k)G (8, @, m1...0) PNt

N pg (ka7 (m1...e) Pdny...e.
/=0 (RXE)'"‘

By proceeding recursively from the leaves to the root and using the bounds on the vertex
functions that we already proved, the problem of the estimation of the above integrals
is reduced to estimate at each step an integral of the form

/ 61216 — 6 Pdp,
RxFE

where we have a joining of two leaves into a vertex, each leave carrying a factor propor-
tional either to |6]~* or |§]7# with a, 8 > 2 and where the length |6| of the 6 variables
is conveniently defined as

10]= [w["/?+|K],

so that the estimate |g(0)|~ |#|~! holds for ¢ = ¢°.

Lemma 9.8. For this basic integral we have the estimate
| lerele—o1Pao < o7,
RxE
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where p=a+ -3 if o, <3 and o+ > 3, and where p = a — € for an arbitrarily
smalle >0 4if 8>3 and a € (0,8]. If B >3 and o € (0, ], then

Volk, K — k)%10]7010" — 6|7Pdo < |0'| =+ |k PP,
RxFE

Proof. Let £ € N such that 0’|~ 2°:
/ 0|70 — 6] 7°do < Z 2—“—@‘/ Lgr ot gl et 67620 A0
RxFE ) RxFE

Then there are three possibilities, either £ < i~ jori S j~/Lorj<i~ £ Inthe first
case we bound

3i
/ ]1|9/‘N247|9‘N21‘7|91_9‘N2jde S / ]1|9|N27;d9 /S 2 Z,
RxFE RxFE
and in the second one
3i
/ ]1|0/‘N2£,|9‘N2i7|91_9‘,\‘2jd0 g / ]1|9|~2id6 S 2 Z,
RxFE RxFE

and similarly in the third case

3
/ ]]-|0/|~2£7|0|~2i,|9’79‘w2jd0 5 / ]].|9|N23d9 5 2 J.
RxE RxE

So if a + 8 > 3 we have

/ |9|fa’9/_9’7,8d0 5 Z 2fai75j+3i+ Z 2faifﬁj+3i_’_ Z 27aif,6’j+3j
RxE

L<invg i<j~l §<int
< 9—la+p=3) 4 o=Bl+(B-a)4l | 9g—al+(3-B)+l < 2—p€7

where p can be chosen as announced and where we understand that (0)y = ¢ if § = 0.
Let us get to the estimate for the integral with v,. Let ¢ < £ be such that |k/|~ 2%
and write

/ ok, K — £))16]716" — 6] Pd6
RxFE

—ai—B7
<D D2 ﬁj/ Lok Ljg1 i 0 —6]m20 L i |t 40

i,j20'<i,j'<j RxE

S Z Z 204@5]/ ]li/zg]l|9|N2i’|9,_9|N2j]llk,'Nzi/dH.

i,j>0 4/ <inj RxE

Now we have to consider again the three possibilities £ Si~jori Sj~Llorj <Sin~ L.
In the first and second case we bound the integral on the right hand side by 221" and
in the third case by 2%%%. Then we end up with

/ ok, K — k)[[6] 216 — 6] P do
RxFE
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A

Z o—0i—fj+2i+i Z o—ai—fj+2i+i | Z o—ai—Bj+2j+i
(<inj i<t j<int
<< V<< USi'Sy
< 2—5(0&-{-6—3) 4 2—Z6+(3—o¢)+€+(3—a),é’ + 2—€Oé+(3—,3)+f+(3—ﬁ)7ﬁ/’
with the same convention for (§); as above. O
Lemma 9.9. Let a > 2. Then
[ detll 2 b1y 5 [k

R

Proof. We have

/ duofwo] /24 K])~ = [K[ / deolw[k 224 1)~ = k2 / deo(fw] /2 41)7,
R R R
and if o > 2 the integral on the right hand side is finite. O

Consider now XV. Combining the bound (87) with Lemma 9.8 and Lemma 9.9, we
get

BIAXY (00 S [ pylus Pla(6)a(@)a(6) P

(RxE)

= / de[lz]dezpq(k[12])2IQ(9[12])Q(9[12] - 92)(1(92)|2
(RxE)?

< d01191d02p0 (ki191)?q(01191) 1101191 — 02| 2|05] 2

< 2140204 (ko)) lq(Ona)°102) — 02| 7102
(RxE)?

7[)‘1(]{[12])2 < 1.

< de ki) |q(0r191) %10 ‘1</dk
N/RXE [12]Pq( [12]) lq( [12])| | [12]| ~ L [12] |k[12]|—1 ~

As far as XV is concerned, we have

2
BAXY(00)) S [ oz (Gt i) |

(RxE)3
2
[ ol 6tz dm
RxE

5/ Pq(k123))%1a(0123))a(0)q(Op2))a(61)q(02)[*db123
(Rx E)3
2
[ i aonao0P( [ V¥ mlas) aon
RxE R
For the contraction term we already know that fR|V\o(a, ki)|do S k1|5 S |01)F, so

/RxEPq(k1)2|Q(91)Q(91)\2(/R!V‘o(a, /<:1)|da>2d01 g/ Pq(k1)2|01]’4+25d61

RxFE
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5/ Pq(k1)2’k1|_2+26dk1 5 2(25—1)q'
E
The contribution of the third chaos can be estimated by
/ pq(ka3))1a(01123))a(05)q (012 )q(61)a(02)[*db123
(RxE)3
S [ pulhPlaOm)a(0r)al62) 16| a0
(RxE)?
S [ pulkaPla(or)Pl6y] 20y 5 2600,
RxE
which is enough to conclude that

E[(A, X ¥(t,2))?) 5 27909

for arbitrarily small € > 0.
The next term is

E[(AX ¥(t,2))?

5/(R . pq(kpasa) %o (kp2a) ka)a(0p1234)a(02)a(Bpr23)) a(03)a(Bp12))a(61)q(62) | db1254
X
[ g PIGH e ma) P,
(Rx E)2
By proceeding inductively we bound
/(R y pa(Kpi23)? Vo (Ki2say, k1)a(0234)2(01)0(01234))9(02)q (0341 a(03) g(64) | AB1234
X
§/(R By Pq(ki123)) [ (Kpa3)s k1)a(0p123))a(61)a(0a3) ) a(62)q(05)|* |05~ db123
X
§/ Pq(ki19)? o (K2, k1) q(0p2))a(01)q(02) |62 1= db1s
(RxE)?
§/R EPq(k1)2|Q(91)|2\91|72+€’k1Flﬁd@l ,<V/qu(/€1)2!k1!2+€|k1|Hsd/ﬁ < u(=2+2e)
X

For the contractions we have

R A I
X
< /(R o pq(k[12])2|Q(9[12])Q(0[12])Q(91)Q(92)‘QHV‘g(Ua krig))lI7. 6o
X

S I K e A e
(RxE)2
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5/ Pq(k1)2|01]—4‘91|—1|k1|2€d01 S/Pq(k1)2|k:1|_3+2€dk‘1 52,](_24_25)'
RxE B
The following term is
k 2 G‘% 2d
Pq(kpg)71G °(t, 7, m2)|“dmo
(RxE)?
S /(R By pa(kpiz) 2o (k1. £2)?1g(02)a(61)a(01)a(62) 2V (0, a2, d612
X
s / pa(k1)* o (k1 — ko, k2)?[q(61) 1?1601 — O2] (02| 2 |k1|*d61o
(RxE)?
S}/ pq(k1)2|q(61)|2‘91|—2+5’k1’—1+2€d91 5/ pq(k1)2’k1’—3+35dk1 SJ 2q(_2+35).
RxFE

RxE

Next, we have
/ Pq(k[12})2|G\@(t,90,7712)\2(17)12
(R E)2
< / palkna)21a(012)a(01)a(02) PV ¥(a, 0 ki) |12, 1 dbaa
(RxE)? algr
S [ ) Pla6 16 — 6al 2102l ka2
(Rx E)2

S/ pq(k;l)2|91|—3|k1|—2+2€d91 5 / Pq(k1)2’k1’_3+2sdk1 5 2(1(—2—}-26)7
RxFE E

and therefore E[(AqXY{’(t, gc))ﬂ < 9—q(2—3¢)
The last term is then

E[(AX Y (t,2))?

N /(R e Pq(K1234))%1a(011234)a(0112))2(01)q(02) (O p347) a(03)q(04)[*dB1234
X
+ / Pq(k[u])QIG;y(t, z,m12)|2dn1a.
(RxE)?
The first term on the right hand side can be bounded as follows:

/(R iy pq(kpa3a)?1a(0pn234)a(012))a(01)q(62)q (034 )a(03)a(04) > dB1234
X

A

/(]R By Pq(k[m})2|Q(9[12})Q(91)q(92)|2\91|_1|02|—1d912
X

S [ ok Pla(O Pl ey 5 262
(RxE)4
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On the other side, the contraction term is given by
/ Pq(k[12})2|G§y(t7$7 M) 2dnie
(RXE)?
S [ ol Pla@ppa@)a6) PV (0,0 b 3, 11 dbre
(RXE)? 7o
N / pa(k1)?|q(61) 17161 — Ba]2|6a] ke |3+ db12
(RXE)?
N / p(k1)?161| 7 [ka|72422d601 S / pq(k1)? || P2k < 29072429,
RxE E
so we can conclude that E[(A,X 7 (t,2))?] < 279(329),

9.6 Divergences in the KPZ equation
The data we still need to control for the KPZ equation is
vy yY vty

since Qo X was already dealt with. The kernels for the chaos decomposition of these
random fields are given by

t
GZ(k) = ]lt2067tk27 G(TI’TZ)(tvxanT) = / dU-Pt—U(GTl (07 'JnTl)GTz(Ua ‘777’7'2))(‘%‘)7
0
so they enjoy similar estimates as the kernels G™ and therefore all the chaos components
different from the 0-th are under control. The only difference is the missing derivative

which in the case of the X7 is responsible for the fact that the constant component in
the chaos expansion vanishes. The 0-th component it given by

tc" = E[Y7 (¢, x)].

Some of these expectations happen to be infinite which will force us to renormalize YY"
by subtracting its mean.

For YEV we have
E[YY(t,2)] :/0 E[Pi—¢(Xc(0,)?)(2)]do

t
= [0 [ dmetienme I k) ooy (b)) H oy (1)
0 RxFE

t t
= / do / dmp?(eky)Hy_g, (k1) Hy_s, (k_1) =5 / dkyp? (ky),
0 RxE E
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and since ¢ € C! we get

1(/Rgo2(:v)dx—5/Edk1cp2(sk1)> - 1(Z/€(k+1)(¢2(9@)—902(5k:))dx)

g g A ck
1 1 €

== Z/ / D(p?)(ck + Az)zdzd),
e Jo Jo

which converges to [ Dy?(z)dz = 0 as € — 0. Now recall that here we are dealing with
(27r)'/? times the white noise, so that the constant ¢¥ of Theorem 9.3 can be chosen as

1

v 2

= — [ ¢“(z)dz.
¢ = (x)dz

The next term is YY’7 which has mean zero since it belongs to the odd chaoses and
thus ¢V = 0.

What we want to show now is that a special symmetry of the equation induces

cancellations which are responsible for the fact that while ¢V and c‘("

divergent, the particular combination

are separately

g + 40‘({'

is actually finite. If this is true, then we can renormalize Y‘% and YV as announced
in Theorem 9.3. In terms of Feynman diagrams (which have the same translation into

kernels as for Burgers equation, except that for the outgoing line the factor ik, is
suppressed), this quantity is given by

T=c¥ 440 =2« +8x ,

because all other contractions vanish since they involve contractions of the topmost
leaves (e.g. G~Yo(t,$,n1(_l)2(_2)) = 0). Moreover, writing explicitly the remaining two
contributions and fixing the integration variables according to the following picture

k1 — k1 —
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we get

I=2 / dkydky / do / do’ / do”" (ikpy)) (ko e 17~ IR HRR) ~(o =0 Mg =(o =0 )k
+8 / dkydky / do / do’ / do” (ikpyoy) (iks)e ™7~ VKR ~(r=0 by ~(o=0"kfyg)
Now note that the second term can be symmetrized over o’,c” to get
=2 / dkydks / do / do’ / do”" (ikjy)) (—ikpg e 17~ IR HRR) ~lo =0 Mg =(o =0y
+4 / dlydky /O do /0 do’ /0 do” (ikpy) (iks)e 17~ 1 FITR) (o= ki ~(7 =0 kfyg)
At this point the second term can still be symmetrized over ks, kq to finally get
[=2 / dkydks / o / " do’ / 7 40" iy (ka7 (D=0 by o0y
o Jo Jo
+2 / k1 dky /O do /O do’ /0 do” (ilkpyoy) (ikpyag)e 17~ 1K) ~(0 =0 kfygy (o =0")kfyy

and conclude that I = 0. For the moment this computation is only formal since we did
not take properly into account the regularization. Introducing the regularization ¢ on
the noise, the integral to be considered is

t o -

1. :2/dk1d/€2§02(€]€1)@2(€k‘2)/ do’/ dO‘// Ao’ %
0 0 0

(ikm])(_“‘3[12])6_"’""”‘(’f?+k§)—(a—a')k2

[12)
—|—8/dk:1dl<:290 (ek1)p Eklg] /da/ do’ dcr (ikp19)) (ik2) X
0

—(o—0")k?

—(O’—O’U)k)[Ql2]

—0'" k2+k2) (o’ o’) 2] [12]

Here the symmetrization of o’ and ¢” can still be performed, giving

t o o
Ig =2 / ) dk}ldkg/ dO’/ do‘l/ dO’”(’ik[lg})[QOQ (Ekl)(p2(€]€2)(—ik[12]) + 2g02 (Ekl)(pQ(ék[lQ])(ikQ)] X
E 0 0 0

% e—|cr’—cr”\(k%—&-k%)—(a—a’)kfm] —(O’—O’”)k[212] :
which is equivalent to

t o o
I.=4 / dk1dkso / do / do’ / do” (ikpi9)) 9> (ek1) (ik2) [@* (ekpa)) — ©° (k)]
E2 0 0 0

< e —lo’—o"|(k?+k2)— ak[m]fo'”k?m]‘
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Now perform the change of variables o/ — 20/, 0" — 20" to obtain

t o/e? o/e?
I, = 4¢* / dkydk / do / do’ / do” (ickjio))° (eki ) (icke) [0* (ckig ) — ¢ (eka)] X
E 0 0 0

% ef|cr’7cr”\(52k%+52k§)7(U/+U”)62k[212] ‘

By taking the limit € — 0, the two sums over k; and k3 become integrals:

i 1. — 4t [ do’ [T do” [ dbada(ik) o () (k)67 () — ()
e=0 0 0 R2

—|o’ " | (K3+k3)~ (o' +0" )2

X e [12]
=1t [ dkadbaliiyg) o) i) (1) - (k) 5 .
R2 k[212] ki + k3 + k[212}
1 1
—2t/ dkrdka (ikp9)[20% (k1)@ (ko) (tka) — @2 (k1) ik )@ (k
4 2(ikp1g)) 207 (k1)@ (kpig)) (ik2) (k1) (tkpg)) e ( 2)]k[212] Ry

0% (k1) (ikpig) (92 (kpg)) — @ (k) + @2 (k1)@? (kpap)i(ke — k1)
k[212] (k% + k3 + /@[12])

=2t [ by |20 ha) — (0)) + (0 )

:2t/ dk1dka(ik)12))
R2

(ko — k1) 1

kii2) k3 + k3 + k[lz} ’

which is indeed finite.

10 Stochastic data for the Sasamoto-Spohn model

10.1 Convergence of the RBE-enhancement

Here we study the convergence of the data

XN7 X]\\/HX]‘?/W X]‘%hX]‘(\;) QN) BN(QN OXN)

for the discrete Burgers equation (76). We will pick up some correction terms as we pass
to the limit, which is due to the fact that in the continuous setting not all kernels were
absolutely integrable and at some points we used certain symmetries that are violated
now. We work in the following setting:

Assumption (f,gh). Let f,g,h € C}HR,C) satisfy f(0) = g(0) = h(0,0) = 1 and
assume that f is a real valued even function with f(z) > ¢y > 0 for all |z|< 7, that
g(—z) = g(x)*, and that h(x,y) = h(y,z) and h(—z,—y) = h(z,y)*; we write h(zx) =
h(z,0). Define for N € N
F Anp(k) =—!kl2fs( )F o (k), fDNso(m:z'kgg(k)%(k),
j\BN(QDaw 27T 12 J¢ k Z) (Ea (k_g))v
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where ¢ = 2w /N and f.(x) = f(ex) and similarly for g and h. Let £ be a space-time
white noise and set

X (€) = (X (€), XN(€), X$(6), X £(), XX (), Bx(Qn 0 Xn)(€)),

where
ZLXn(E) = DnPnE,
ZXY(€) = DyIyBy(Xn(€),Xn(6)),
ZXL(E) = DallyBy(Xn(6), XY (9)), )
2x8(€) = DyIyBy(XY(€) o Xn(©)),
2XY(€) = DylyBy(XY(), XY(),
ZQn(E) = DyBy(Xn(§),1),

all with zero initial conditions except Xn (&) for which we choose the “stationary” initial
condition

0
Xn(6)(0) :/ e s =PIPF Dy Pre(s)ds.

—0o0
We are ready to state the main result of this section:

Theorem 10.1. Let £ be a space-time white noise and make Assumption (f,g,h). Then
for all0 < § < T and p > 1 the sequence Xy = Xy (&) converges to

X = (X,XV,XY’+2CQ,XW,XY’+CQV +2¢Q9°X Qo X +¢),

in LP[Q, C76 ! x Cp6?*~1 x L& x L2 x L2 x C([6,T), €% 1) and is uniformly
bounded in LP[Q,CrE >t x CpE?2~! x L& x L29 x L2% x Or6**~]. Here we wrote

~ 1 (" Im(g(z)h(z)) h(z, —z)|g(=)|*
ar Jo T |f(2)]?

C =

dz € R. (89)

and

2Q¥ =DXY,  £Q% X =D(QoX),
both with initial condition 0.

The proof of this theorem will occupy us for the remainder of the section. Define the
kernel
. 412
HtN(k) = ]lt>0]l|k|<N/22k‘gE(k;)e tk? fe (k)

which satisfies
9o ()| e K= Blt—s]
(k) 2
for all k € E. Let us start then by analyzing the resonant product By (Qn o Xn).

/R HY ()HY J(—k)do = 1y<x) (90)

Lemma 10.2. For all 0 < 6 < T, the resonant products (By(Qn o Xn)) are bounded
in LP(Q2, C7€?*~1) and converge to Qo X + ¢ in LP(Q, C ([0, T), €%~ 1)).
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Proof. We have the chaos decomposition

BN(QnoXn)(t,z) = / Ky (t, z,m2)W (dni2) + (2m) 7! Kn(t, 2, my—1y)dm,
(RxE)2 RxE

where
t _
Kn(t,z,m2) 2/ doe™ 274 (ky, ko) he (ky, ko) HY , (k1) he (k) HY. ,, (k1) HY ,, (k2).
0

The kernel Ky satisfies the same bounds as the kernel in the definition of Qo X and
converges pointwise to it, so that the convergence of the second order Wiener-It6 integral
over Ky to Qo X in LP(Q, Cr€?*~1) follows from the dominated convergence theorem.
For the term in the chaos of order 0 we use (90) to obtain

KN(t,x, M(-1))dm
RxE

‘ga(kl) |2 B_k%fe(kl)(t_a—)

t
_/ dkl/ dohe(ki, =k HY _(k1)he (k1)
E 0

fa(kl) 2
. | 2 —2k2f.(k1)(t—0)
. - ga(k1)| e ™t
_ k)1
/Edkl/o dohe(ky, —k1) \k1|<N/2Zklga<k1)hg(k1) fe(k1) 2
g(ek1) (k) h(ek, —eki)|g(ekr)]? —2k} fe(k1)t
- 1 1= ) !
e Y Mg o k) (1—e 2k ). (91)

|k1|<N/2

It is not hard to see that the sum involving the exponential correction term converges
to zero uniformly in ¢ € [0, 7] whenever § > 0. For the remaining sum, note that

ig(—akl)h(—&tkl) _ (g(skl)h(gkl) ) *
—Ek‘l €k71 ’

while the second fraction on the right hand side of (91) is an even function of ky, and
thus

g(ek)h(eky) h(eky, —ek ek1)|?
- Y ]lklyéolg( V)h(eky) h(ek1, —eki)|g(ek1)|

Ik |<N/2 ek Af2 (k1)
B Im(g(ck1)h(cky)) h(cky, —ck1)|g(cky)|?
> ek 2f(ck)
0<k1<N/2 1

Now Im(gh) € C} with Im(gh)(0) = 0, and therefore Im(g(x)h(x))/z is a bounded
continuous function. Since furthermore f(ek1) > ¢f > 0 for all |k1|< N/2, the right
hand side is a Riemann sum and converges to 2wc which is what we wanted to show. [

Next, define
Exy=EnN(—-N/2,N/2)
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and the vertex function

v |g (k2)|2 e_kgfe(k?)\a\
V) = g [ Relhly i bt i EEE

We also set

V(o k) = 1k1|<N/2/E kot (K, k—2)he (Kl k—2)
N

|9< (k2) |2 e~ k3 fe(k2)|o]
fe(ka) 2

Lemma 10.3. Let ¢ € R be the constant defined in (89). Then VJ‘\?(', k) converges weakly
to VV(O', k) +2mcd(o) for all k € E, in the sense that

X he(k, ko) HY (k{fy)

im [ o)V (o, k)do = / ()Y (0, k)do + 27 (0)
N—oo 0 0

for all measurable ¢:[0,00) — R with |p(c) — ¢(0)|< |o|* for some k > 0. Similarly,

V]‘\g(-, k) converges weakly to V‘g(a, k) + 2mcd(o) for all k € E. Moreover, for all § > 0
we have

sup / V¥(o, k)|do + sup / V8o, k)ldo < k.
N 0 N 0

Proof. We write V]‘\?(a, k) = (V]‘g(a, k) — ]l‘kKN/QVJ‘\?(U,O)) + ]1|k|<N/2V]‘\?(O', 0). Let us
first concentrate on the second term:

/0 dop(o)Vy(a,0) .
2 poo
:/E dk?he(l@’_]“2)716(’92)(2"“2)95(162)%/0 dop(o)e 23 Se(ka)o
h ‘ E(k )’2 > —2k2 f-(k2)o
_ _0<|’;N/2h5(k2,—k2)k21m(hs(k2)ge(1«2))gfs(kz) /0 dop(o)e202)7

Now add and subtract ¢(0) in the integral over o and observe that

‘/OOO do(p(0) —p(0))e~2k3 e (ka)o

o o
_9L2,., _ —ck2 —9_
S [ doore e g |2 [T doe et g |20
0 0

and then
- 7 lge(Ra)? 122
> helk, —ka)koIm(he (ks)ge (k2)) k|
0 <|ka|<N/2 fe(k2)
2
555’(5 3 |h(z—:l~€2,—Ekz)lm(ﬁ(skg)g(skg))|‘gf((‘gjj2))‘|€k,2|—1_,4>

0<|k2|<N/2
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whenever k' € [0,1 A 2k). The term in the brackets is a Riemann sum and since
[Im(hg)(x)|< |z| and k" < 1, it converges to a finite limit. Thus we may replace ¢(o)
by ¢(0) and end up with

- —ky)Im g (ko) ®
0) > helky, —h2)Im(Re(ka)g: (k) g g3y
0 <|ka|<N/2 e\v2/h2

which converges to 2mwep(0).
It remains to treat the term

VN (0, k) — ]1|k|<N/2VJy(U7 0) = Lkj<ny2 /E dka(W(0, k, k2) — WX(0,0, k2)),
N

where the right hand side is to be understood as the (indirect) definition of W]\g Since
for fixed (k, ko, o) the integrand converges to (Hy(k+ke)— Hy (ko))e 2171 /2, it suffices to
bound |W]‘g(a, k, ko) — W]‘g(a, 0, k2)| uniformly in N by an expression which is integrable
over (o,kg) € [0,00) x E. For the remainder of the proof let us write 1.(¢,m) =
he((€+m)N, —m)he(€,m)g:((£ + m)™), which satisfies uniformly over |¢|, |m|< N/2

[e(£,m) = =(0,m)|S elf|S (ee])°

for all 6 € [0,1] (to bound |(£ + m)" — m| note that (¢ +m)N = £+ m + j(m,¢)N for
some j(m, ) € Z and that if [¢|< N/2, then |¢ 4+ jN|> |¢| for all j € Z). We now have
to estimate the term
W}s(k, /{72)(1{: + kQ)Ne—Ufs((k-l—kz)N)((k—l—kz)N)Q B 1,[25(0, k‘g)k‘Qe_UfE(kz)k%|]l|k;|,|k2|<N/2€_k§fE(kQ)U
—0 2 —k2cio
< [We(k, k) — (0, ko) [Rale™7T= 2Ry o1 e acs
ey )|k o o) N ORIV G h N oLk ey

5 ((€’k|)§‘k‘2‘+‘(k + k:Q)Ne—Ufs((k+k2)N)((k‘+k2)N)2 _ k2e—crfe(k2)k:§ ’) k%cjfcr.

Lyk), ko <26

The first addend on the right hand side is bounded by |k|?|ks|'~%¢~7¢/*2 and for 6§ > 0
this is integrable in (o, k) and the integral is < |k|°. To bound the second addend, let
us define ¢, ,(z) = ze=1=(@7* and note that for |z|< N/2

L o ()|= |1 — zo f'(ex)ea® — o fo(x)2z]e” @ < (1 4 gla]?)emer72" < e

for some ¢ > 0. From here we can use the same arguments as in the proof of Lemma 9.5
to show that

(k + kQ)Ne—ofs((k+k2)N)((k+kz)N)2 _ kQG_Ufg(kQ)k%D]].lk|7|k2|<N/2€_k%CfU < F(k, ka, 0)

for a function F with [, dks [;° doF(k,ko,0) < |k|°, and thus we get the convergence

and the bound for V]y . The term V]‘\? can be treated using the same arguments. O
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Proof of Theorem 10.1. We introduce analogous kernels as in the continuous setting:
Define G%(t,z,m) = e** H} (k) and and then inductively for 7 = (7172)

ikN.x
G (t,2,m,) = ™" HE (8, )
Zk T T
= / doH L o (k) he (K1) kL) HR (0,00 ) HE (011, )

A first consequence of this recursive description is that the contribution to the 0-th chaos
always vanishes: just as for the kernels G” of Section 9 we have

G7]—V(ta xz, U(nl...n(—l)...(—n))) =0

whenever o € Sy, because G} (t, z, 1. 2n) X [k{vgn]
We decompose every G7; into two parts:

Gt z,me) = GN (@, 00) Lk, kg 1<V d(r)) + G (T 02) (1= L) gy <N/ (2d (7))
:K]ﬁ(f(twrvnT) +FJ<7(t733>77T)' (94)

Let us first indicate how to deal with F};, which gives a vanishing contribution in the
limit. Define )
ikge (k)

= ]1 _
qan (0) H<N/27 3 F e

which satisfies |qn(6)|< |6]~!, uniformly in N (recall that we defined |8]= |w|'/?+]k|).
Similarly as in Section 9.5 we can bound every integrand that we need to control by
a product of terms of the form qN(H[JX,]), discrete vertex functions, and factors like
¢O(k:N/], kN, }) where 6V = (w, k). Moreover, every integrand contains a factor |qn (6;)]
for each 1ts integration variables 6;, and we can decompose 1 — ]1|k‘1|,...,‘k2d(T)|§N/(2d(T)) into
a finite sum of terms that each contain a factor 1,g,/~ n/(24(r)) for some i. We can there-
fore estimate |qn (0:)|19,>n/(2d(r)) S N—916;]*=% for an arbitrarily small § > 0, which
gives us a small factor. We now only have to show that the remaining integral stays
bounded. To do so, we need to control the basic integral

/ 1617218 — )| P01y o
RXEN

But (k' — k)N =k’ — k + jN for some |j|< 1 and if |K'|< N/2, then |k + jN|> |K| for
all j € Z. So by Lemma 9.8 we have

/ 16]71(6" — )|~ Bdeﬂ\k'|<N/2 Z/ |9|_a|0’+(0,jN)—Hl_ﬂdé?]l‘k/KN/Q
RXEN R

gl<1 R EN
S N0+ (0, 5N) | Lpjenyz S 10T L <y,
l71<1

where a, 3, p are as in the announcement of the lemma. The second integral in Lemma 9.8
is estimated using the same argument, which also allows us to show that all discrete
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vertex functions apart from V]y and V]‘\? satisfy the same bounds as their continuous

k4

counterparts. Since we estimated VJ‘\? and Vy in Lemma 10.3, we now simply need
to repeat the calculations of Section 9.5 to show that the Wiener-Ito integral over FT;
converges to 0 in LP in the appropriate Besov space.

We still have to treat the term K7}, in the decomposition (94) of G;. In the descrip-
tion of K3, we can now replace every k{ﬁ,] by the usual sum k., (where 7/ is an arbitrary
subtree of 7). Then K7 satisfies the same bounds as G”, uniformly in N, and converges
pointwise to it. So whenever G7 is absolutely integrable we can apply the dominated
convergence theorem to conclude. However, in the continuous case we used certain sym-
metries to derive the bounds for () o X, VV, and V‘g, and these symmetries turn out to
be violated in the discrete case. This is why we separately studied the convergence of
BNn(Qn o Xp) in Lemma 10.2, and in Lemma 10.3 we showed that V]‘\? and V]\g satisfy
the same bounds as V¥ and V‘g, uniformly in N, and converge to VY4 2med(o) and
V8 + 27med(o) respectively. It thus remains to see which correction terms we pick up
from the additional Dirac deltas.

Let us start with the contraction of GX. Here we have

X¥(t,2) = / GY,(t, 2, m123) W (dnas) + G]Y(f,l(taxv n )W (dmr)
(Rx E)3 RxE
with
Gt z,m) = 7 LGN (b 2, m) = 7o leie / do [ do B (o), () Vo0, )

for V]‘\? as defined in (92). Now by Lemma 10.3, the right hand side converges to

1G9 2, m) + 2cehr / doHy_ (k1) Hy s, (1),
0

and we have
/ (2ce / Ao Hy (k1) Hy o (k1) ) W (di) = 26Q(¢, ).
RxE

In conclusion, XX’, converges to X v 2c¢Q in LP(QY, ZF).

The only other place where V]‘g appears is in the contractions of X]‘%,. We have

X]Yf’,(t,x) :/ G}V(@%mzm)w(dﬁlzm) +/ G%Q(t,xmm)w(dﬁm)
(RxE)* (RxE)2

with

GY ot m,ma) = 2m) NG (t 2, m12) + 2G5 (1 2, m12) + 2G5 (1,2, m12)).
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Now G]Y{\?,(t, x,m2) can be factorized as

G‘(g (t X 7]12) _€Zk[12 xh kl,k‘g / dO’/ dO’ / dO'”Ht o-(k[12])H’ ”(k[IZ])
X Ho”fsl (kl)Ho”fsz (k2)V]‘\§(0_ - OJ? k[lQ])?

and Lemma 10.3 shows that the right hand side converges to

G8(t, 2,m2) + 2mce’ 12]m/ dU/ do" Hy—o (k19)) Ho—o (ko)) Horr—s, (k1) Horr—s, (K2),
with

/ kg /dO’/ do’ Ht g(k’[lg]) o— o'”(k[12]) o’ 751(1451) o’ —32(/@2)>W(d7712)

(]RXE)2

= QV(t,x).

Similarly, we factorize G% (t,z,m2) as

GYQ S(t, @, mg) = eFnah, (k1, k2)o(k1, k2) / da/ do’ / do"HN o (ki) Hy— 52(]@)

X H o (k1) H (k:l)VN (o' =" k1),
and Lemma 10.3 shows that the right hand side converges to
t o
G (8,2, o) 2mee™ 027 g (k) / d”/ do" Hy—o (k121) Ho—so (k2) Ho— o' (k1) Hor s, (1)
0 0
with
t o
[ (M) [ do [ do'Huo (i) Ho-ea () Hoor ) Hor—a, (k) )W ()
(Rx E)? 0 0
= QQOX(ta $)

In conclusion, X]Yf’, converges to XY{’ + QY 4+ 2¢QR°X in LP(Q, L2, O

10.2 Convergence of the random operator

The purpose of this subsection is to prove that the random operator
An(f) = HN(/(HN(f‘<T—eyQN)O(T—erN)M(d%dz))
=P ([ ((F <ry@n)) o (e Xn)n(dy, ) (95)

converges to zero in probability.
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Theorem 10.4. Let o € (1/4,1/2). Then we have for all 6, >0 and r > 1

Bl AN, fpe goany] /7 S NOY2H, (96)

We will prove the theorem by building on three auxiliary lemmas.

Lemma 10.5. The operator Ay is given by
AND)(E) = Y Adn (Aphta) = 3 [ gt Fu)dy
a.p a.p

with
Fg) () (k) = Z I (i, k1, k) FQn (8 k1) F Xn(t, k), (97)
k1,k2

where
Tk, ki ke) = (2m) 72 pp(k) < (k. ko) he (K1, k)
7 —k)Nz
x [P g (ko) — k) V) (R — k)Y k2)
_ ei(k[m]_k)qu(k[w] — k)wo(kl —k, k?)]l\k[m]kaN/ﬂ
and where py is a smooth function supported in an annulus 2P« such that pypp, = pp.

Proof. Parseval’s formula gives

AgAn(Apf)(t z) = /T g (.2, 9) Apf (y)dy

= (2m) 'Y Fapy(t.a, ) (—k)pp(k) F f (k).
k

It suffices to verify that the same identity holds if we replace .# gll)\’[q(t, x,-)(k) with the
right hand side of (97) and if we fix some k and consider f(z) = (2r)"'e?*® ie. Ff(() =
d¢ k- Let us look at the first term on the right hand side of (95)

/AqHN[(HN(Ap((%)_leik') < Toen ((2m) TTe™))) 0 (Toesy ((2) 7T e™)) pu(d, d2a)

= (27T)SAqHN[(HN(Pp(k)M(k,kl)ei(mkl)'))o(6“”')]/eikﬁzl”kﬂ"’ﬂ(dzhdzz)
= (2m) P AJTIN[Yo ((k + k)N ko) pp (k)< (, kl)ei((k+k1)N+k2)']hs(1€1, k2)
= (2m) P FuatO™ o (kg + k)N Yoo (k + k)N, k) p (k) pp (k)< (K, K Ve (K, ),

where in the last step we used that ((k+k1)" + ko) = (k+ k1 +ko)". The second term
in (95) is treated with the same arguments, and writing @ and Xy as inverse Fourier
transforms equation (97) follows. O
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Lemma 10.6. For allr > 1 and all o, 8 € R we can estimate

B[ A () = AN () g o ]

< Y22 (sup SOB((F g, (v, ) — Foly (5w ) ()
k

“p zeT

r/2

Proof. From the decomposition in Lemma 10.5 we get

[AN()(#) = AN () () s = > o0rh ‘Z/T(gzja\,[q(tvxvy) —gi]a\,]q(‘S?x’y))APf(y)dy‘ Lr(T)
q p ‘
<2tz g8ty - g on)ldy]| Il
” T L;(T)
so that
< qrBo—pro N _ N "
N%2 2 E[H/T|gp7q(t,x,y) g (s,2,y)|dy Lm)]
1/2yr
< qrBo—pra N _ N 2
N;Q 2 E[H(/Tmp,q(t,m,y) Ing(s,7.9))| dy) Lm]
qro—pra N N 2 /2
<2 [E[(SUFh(t e ) — Fas.e N®)) " ar,
q.p k

where we applied Parseval’s formula. Now Zk|(ﬂgﬁ[q(t,m, ) - fg;,\fq(s,x, N(K)? is a
random variable in the second inhomogeneous chaos generated by £, and therefore our
claim follows from Nelson’s estimate. O

Lemma 10.7. For all p,q > —1, all 0 < t1 < to, and all X € [0, 1] we have
D B[ F gyt w, ) (k)= F gpg(tr, z, ) (k)[*] S Tap 20y 2P0 ITINTHN gy 1y 2 (98)
k
Proof. We write
FQn(t2, k1) F Xn(ta, k2) — FQn(t1, k1) F Xn(t1, k2)

= (FQn(t2, k1) — FQn(t1, k1)) F Xn(t2, ko)
+ ZQN(t1, k1) (F XN (L2, ko) — F Xn(t1, k2))

and estimate both terms on the right hand side separately. We only concentrate on
the second one, which is slightly more difficult to treat, the first one being accessible to
essentially the same arguments. We have the following chaos decomposition:

FQN(t1, k1) (F Xn(ta, k2) — F Xn(t1, k2))
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t1

:/(R 5 )2 ((27T)25£17k516£27k2 0 t1 T‘(Zl)H’I]‘Vsl(El)dr( to— 82(€2) t1 SQ(ZQ))> W(dTIlQ)
XN

t1

vor [ (St [ Y QHY L (00 (-0) = B (-0) )
RxEN 0

Using the same arguments as in Section 9.5, we can estimate the second term on the
right hand side by

[ (o [ Y ear ()~ 1Y (60 o
RxEN 0

J
< k_1,k2 Ity — t1|)\/2|k1|>\
[F1

for any A € [0,2]. Based on the decomposition of Lemma 10.5, the contribution from
the chaos of order 0 is thus bounded by

Z( > DN (i k, ke, ke)ELZ Qu (t1, k) (F Xy (t2, ko) —ﬂXN(tl,kz))]‘z (99)
k1,ko€EN
|ty — 751|>\/2 2

< e At

Z‘MZENF zik, k1, k-1) e[

1 A/2

SHINGCIAGES ¢<<k,k1><wo«kl—k)N,kn—wm—k,kl))m g

k ki€EN

where we used that |k|< N/2 on the support of (-, k1). Now 9o((k1 — k)N, k1) =
Yo(ky — k,ky) unless |ky — k|> N/2 and |ki|~ N, and there are at most |k| values of
ki1 with |k|< |ki1|< N/2 and |k; — k|> N/2. Therefore, the right hand side of (99) is
bounded by

Sl = 0™ Uanyzlpg () dp(R) PPN S g lga |ty — 025N 7222
k

5 12p72q5N2p(1—)\)+qN—1+3)\|t2 —t ’A.

Next consider the contribution from the second chaos, which is given by

(2m)* (O ik, k) [ HY (RO HY , (k)dr
(Rx E)2 0

X (N, (k) = HY_, (k2)) ) W (dmio).

Taking the expectation of the norm squared, we obtain (up to a multiple of 27)

/(;R)(E‘]\f)2

9
dma.

(100)

t1

ng(x;kvklvkz) 0 t1 T‘(kl) r— sl(kl)dr( to— 52(k2) t1 52(k2))
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As in Section 9.5 we can show that

J.

whenever \ € [0, 2], and plugging this into (100) we get

"N N N N 2 kPt -t
0 Ht1fr(k1)Hrfsl (k’il)dr(HtQ*w(k?) - Htlfsz (kQ)) d812 ~ T

k| [t2 — 4]

THE dk12

(100)5/ DY (s K, Ky, k)
BX
SN =t [ dbaag (0 b k)]
EN

x [ =Re o (o — k)N )bo (k1 — )N, ko)

(ko — k) 2
— e"\Mz2] pq(k[12] — k)wc,(k'l — k‘, k2)]l|k[12]—k|<N/2

First observe that the difference on the right hand side is zero unless |kj|~ N, so that
we can estimate |k1|72< N=1HA k7172, and also we only have to sum over |ki|> |k|.
Moreover, the summation over kg gives O(27) terms which leads to

(100) < Tom 2as n2IN "3ty — 452 (k) k|2,
and the sum over k of the right hand side is bounded by
S ]12p,2q5N2p(1_A)+qN_1+3’\|t2 —t1*,
which completes the proof of (98). O

Proof of Theorem 10.4. Let a € (1/4,1/2), r > 1, and write v = 2a—1+1/r. Combining
Lemma 10.6 and Lemma 10.7, we get for all A > 0 with (1 — \)/2 > «

E[[An(t) — AN(S)”Z(%Q,%MA)]UT S E[[An()(®) — AN(f)(S)HE(W,BzT)]l/T

< ( Z 2qr727pra(2p(17)\)+qN71+3)\‘t . 8|)\)r/2) 1/r

q.pSlogy N
~ |t o S|)\/2Na—1/2+1/r+3)\/2

Since An(0) = 0, Kolmogorov’s continuity criterion gives
- A
E[HAN(f)||TCTL((€C¥7%’2¢1*1)]1/T S N 1/241/r4+3X/2

whenever A\/2 > 1/r. Choosing 1/r + 3)\/2 < ¢, the estimate (96) follows. O
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A Proofs of some auxiliary results

Proof of Lemma 6.4. We prove the second claim, the first one follows from the same
arguments. We also assume that f € M]LP, the case f € ML is analogous. Let
t>0and j >0 and write M = || f[| 70 [l9(t)[| 3. Then

H/t 22j<p(22j(t—s))sj,lf(st)dsAjg(t)HL < 2_j5M/t 221 |p(2% (t — 5))|sVds.
0 P 0

We now split the integral at t/2. The Schwartz function ¢ satisfies |o(r)|< 771, so using
the fact that v € [0,1) we get

)2 , t/2 t/2
/ 2271 p(2% (t — s))|s Vds < / (t—s)ts7ds <t ! / s 7ds St
0 0 0

The remaining part of the integral can be simply estimated by
t
[ 21e@ - o)ls s < (1/2)77 [ 2o - s)lds S,
t/2 R
which concludes the proof. O

Proof of Lemma 6.5. Let us begin with the first claim. By spectral support properties
it suffices to control

H</Ot 22 (2% (t — 5))S;-1 f(s)ds — Sj-1 £(8)) g t) (101)

Lp

<|| [ 2ot psaswasann),

n H /0 ' 92 (22 (1 — s))sjflft,sdsAjg(ﬂ) o’

where we used that ¢ has total mass 1. Using that |¢(r)|< |r|71=%/2, we can estimate
the first term on the right hand side by

S 2_jﬁt_7+a/2|!f!|zz7’“(t)llg(t)llﬁ/zzjt|r‘_l_a/2d7“ S 27T Fl g g ()

As for the second term in (101), we split the domain of integration into the intervals
[0,¢/2] and [t/2,t]. On the first interval we use again that |o(r)|< [r|~'=*/2 and then
simply estimate ||fosllzr< (£2/27 + 5227 fll gy and (8 — 5)-1-0/2 S ¢-1-a/2,
and the required bound follows. On the second interval, an application of the triangle
inequality shows that

1 frsllze= lls™ (57 £ () = ¢ 1@ FEoS 71t = 12 fll e 0y,

from where we easily deduce the claimed estimate.
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Let us now get to the bound 17 [[(Z(f < g) = f < (£9)) (W)llgoro-2 S [ f =@ la@lls-
Given Lemma 6.4 and the product rule for the Laplacian, only the estimate for

t
> o < / 2% (2% (¢ — 8))Sj_1u(s)ds) Ajolt).
is non-trivial. For fixed j we recall that supp(¢) C R, and therefore

¢
/ 24/ (2% (t — 5))S;_1u(s)ds = 22j/ 2%/ (2% (t — 5))S;_1u(s)Lsods.
0 R

Since ¢’ integrates to zero we can subtract 2% [, 2% ¢/(2%7 (t — 5))S;_1u(t)ds. The result
then follows as in the first part of the proof. O

Proof of Lemma 6.6. We start by observing that exactly the same arguments as in the
proof of Lemma 2.9 (replacing L by LP at the appropriate places) yield

HIngSA(T)S, HfHCTch?*% |5+ Psu0||g£va(T)§ [|uo E5 -

It remains to include the possible blow up at 0. The estimate (50),
I fllvgee S 1A g2 (102)

is shown in Lemma A.9 of [GIP15] (for p = oo, but the extension to general p is again
trivial). For the temporal Holder regularity of I f that we need in (49), we note that the
estimate
1Prallge S D2 ull,, s
p

for 8 > —a is again a simple extension from p = oo to general p, this time of Lemma A.7
in [GIP15]. An interpolation argument then yields

1Prull oo S 72 lull, s (103)

whenever 8 < 0, and from here we obtain

t
= H/ P,Auds
Lp 0

¢ods S /2 I

t
(P, — id)u 1r = H/ 0, Puds|
0
t
5/ 871+a/2Hu
0

for a € (0,2). To estimate the temporal regularity, we now have to control

t s
Htv/ Py frdr — 57/ PsfrfrdrH
0 0 Lr

t t
< (t7—57)/ ||PtrfT|!Lpdr+57/ 1P follodr + 57| (P — )27 5)|
0 s

Lp

%g (104)

p
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t t
a/2-1,,— a/2—1 —
< ((ﬂ—sv)/o (t — )2y 7c17~+sv/ (t =121 70dr )| £l g

+ 870t — 5|21 ()]l

where we used (103) for the first two terms and (104) for the last term. Now (102) allows
us to further simplify this to

1 t
< v Y\ 2—y _oo\ae/2—-1, —~ _o\a/2-1 - a/2) o
N((t st /0 (1—r) r dr—i—/s(t T) dr + |t — s HfHM%% 2.
Since o > 0 and v < 1, the first time integral is finite. Moreover it is not hard to see that
(t7 — s7)t*/2=7 < |t — 5|*/2 (distinguish for example the cases s < t/2 and s € (¢/2,1]),
and eventually we obtain

I LF(8) = $TLF(3)l|Lo S [t = 8121 f 1 pgipe-

It remains to control the temporal regularity of s — s7 Psug, and this can be done using
similar (but simpler) arguments as above, so that the proof is complete. O
Proof of Lemma 6.8. For the spatial regularity, observe that

1A u(®) | 0 < mind2792, /2 fu] 4o .
Interpolating, we obtain

V1A u(t) | o< 2777 lul gro ),

or in other words t7~%/2||u(t)||q_e< lull.zy-e(). The statement about the temporal
regularity is a special case of the following lemma. O

Lemma A.1. Leta € (0,1), ¢ € [0,), and let f:[0,00) — X be an a—Hdlder continuous
function with values in a normed vector space X, such that f(0) = 0. Then

[t =t fO)llga-—<x S [[fllogx-
Proof. Let 0 < s < t. If s = 0, the required estimate easily follows from the fact that
f(0) =0, so assume s > 0. If t > 2s, then we use again that f(0) = 0 to obtain
[ () — s~ f(s)llx

|t — s|o—¢

S+t = s fllcax-

Now t*7¢ < (|t — s|4+s)*7%, and s/|t — s|< 1 by assumption, thus the result follows. If
s <t < 2s, we apply a first order Taylor expansion to t7¢ — s~¢ and obtain

12 = s f)llx 7 JIF®) = f)llx er =Mt — s)[If(s)llx

i—sle  Sle—s[c Ji—s [t — sl

for some r € (s,t). Now clearly the first term on the right hand side is bounded by
| fllcgx. For the second term we use || f(s)||x< s%| fllcax and get

er Tt — s)[If (s)llx

|t — s|o—¢

Ses Tt = s fllepx < el fllegx,

using t — s < s in the last step. O
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