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Introduction

This study focuses on automorphism groups of derived categories of smooth projective
varieties. Part of the motivation comes from considering the derived category of such
varieties as something like the ultimate cohomological invariant. In particular, one can
compare the derived level with more traditional invariants like K-theory or topological
cohomology.

It was Mukai who first gave an explicit example of a significant equivalence between
derived categories coming from geometry [61]. He showed that the derived categories
of an abelian variety and its dual are equivalent. The technique introduced by him to
prove this has been generalised since then and nowadays goes by the name of Fourier-
Mukai transforms. In a further step, Bondal and Orlov gave another link connecting
geometry and derived categories [11], [12]: they showed how varieties of Fano type or
with ample canonical sheaf can be reconstructed from their derived categories. Thus
attention was drawn to the case of varieties with trivial canonical bundle. Orlov proved
a derived version of the Torelli theorem for K3 surfaces [71] and also a structure theorem
for derived categories of abelian varieties [72]. Meanwhile, Kawamata provided some
evidence to the conjecture that two birational smooth projective varieties with trivial
canonical sheaves have equivalent derived categories [49]. Bridgeland proved this in
dimension three [16].

One should point out why groups of equivalences are important and interesting. Let
us just note for the moment that all the fundamental results mentioned above bring
forth expressions in terms of these groups. For example, the reconstruction theorem of
Bondal and Orlov also implies that the groups of autoequivalences on varieties of Fano
type or with ample canonical sheaf as small as possible [12]. In concrete terms, this
means that every autoequivalence is a composition of an automorphism of the variety,
the twist by some line bundle, and a shift of complexes. On the other hand, consider a
principally polarised abelian variety. Then Mukai’s initial observation can be reformu-
lated saying that the Poincaré bundle yields a genuinely different autoequivalence on
this abelian variety.

There is a certain connection between the topics addressed here and some aspects of
theoretical physics [26]. Going a little bit more into detail, it is now generally accepted
by string theorists that D-branes form a triangulated category. In the case of the IIB the-
ory, which lives on a Calabi-Yau manifold, the D-branes are sheaves or, more generally,
objects of the derived category. Kontsevich’s homological mirror symmetry conjecture
states that a symplectic manifold is the mirror of some Calabi-Yau variety precisely if
a certain triangulated category constructed from the symplectic data is equivalent to
the derived category on the algebraic side [52]. While not even the final definitions are
completely clear on the symplectic side, this conjecture has nonetheless given impetus
to research in both symplectic and algebraic geometry.
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This study consists of four chapters, and we now summarise their main topics. In the
first chapter, we review facts about derived categories and Fourier-Mukai transforms
from the general theory. This exposition mainly collects results which are standard by
now. A point worthy of notice might be the section on spherical objects as it contains
a simple proof that the functors derived from them are equivalences. An auxiliary fact
we could not find in the literature is that Fourier-Mukai kernels of equivalences are
always simple.

Having covered the basics, we turn to K3 surfaces. The main result is that every
other Hodge isometry of the full cohomology lattice can be lifted to an autoequivalence
of the derived category. Explicitly, we can compare the group of autoequivalences with
the group of integral Hodge isometries using a homomorphism from the former to the
latter. The theorem states that the image is a subgroup of index at most two. Whether
the homomorphism is actually surjective or not is not known at present. Further on in
this section, we rephrase and reconsider this problem in some ways.

In the third part, we consider finite group actions on smooth projective varieties and
develop a theory of groups of equivariant autoequivalences. The aim is to compare
invariant Fourier-Mukai kernels and equivariant ones. How close they are depends
on the group action of course but, nonetheless, there are quite general results. As an
immediate application, we can show that birational Hilbert schemes of points on a K3
surface have equivalent derived categories. From this, we deduce that there are only
finitely many Hilbert schemes of points on K3 surfaces up to birational isomorphism.
This ties in with Kawamata’s philosophy alluded to above.

The final part deals with Kummer surfaces. Since these are formed from abelian
surfaces by a quotient construction with the cyclic group of order two, our results on
equivariant autoequivalence groups apply particularly well. We explain what portion
of the group of Kummer autoequivalences actually comes from the abelian surface.
There are also certain remarks on generalised Kummer varieties.
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Notation and conventions

Varieties and morphisms
If not mentioned explicitly otherwise, by a variety we mean a smooth projective scheme
over the field C. Nonetheless, we write k(y) for the skyscraper sheaf of some point
y ∈ Y; points are always closed. Canonical projections are denoted throughout by
pY : Y × Z → Y or p1, p2 : Y × Y → Y. Because this notation is so easy to understand,
the maps will sometimes appear without further introduction.

Complexes
Complexes are written in the form [· · · → Ai → Ai+1 → . . . ] and denoted by A or A•,
depending on emphasis. The homology of a complex A in degree i is written as hi(A).
The reason for this is to avoid any confusion with sheaf cohomology. Accordingly, the
dimension of sheaf cohomology spaces will always be denoted by dim(Hi(·)). The
complex A[1] denotes A shifted one place to the left, so that A[1]i = Ai+1.

Derived categories
We write D(Y) := Db(Coh(Y)) for the bounded category of coherent sheaves on a
variety Y. The category of coherent sheaves is throughout considered as the full sub-
category of complexes having only homology in degree 0. Derived functors will appear
without special symbols to denote derivation. For example, considering a morphism
f : Y → Z, the functor f∗ : D(Y) → D(Z) is exact. Taking a sheaf A ∈ Coh(Y), its
direct image f∗(A) ∈ D(Z) is generally a genuine complex, and the homology sheaves
hi( f∗(A)) = Ri f∗(A) ∈ Coh(Z) are the usual higher direct images.

As usual, we set Homi
D(Y)(A, B) = HomD(Y)(A, B[i]) for complexes A, B ∈ D(Y).

For sheaves A, B ∈ Coh(Y) we have HomD(Y)(A, B[i]) = Exti
Y(A, B) by [30, §III.5]. We

distinguish between the total homomorphism space Hom∗(A, B) := ⊕i∈Z Homi(A, B)

and the complex Hom•(A, B) := ⊕i∈Z Homi(A, B)[−i] with zero differentials.
If a functor F is left adjoint to a functor G, we will sometimes write this as F ⊣ G.

Remark 0. If C is a smooth curve, then A ∼=
⊕

i∈Z hi(A)[−i] for all A ∈ D(C) by [31,
Proposition 6.3] or [42, Corollary 3.14]. Thus we are mainly interested in dimension >1.

Cohomology and intersection rings
Let Y be a variety and A be a coherent sheaf (or complex) on Y. As is common by now,
we write v(A) := ch(A)

√
tdY ∈ H∗(Y, Q) for the Mukai vector of A. The cycle class of

a subvariety Z ⊂ Y of codimension c is written [Z] ∈ H2c(Y, Z). In particular, we have
1 = [Y] ∈ H0(Y, Z) and [pt] ∈ H2 dim(Y)(Y, Z), the latter not depending on a particular
point of Y. The same notation will apply to the intersection (or Chow) rings CH∗(Y),
so that 1 = [Y] ∈ CH0(Y) and [p] ∈ CHdim(Y)(Y). Note that the latter cycle class in the
Chow ring depends on the (rational equivalence class of the) point p ∈ Y. The product
of two classes or cycles z1, z2 is sometimes denoted z1.z2.
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1 Generalities on Fourier-Mukai transforms

1.1 Derived categories and Fourier-Mukai kernels

In this section, we will not try to reproduce the general theory but rather assemble the
important facts from a concrete point of view. Let Y be a smooth projective variety
over C. Then, an interesting homological invariant of Y is D(Y) := Db(Coh(Y)), the
bounded derived category of coherent sheaves. While relatives of D(Y), using quasi-
coherent sheaves or unbounded complexes, are important, they will not appear in this
study. A virtue of insisting on ’smooth, projective’ varieties and ’bounded’ complexes
of ’coherent’ sheaves is that D(Y) turns out to be a finite C-linear triangulated category,
i.e. all Hom’s are finite dimensional C-vector spaces. This follows basically from Serre’s
theorem that sheaf cohomology is finite dimensional under these circumstances [36,
Theorem III.5.2]. We are interested in the automorphisms of D(Y), thus

Aut(D(Y)) := {ϕ : D(Y) ∼→ D(Y) exact equivalence}.

It is obvious that the composition of exact functors is again exact; furthermore the quasi-
inverse of an exact equivalence is exact. Hence Aut(D(Y)) is indeed a group. In general,
there are three types of autoequivalences that we always have at our disposal, namely
shifts of complexes, automorphisms of the variety and line bundle twists:

Z → Aut(D(Y)), n 7→ [n],
Aut(Y) → Aut(D(Y)), f 7→ f∗ = ( f−1)∗,
Pic(Y) → Aut(D(Y)), L 7→ ML, ML(E) := L ⊗ E.

All three representations are injective. They combine to a semidirect product subgroup
Aut(Y) ⋉ Pic(Y) × Z ⊂ Aut(D(Y)), as (ML1 ◦ f1∗) ◦ (ML2 ◦ f2∗) = ML1⊗ f1∗L2 ◦ ( f1 f2)∗.
Actually, this is the distinguished subgroup containing all autoequivalences which map
skyscraper sheaves of points to themselves, up to shift; see Remark 1.9.

We turn to Serre functors and adjoints. The notion of Serre functor has been axiomati-
cally defined for triangulated categories in [10] but we stick to the concrete setting.
(1) The Serre functor for D(Y) is given by SY : D(Y) → D(Y), A 7→ A ⊗ ωY[dim(Y)]

(and similar on morphisms). It is obviously an exact equivalence.
(2) By Serre duality in the form described in [35], SY is an equivalence with functorial

isomorphisms Hom(A, B) ∼→ Hom(B, S(A))∗ for all A, B ∈ D(Y). These properties
characterise SY uniquely up to isomorphism; see [42, §1.1].

(3) The Serre functor SY commutes with exact equivalences. This follows from the
uniqueness in (2) and the usual Yoneda argument.

(4) If F : D(Y) → D(Z) is a functor (with Z another smooth projective variety) which
has a right adjoint G : D(Z) → D(Y), then the functor S−1

Y ◦ G ◦ SZ is a left adjoint
for F. This is again an immediate consequence of (2).
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Before we present a couple of facts about adjoint functors, we introduce some general
notions. A contravariant cohomological functor H : D(Y)opp → Mod(C) to the abelian
category of C-vector spaces is of finite type if ∑i dim H(A[i]) < ∞ for all A ∈ D(Y). A
triangulated category is called saturated if every contravariant cohomological functor
of finite type is representable. The next theorem is crucial for the existence of adjoint
functors:

Theorem 1.1 (Bondal, Van den Bergh). For a smooth projective variety Y, the bounded
derived category of coherent sheaves D(Y) is saturated.

Proof. The theorem is proven in [9, Appendix A] together with vast generalisations to
the singular as well as to the noncommutative case.

The following remarks settle the question of adjoints in our setting completely.
(1) An adjoint functor of an exact functor is again exact [71, Lemma 1.2].
(2) Any exact functor F : D(Y) → D(Z) has a right adjoint. To see this, consider for

any B ∈ D(Z) the cohomological functor H := Hom(F(·), B) : D(Y) → Mod(C);
it is of finite type because D(Y) has finite dimensional total Hom’s. As D(Y) is
saturated, there is a unique object A ∈ D(Y) representing H. Setting G(B) := A
defines a functor G : D(Z) → D(Y) by the Yoneda lemma. We conclude F ⊣ G
from Hom(F(·), B) = H(·) = Hom(·, A) = Hom(·, G(B)).

(3) Finally, the last remark concerning Serre functors applies and we find that every
exact functor F : D(Y) → D(Z) possesses both left and right adjoints.

Once we recognise the derived category D(Y) as an interesting invariant of the variety
Y, the relations among those categories will be of importance. As has been hinted at
previously, we regard D(Y) as a finer relative of the K-group K(Y), Chow ring CH∗(Y)

or topological cohomology H∗(Y, Q). Most notably for Chow rings and cohomology,
these structures have been classically studied by the means of correspondences. The
basic idea is that an object on the product gives rise to a map, e.g. a cohomology class
η ∈ H∗(Y × Z, Q) yields the map H∗(Y, Q) → H∗(Z, Q), α 7→ pZ∗(η.p∗Yα). Here, pull-
back, push-forward and product are those from topology. Maps of this sort provide
all kinds of interesting examples. Since we also have the three basic operations in the
derived categories D(Y) at our disposal, we can establish a similar notion:

Definition 1.2. Let Y and Z be smooth projective varieties and P ∈ D(Y × Z) any object.
Then the corresponding Fourier-Mukai transform with kernel P is the exact functor

FMP : D(Y) → D(Z), A 7→ pZ∗(P ⊗ p∗Y A).

The functor FMP is called a Fourier-Mukai equivalence if it is an exact equivalence be-
tween triangulated categories.
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Remark 1.3. Mukai was the first to employ Fourier-Mukai transforms in [61]. There he
used the Poincaré bundle as kernel to show that the derived categories of an abelian
variety and of the dual abelian variety are equivalent. His use of the name Fourier
stems from the comparison with Volterra operators in functional analysis which are
formally correspondences between appropriate L2-spaces; see [62].

Remark 1.4. The calculus of correspondences [29, §14] carries over from the classical
versions. To quote just one instance, the composite transform of FMQ : D(X) → D(Y)

and FMP : D(Y) → D(Z) has kernel P ⋆ Q := pXZ∗(p∗YZP ⊗ p∗XYQ) ∈ D(X × Z), where
pXY, pXZ, pYZ are the canonical projections from X × Y × Z to the indicated factors. So
we have FMP ◦ FMQ = FMP⋆Q : D(X) → D(Z) for the corresponding functors.

A nice feature of these transforms is that the adjoints of FMP : D(Y) → D(Z) are again
Fourier-Mukai transforms. Their kernels are PL := P∨ ⊗ p∗ZωZ[dim(Z)] and PR :=
P∨ ⊗ p∗YωY[dim(Y)], respectively. This follows from f ∗ ⊣ f∗ ⊣ f ! := SY2 ◦ f ∗ ◦ S−1

Y1
for a

morphism f : Y1 → Y2 where SY1 and SY2 are the Serre functors. In particular, if FMP is
fully faithful and both adjoints coincide, then FMP is a Fourier-Mukai equivalence with
quasi-inverse FM

−1
P

∼= FMPL : D(Z) ∼→ D(Y).
We will use the familiar facts about Fourier-Mukai transforms without much ado

whenever they are just consequences of the transforms being derived correspondences.

Remark 1.5. Note that we could also have used P to produce a functor in the direction
D(Z) → D(Y). In order to keep the notation light, we will refrain from specifying the
direction in the symbol FMP. The functor in the reverse direction will, however, appear.
In those cases, it will be denoted by FM

t
P. The assignment FMP 7→ FM

t
P is a direction

reversing involution although FM
t
P is not the transpose on the level of cohomology. We

will be careful to introduce a kernel P always together with a prescribed direction for
FMP , so that the notation makes sense.

Examples 1.6. We give some examples for Fourier-Mukai equivalences. The proofs for
the first three instances are straightforward.
(1) The structure sheaf of the diagonal ∆ ⊂ Y × Y is the kernel for the identity, i.e.

FMO∆
= id : D(Y) ∼→ D(Y). Analogously, we get the shift functors: FMO∆[n] = [n]

for all n ∈ Z. In the same vein, let ∆ : Y → Y × Y be the diagonal embed-
ding and L a line bundle on Y. Then, the kernel L∆ := ∆∗L gives FML∆

= ML :
D(Y) ∼→ D(Y), A 7→ A ⊗ L.

(2) For a morphism f : Y → Z, the structure sheaf of the graph Γ( f ) := ( f , idZ)−1(∆Z)

yields FMOΓ( f )
= f∗. Note that FM

t
OΓ( f )

= f ∗.

(3) Consider an elliptic curve E with a fixed origin p0 and identify E and Ê = Pic0(E)

via ϕ : E ∼→ Ê, x 7→ OE(x − p0) (subtraction of divisors). The normalised Poincaré
line bundle P := OE×E(∆ − {p0} × E − E × {p0}) has a universal property which
can be expressed by FMP (k(x)) = ϕ(x). It is easy to see, using Cohomology and
Base Change, that FMP ◦ FMP = (−1)∗ [−1]. In particular, FMP ∈ Aut(D(E)).
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(4) Let us consider two Fourier-Mukai equivalences F = FMF : D(Y) ∼→ D(Y′) and
G = FMG : D(Z) ∼→ D(Z′). Then their product gives a further equivalence F ×
G = FMF⊠G : D(Y × Z) ∼→ D(Y′ × Z′) whose quasi-inverse has kernel F L

⊠ GL.
Taking another Fourier-Mukai transform FMP : D(Y) → D(Z), we get the relation
FM(F×G)(P) = G ◦ FMP ◦ Ft with Ft := FM

t
F , i.e. a commutative diagram

D(Y)
FMP // D(Z)

G
��

D(Y′)
FM(F×G)(P)

//

Ft=FM
t
F

OO

D(Z′)

which is just a restatement of the following isomorphism on the kernel level:

(F × G)(P) = pY′Z′ ,∗(F ⊠ G ⊗ p∗YZP) = pY′Z′ ,∗(p∗ZZ′G ⊗ p∗YZP ⊗ p∗Y′YF ),

the last term being the kernel of FMG ◦ FMP ◦ FM
t
F . As a special case, consider

two automorphisms f : Y ∼→ Y, g : Z ∼→ Z. Then, the new kernel ( f , g)∗P gives
FM( f ,g)∗P = g∗ ◦ FMP ◦ f∗.

The notion of Fourier-Mukai transform can also be regarded, in a more fancy manner,
as a functor

FM : D(Y × Z) → Fun(D(Y), D(Z)), P 7→ FMP

where Fun(D(Y), D(Z)) is the category consisting of exact functors from D(Y) to D(Z)

with natural transformations as morphisms. This category can be made graded by
defining the shift of F ∈ Fun(D(Y), D(Z)) as F ◦ [1]D(Y)

∼= [1]D(Z) ◦ F. Yet declaring
a triangle F′ → F → F′′ → F′[1] to be distinguished in Fun(D(Y), D(Z)) if the trian-
gles F′(A) → F(A) → F′′(A) → F′(A)[1] in D(Z) are distinguished for all A ∈ D(Y)

does not produce a triangulated category—since cones are not functorial. See [21] for a
similar, but more sophisticated view on this topic.

We will mainly be interested in equivalences between derived categories. A basic,
but highly non-trivial, theorem of Orlov states that all such equivalences actually are
Fourier-Mukai transforms, and thus can be described using kernels. The precise state-
ment follows:

Theorem 1.7 (Orlov). Let Y and Z be two smooth projective varieties and F : D(Y) → D(Z)

an exact fully faithful functor. Then there exists an object P ∈ D(Y × Z) such that F ∼= FMP

are isomorphic functors. Moreover, P is unique up to isomorphism.

Proof. For the proof see the original [71, Theorem 2.2] or Kawamata’s generalisation to
orbifold-type stacks, [50, Theorem 1.1]. The original statement included the additional
assumption that F should possess adjoint functors. This is however automatically ful-
filled in view of Theorem 1.1 and its corollary.
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Remark 1.8. This theorem allows to extend the transposition introduced in Remark
1.5 to all equivalences: for F : D(Y) ∼→ D(Z) we have F ∼= FMP with unique kernel
P ∈ D(Y × Z) and we set Ft := FM

t
P : D(Z) ∼→ D(Y). Note that the usual transposition

rules apply. In particular, we get an involution Aut(D(Y)) ∼→ Aut(D(Y)), F 7→ (Ft)−1.

Remark 1.9. Every autoequivalence F : D(Y) ∼→ D(Y) which takes skyscraper sheaves
k(y) to skyscraper sheaves k( f (y)), must be of the form MN ◦ f∗ for some line bundle
N ∈ Pic(Y) and an isomorphism f : Y ∼→ Y. To see this, choose first a Fourier-Mukai
kernel P for F. Then P is actually quasi-isomorphic to a sheaf, because we can detect
homology hi(P) using FMP (k(y)): replacing P by a locally free resolution Q•, we find
FMP(k(y)) ∼= Q•|{y}×Y and hi(Q•) 6= 0 implies hi(Q•)|{y}×Y = hi(Q•|{y}×Y) 6= 0 for
some y ∈ Y. By assumption, supp(P) is the graph of f : Y ∼→ Y. Finally, P has obviously
rank one on supp(P) and hence FMP = FMi∗L = f∗ ◦ ML = M f∗(L) ◦ f∗ where i : Y →
Y × Y, y 7→ (y, f (y)) and L ∈ Pic(Y).

Remark 1.10. Consider the full subcategories of D(Y × Z) and Fun(D(Y), D(Z)) which
consist of equivalence kernels and equivalences, respectively. Orlov’s theorem states
that FM induces a bijection on their skeletons (which are the sets of isomorphism classes
of objects). However, the following example of Căldăraru [21, Appendix B] shows that
FM is not faithful.

Example 1.11. Let E be an elliptic curve and consider the two kernels P = O∆ and
Q = O∆[2]. The corresponding functors are FMP = id and FMQ = [2]. Now we
have by Serre duality HomD(E×E)(P, Q) = Ext2

E×E(O∆,O∆) ∼= HomE×E(O∆,O∆)∗ = C.
But, on the other hand, there are no nonzero natural transformations T : id → [2]

in view of the Remark 0: every complex is quasi-isomorphic to its homology. Hence
MorFun(FMP, FMQ) = 0 and this shows that FM : D(E × E) → Fun(D(E), D(E)) is not
faithful.

Despite this example, at least HomD(Y×Z)(P, P) → HomFun(D(Y),D(Z))(FMP, FMP) is
an injective map for Fourier-Mukai equivalences FMP:

Lemma 1.12. Let FMP : D(Y) ∼→ D(Z) be a Fourier-Mukai equivalence. Then the kernel P is
a simple object of D(Y × Z), i.e. HomD(Y×Z)(P, P) = C.

Proof. Denote by Q the kernel of the quasi-inverse equivalence so that P ⋆ Q ∼= O∆Z
.

This type of composition also works on the level of homomorphisms: endomorphisms
f : P → P and idQ : Q → Q give rise to f ⋆ idQ : P ⋆ Q → P ⋆ Q, i.e. an endomorphism
of the diagonal O∆Z

. From HomD(Z×Z)(O∆Z
,O∆Z

) = HomZ×Z(O∆Z
,O∆Z

) = C now
follows f ⋆ idQ = λ · idO∆Z

for a λ ∈ C. Composing again with idP : P → P gives then
f = f ⋆ idO∆Y

= f ⋆ (idQ ⋆ idP) = ( f ⋆ idQ) ⋆ idP = (λ · idO∆Z
) ⋆ idP = λ · idP.

As we are primarily interested in equivalences, it proves to be very useful to have
some handy criterion. Before the statement, we recall the notion of a spanning class.
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Definition 1.13. A subset of objects C ⊂ D(Y) is called a spanning class if for all objects
A ∈ D(Y) the following two implications hold:

Homi(A, C) = 0 ∀C ∈ C, i ∈ Z =⇒ A = 0,

Homi(C, A) = 0 ∀C ∈ C, i ∈ Z =⇒ A = 0.

This definition can be rephrased in terms of left and right orthogonal complements: C
is a spanning class if and only if C⊥ = ⊥C = 0. Here the right orthogonal complement
of C is C⊥ := {A ∈ D(Y) : Hom∗(C, A) = 0 ∀C ∈ C} and similarly for ⊥C.

Examples 1.14. The first two are the primary examples of spanning classes.
(1) C = {k(y) : y ∈ Y} is the spanning class of skyscraper sheaves [15, Example 2.2].
(2) Given an ample line bundle L ∈ Pic(Y), the set C = {L⊗i : i ∈ Z} of all tensor

powers is spanning by [71, Lemmas 2.13, 2.14].
(3) For the occurrence of another spanning class, see the proof of Theorem 1.27.

Theorem 1.15 (Bondal, Orlov, Bridgeland). Let F : D(Y) → D(Z) be an exact functor and
fix a spanning class C ⊂ D(Y).

(i) F is fully faithful if and only if Homi
D(Y)(C, C′) ∼→ Homi

D(Z)(F(C), F(C′)) holds for
all C, C′ ∈ C and i ∈ Z.

(ii) F is an equivalence if and only in addition to the condition of (i) hold dim(Y) = dim(Z)

and F(C ⊗ ωY) ∼= F(C) ⊗ ωZ for all C ∈ C.

Proof. Introducing temporarily the shift closure of C by C[∗] := {C[i] : i ∈ Z, C ∈ C},
the criteria of the theorem can be rephrased by the following concise statements:
(i) F is fully faithful ⇐⇒ F|C [∗] : C[∗] → D(Z) is fully faithful;
(ii) F is equivalence ⇐⇒ F|C [∗] is fully faithful and commutes with the Serre functors.

Recall that by Theorem 1.7 all fully faithful exact functors are actually Fourier-Mukai
transforms. Hence the above criterion could also be expressed as a condition in terms
of Fourier-Mukai kernels. This is indeed what happened in the evolution of the theory:
Bondal and Orlov proved in [11, Theorem 1.1] that FMP is fully faithful if and only if
it is fully faithful on shifted skyscraper sheaves of points. Actually, their statement is
stronger in that the conditions Exti(k(y), k(y)) ∼→ Homi(FMP(k(y)), FMP(k(y))) do not
have to be checked for i = 1, . . . , dim(Y)—a simplification peculiar to this spanning
class. The fully faithfulness criterion with the spanning class of tensor powers of an
ample line bundle appears in [71, Lemma 2.15]. Bridgeland extended this in [15] to ar-
bitrary spanning classes. Furthermore, he proved that compatibility with the canonical
sheaves entails the surjectivity of F in the case of skyscraper sheaves of points. For the
full generality as stated, see [13, §2.6] or [42].

To conclude this section, we introduce a notion that has become of much interest to
both mathematicians and physicists.
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Definition 1.16. Let Y be a smooth projective variety. Then another smooth projective
variety Z with D(Y) ∼= D(Z) is called a Fourier-Mukai partner of Y. In this case, the
varieties Y and Z are also called D-equivalent. The set of isomorphism classes of all
Fourier-Mukai partners of Y is denoted by FM(Y).

Examples 1.17.

(1) The reconstruction theorem of Bondal and Orlov [12] states that, for a variety Y
with either ample or anti-ample canonical sheaf ωY, the derived category D(Y)

determines the variety up to isomorphism. In particular, FM(Y) = {Y} for such
varieties.

(2) For smooth projective curves C, we also have FM(C) = {C}. This follows from the
previous point if the genus is different from one. For the remaining case, one can
use that D-equivalent elliptic curves have identical Hodge structures and conse-
quently are isomorphic [42, §4].

(3) Orlov showed in [72, Corollary 2.8] that FM(A) is a finite set for an abelian variety
A using that an abelian variety has only finitely many abelian subvarieties. If A
has no principal polarisation, then its dual abelian variety Â is not isomorphic
to A. On the other hand, Mukai established in [61] the Poincaré line bundle as
a kernel to prove D(A) ∼= D(Â). In particular, we get #FM(A) ≥ 2 for A not
principally polarised. For any number N, there is an abelian surface which has at
least N Fourier-Mukai partners [40].

(4) Bridgeland and Maciocia proved in [14, Proposition 5.3] that K3 surfaces and, more
generally, surfaces without (−1)-curves have finitely many Fourier-Mukai part-
ners. A closed formula for the number of Fourier-Mukai partners has been given
by Hosono et al. in [39]. For a K3 surface X such that Pic(X) = 〈L〉 is generated
by a single ample line bundle L, Oguiso showed in [68] that #FM(X) = 2p(L2/2)−1

where p(n) is the number of prime divisors of n > 1 and p(1) = 1. See [82] for
another proof that the number of Fourier-Mukai partners of K3 surface is finite,
but unbounded.

(5) Kawamata extended the techniques of Bridgeland and Maciocia in [49, Theorem
3.2] to surfaces containing (−1)-curves. Altogether, we thus find that smooth pro-
jective varieties of dimension ≤ 2 have finitely many Fourier-Mukai partners. It is
conjectured that this finiteness is true in all dimensions [49, Conjecture 1.5].

1.2 Comparison with cohomology

An important feature of the derived category D(Y) is that we can compare complexes
on other, somewhat easier levels:

D(Y)
[·]

// K(Y)
ch // CH∗(Y) ⊗Z Q

z // H∗(Y, Q)

13



Here the map D(Y) → K(Y) sends a complex A• ∈ D(Y) to its natural class in the
K-group, [A•] = ∑i(−1)i Ai = ∑i(−1)ihi(A•). Next, we have the Chern character ch :
K(Y) → CH∗(Y) ⊗ Q. Finally, z : CH∗(Y) ⊗ Q → H∗(Y, Q) is the cycle map. This last
assignment uses that Y is defined over the complex numbers.

Some remarks are in order: It sometimes happens that the Chern character takes
image in the integral Chow ring CH∗(Y). If this is the case, then the same comment
applies to the cycle map having target H∗(Y, Z).

We will work mainly with the topological cohomology. By abuse of notation, we
write ch : D(Y) → H∗(Y, Q). Furthermore, we often substitute the Mukai vector
v(A) := ch(A)

√
tdY for the Chern character ch(A) of an object A ∈ D(Y). Note that the

power series defining the Todd class starts with constant term 1 and hence has a square
root. See below why this replacement is desirable.

Much as the objects of D(Y) give elements in the K-group K(Y), the Chow ring
CH∗(Y) and rational cohomology H∗(Y, Q), a Fourier-Mukai kernel P ∈ D(Y × Z)

gives maps between them. We will mainly consider the cohomology groups in this
presentation. The kernel P brings forth a cohomology class v(P) ∈ H∗(Y × Z, Q). The
correspondence obtained from this class is written either as FMv(P) or as FM

H
P . To be

precise,
FMv(P) = FM

H
P : H∗(Y, Q) → H∗(Z, Q), α 7→ pZ∗(v(P).p∗Yα).

Then there is a commutative diagram

D(Y)
FMP //

v
��

D(Z)

v
��

H∗(Y, Q)
FM

H
P // H∗(Z, Q).

The proof uses essentially Grothendieck-Riemann-Roch [71, Proposition 3.5]; note that
here the square root of the Todd class enters. It is a basic fact that going to cohomology
commutes with composition, i.e. FM

H
P⋆Q = (FMP ◦ FMQ)H = FM

H
P ◦ FM

H
Q where Q ∈

D(X × Y) is another Fourier-Mukai kernel; see [42, §4]. Finally, FM
H
O∆Y

= idH∗(Y,Q); this
follows from Riemann-Roch for the closed embedding ∆Y →֒ Y × Y. An immediate
consequence is the group homomorphism

(·)H : Aut(D(Y)) → Aut(H∗(Y, Q)), FMP 7→ FM
H
P .

Rational cohomology has several more structures: grading, cup product, and Hodge
structure; in addition there is the integral lattice. Using that v(P) is an algebraic class,
it is easy to see that FM

H
P preserves even and odd cohomology, transcendental and

algebraic classes, and the Hodge diagonals ⊕p−q=kHp,q for all k. However, Fourier-
Mukai transforms in general do not respect grading or multiplication. Now the product
on cohomology can be used to introduce a natural quadratic form which turns FM

H
P

14



into isometries for equivalence kernels P at the expense of using complex coefficients.
Explicitly, the Mukai-Căldăraru pairing is given by

〈v, w〉 :=
∫

ec1(Y)/2.v∨.w

where v = ∑k vk with vk ∈ Hk(Y, C) and v∨ := ∑k ikvk. Căldăraru shows in [21] that any
Fourier-Mukai equivalence FMP : D(Y) ∼→ D(Z) fulfills 〈v, w〉Y = 〈FM

H
P (v), FM

H
P (w)〉Z

for all v, w ∈ H∗(Y, C). The behaviour of Mukai vectors under dualising is given by
v(E∨) = v(E)∨ ec1(Y)/2 using a computation with Chern roots [42, §4]. Finally, we men-
tion the compatibility

χ(A, B) =

∫
ch(A∨) ch(B) tdY =

∫
v(A)∨ ec1(Y)/2 v(B) = 〈v(A), v(B)〉,

the Euler characteristic being defined by χ(A, B) := ∑i(−1)i dim Homi
D(Y)(A, B). The

first step is Hirzebruch-Riemann-Roch, replacing A or B by locally free resolutions. The
imaginary summands do not appear because characteristic classes have even degrees.

Remark 1.18. Let us look closer at the case of a K3 surface X. The Betti numbers of X
are b0 = b4 = 1, b1 = b3 = 0 and b2 = 22. In particular, there is no odd cohomology
and, furthermore, ch(A) ∈ H∗(X, Z) as the product is an even form. Hence, we can
work with integer coefficients throughout. Now let us consider the classical Mukai
pairing. For v = (v0, v2, v4), w = (w0, w2, w4) ∈ H∗(X, Z), it is given by (v, w) :=
v2.w2 − v0w4 − v4w0 ∈ Z. Note (v, w) = −

∫
v∨.w, and by virtue of c1(X) = 0 this is

up to the sign just the general construction above. Hence, for two objects A, B ∈ D(X),
Hirzebruch-Riemann-Roch yields here (v(A), v(B)) = −χ(A, B).

Examples 1.19. We will give here the cohomological versions of some easy Fourier-
Mukai transforms.
(1) For a morphism f : Y → Z, we denote by i : Γ →֒ Y × Z the inclusion of its

graph. Then we get i∗tdY×Z = i∗p∗Y tdY .i∗p∗Z tdZ = j∗ tdY .j∗ f ∗ tdZ = td2
Γ using

the isomorphism j : Γ ∼→ Y. Now Riemann-Roch and projection formula yield
v(i∗OΓ) = ch(i∗OΓ)

√
tdY×Z = (i∗ tdΓ)/

√
tdY×Z = i∗(tdΓ /i∗

√
tdY×Z) = i∗(1) =

[Γ]. Hence FM
H
OΓ

= f∗ by the usual calculus of correspondences. In particular, we
get FM

H
O∆

= idH.
(2) For a line bundle L ∈ Pic(Y), we proceed similarly, this time using the closed em-

bedding ∆ : Y →֒ Y2 and ∆∗ tdY2 = td2
Y. Then, v(∆∗L) = ch(∆∗L) tdY2 /

√
tdY2 =

∆∗(ch(L) tdY)/
√

tdY2 = ∆∗(ch(L) tdY .∆∗√tdY2) = ∆∗ ch(L), and, accordingly,
M

H
L (v) = FM

H
∆∗L(v) = ch(L) · v.

(3) Consider an elliptic curve E with origin p0 and the associated Poincaré bundle P .
The even cohomology of E is spanned by [E] and [pt]. Using tdE = 1, we see from
FMP (k(p0)) = OE that FM

H
P ([pt]) = [E]. On the other hand, Cohomology and Base
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Change easily yields h1
FMP (OE) = R1p2∗P = k(p0). Plugging this into the Base

Change Theorem for R0p2∗P , together with the fact that the zeroth direct image
must be torsion free, gives h0

FMP (OE) = 0. Hence, FMP (OE) = k(p0)[−1]. Using
the basis ([E], [pt]) of H2∗(E, Z), we get FM

H
P =

( 0
−1

1
0

)
and M

H
OE(p0)

=
( 1

1
0
1

)
.

1.3 Reflections along spherical objects

There is an important class of Fourier-Mukai equivalences introduced by Seidel and
Thomas in [79]. For any object E ∈ D(Y), they consider the canonical trace morphism
E∨

⊠ E → O∆. It exists because E ∈ D(Y) is quasi-isomorphic to a bounded complex
F of locally free sheaves; writing out the total complex F∨

⊠ F exhibits the trace map
in degree 0. Using the cone of this complex morphism, one can define an object of
D(Y × Y) by IE := cone(E∨

⊠ E → O∆). So there is an exact triangle IE[−1] → E∨
⊠

E → O∆ → IE. Now consider the functor TE := FMIE
: D(Y) → D(Y) which usually

goes under the name twist or reflection functor. We will mainly stick here to the latter
label because, in the cases of interest to us, the cohomology operators T

H
E will really be

reflections, and also to distinguish functors TE and ML. When the term ’reflection’ is
not appropriate, we will use ’spherical twist’—as opposed to ’line bundle twist’. Before
studying the properties of TE, we give another description: For any A ∈ D(Y),

TE(A) = p2∗(cone(E∨
⊠ E → O∆) ⊗ p∗1 A)

= p2∗(cone((A ⊗ E∨) ⊠ E → ∆∗A))

= cone(p2∗((A ⊗ E∨) ⊠ E) → A)

= cone(E ⊗ p2∗p∗1(A ⊗ E∨) → A)

= cone(E ⊗ π∗π∗(Hom(E, A)) → A)

using that exact functors commute with cones and in the end also p2∗p∗1 = π∗π∗ where
π : Y → Spec(C) is the structural morphism. Now quite generally for any B ∈ D(Y), we
have π∗π∗B ∼= π∗B ⊗C OY. In the special case B := Hom(E, A) we use the chain rule for
derived functors to get Rπ∗(RHom(E, A)) = R Hom(E, A), where for emphasis we ex-
plicitly denoted derivation. Note that the functor Hom(E, ·) : K(Coh(Y)) → K(Coh(Y))

is only defined on the level of (homotopy classes of) complexes. But R Hom(E, A) is
a complex of vector spaces, hence it decomposes in the direct sum of its homology:
R Hom(E, A) ∼=

⊕
i∈Z Homi(E, A)[−i] = Hom•(E, A). With these considerations, we

can present the functor TE alternatively as

TE : D(Y) → D(Y), A 7→ cone(Hom•
D(Y)(E, A) ⊗C E → A);

note that Hom•(E, A) ⊗C E is a tensor product of complexes. Nevertheless, the remark
above shows Hom•(E, A) ⊗C E =

⊕
k∈Z E⊕hk [k] where hk := dim Hom−k(E, A). The

latter description of TE is ambiguous, because there is no way to specify these cones
functorially. The point is that we can circumvent this by choosing one cone at the level
of Fourier-Mukai kernels.
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Definition 1.20. An object E ∈ D(Y) is spherical if E ⊗ ωY
∼= E and Hom•

D(Y)(E, E) =

C ⊕ C[−d] where d := dim(Y), i.e.

dim Homi(E, E) =

{
1 i = 0, d
0 else

Examples 1.21. We give a couple of simple examples of spherical objects. There is a
relation between exceptional and spherical objects; see [79, §3c].
(1) Skyscraper sheaves k(p) are spherical on any curve C. Note k(p)∨ = k(p)[−1],

and thus cone(k(p) ⊠ k(p)[−1] → O∆) = ∆∗OC(p) in view of the exact sequence
0 → O∆ → O∆(p, p) = ∆∗OC(p) → k(p, p) → 0. Hence, Tk(p) = MOC(p).

(2) OY is spherical if and only if Y is a Calabi-Yau variety in the strict sense, so that
ωY

∼= OY and H0,p(Y) = Hp(OY) = 0 for 0 < p < d. In any case, TOY = FMI∆
[1]

where I∆ ⊂ OY×Y is the ideal sheaf of ∆Y.
On the other hand, if Y is not a strict Calabi-Yau variety, then there are no spherical
vector bundles. This follows from E∨ ⊗ E ∼= OY ⊕ End0(E) for a locally free sheaf
E, where End0(E) is the bundle of trace-less endomorphisms. The existence of the
splitting uses characteristic 0. In particular, Exti(E, E) = Hi(OY) ⊕ Hi(End0(E)).
The same reasoning is valid for objects E• ∈ D(Y) with rk(E•) 6= 0.

(3) Consider a smooth rational (−2)-curve C on a surface S given by an embedding
i : P1 →֒ S. Then for all k ∈ Z, the sheaves OC(k) := i∗OP1(k) ∈ Coh(S) are
spherical. This follows from the adjunction formula: −2 = 2gC − 2 = deg(KC) =

deg((KS ⊗OS(C))|C) = deg(KS|C)− 2, so deg(KS|C) = 0 and ωS|C ∼= OC. We have
1 = dim HomS(OC(k),OC(k)) = dim Ext2

S(OC(k),OC(k)) by Serre duality; finally
dim Ext1

S(OC(k),OC(k)) = 0 as C is exceptional and hence rigid.
(4) If X is a K3 surface with a smooth rational curve C, then KX = 0 automatically

implies C2 = −2 and so OC(k) is spherical as in the last example. In particular,
later on the case k = −1 will appear because of the relation v(OC(−1)) = [C]:
v(i∗OP1(k)) = i∗(ch(OP1(k)) tdP1) = i∗((1 + k[pt])(1 + [pt])) = [C] + (1 + k)[pt].

(5) On an elliptic curve E with origin p, we have spherical objects OE and k(p). This
seemingly innocuous example displays two interesting features: Firstly, they form
an A2-configuration in D(E), i.e. dim Hom∗

D(E)(OE, k(p)) = 1. A consequence of
this is the braid relation Tk(p)TOETk(p) = TOETk(p)TOE ; see [79] or Section 2.4.
Secondly, the Fourier-Mukai equivalence FMP : D(E) ∼→ D(E), given by the nor-
malised Poincaré bundle P ∈ Pic(E× E), can be described in terms of the reflection
functors: FM

−1
P = Tk(p)TOETk(p). Burban and Kreussler used this in [20] to extend

the homological mirror symmetry picture to nodal Weierstrass cubics.
(6) If E ∈ D(Y) is spherical, then so is F(E) for any autoequivalence F ∈ Aut(D(Y)).

Note TF(E)(A) ∼= F(TE(F−1(A))) and this even extends to a functor isomorphism
TF(E)

∼= F ◦TE ◦ F−1; see [42, §8.2]. In particular, T f ∗E
∼= f ∗ ◦TE ◦ f∗ for f ∈ Aut(Y),

TE⊗L
∼= ML ◦ TE ◦M

−1
L for L ∈ Pic(Y), and TE[k]

∼= TE for k ∈ Z.
(7) Serre duality shows that E∨ is spherical for E ∈ D(Y) spherical; we have TE∨ ∼= T

t
E.
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Lemma 1.22. Let E ∈ D(Y) be a spherical object and introduce its right orthogonal com-
plement E⊥ := {A ∈ D(Y) : Hom∗(E, A) = 0}. Let 〈E〉 be the smallest triangulated
subcategory of D(Y) containing E. Then, for any object A ∈ D(Y), we have

(i) A ∈ E⊥ =⇒ TE(A) ∼= A,
(ii) TE(E) ∼= E[1 − d],

(iii) A ∈ 〈E〉 =⇒ TE(A) ∼= A[1 − d].
If the dimension d > 1, then

(iv) A ∈ E⊥ ⇐⇒ TE(A) ∼= A.

Question 1.23. Is it also true that TE(A) ∼= A[1 − d] =⇒ A ∈ 〈E〉 if d > 1?

Proof. For (i) just note TE(A) ∼= cone(Hom•(E, A) ⊗ E → A) = A if Hom∗(E, A) = 0.
For (ii) we compute TE(E): The triangle defining TE yields

TE(E)[−1] // Hom•
D(Y)(E, E) ⊗C E //

=

��

E //

=

��

TE(E)

E[−d] // E ⊕ E[−d] // E // E[1 − d]

This shows TE(E) ∼= E[1 − d] because the morphism E ⊕ E[−d] → E in the lower row
induces an isomorphism on E. Since Hom(E, E[1 − d]) = 0, the triangle actually splits.
Note however, that the morphisms are not canonical inclusion or projection of the direct
sum.

In order to demonstrate (iii), we will use the fact that TE is an equivalence. The proof
of Theorem 1.27 below depends only on parts (i) and (ii) of this lemma, however. The
non-trivial extension corresponding to Homd(E, E) = C is given by a non-split triangle
E → E[d] → P → E[1]. Applying TE and using (ii) yields E[1 − d] → E[1] → TE(P) →
E[2 − d]. As E is spherical and TE an equivalence, this latter triangle is the former
one shifted by [1 − d]; hence TE(P) ∼= P[1 − d]. Similarly, any further object of 〈E〉 is
obtained by consecutive extensions and hence subject to the same argument.

Finally, to evidence (iv), we introduce temporary notation Hi := Homi(E, A). Note
that Homi(E, Hom∗(E, A) ⊗ E) = Homi(E, A) ⊕ Homi−d(E, A) = Hi ⊕ Hi−d as E is
spherical. Now assume that TE(A) ∼= A but A /∈ E⊥. Applying Hom(E, ·) to the
triangle Hom∗(E, A) ⊗ E → A → A gives an exact sequence Hi−1 → Hi−1 → Hi ⊕
Hi−d → Hi → Hi. Let j ∈ Z be maximal with H j 6= 0. Then, the middle part of the long
exact sequence at i = j + d gives H j+d−1 → H j+d ⊕ H j → H j+d. Now by assumption
and d > 1 all terms except H j vanish, hence H j = 0, too—contradiction.

Example 1.24. In general, it is not easy to present concrete elements of E⊥ for some
spherical object E ∈ D(Y). Simple examples are provided by a skyscraper sheaf k(p) on
a curve (then k(q) ∈ k(p)⊥ for q 6= p) and by the structure sheaf OE of an elliptic curve E
(then L ∈ O⊥

E for all nontrivial L ∈ Pic0(E)). We can however also present a specimen in
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a more interesting setting: consider a K3 surface X with fixed polarisation H. Note first
that a vector bundle E on X is spherical if and only if it is simple (i.e. HomX(E, E) = C)
and rigid (i.e. Ext1

X(E, E) = 0). The Mukai vector v(E) ∈ H∗(X, Z) of such a spherical
bundle fulfills v(E)2 = −χ(E∨ ⊗ E) = −2 as in Remark 1.18. On the other hand, given
an algebraic class v ∈ H∗(X, Z) such that v2 = −2 and v0 > 0, there is a µH-semistable
vector bundle E with v(E) = v by Kuleshov’s Theorem 2.5. Hein proved in [37] the
following criterion: a sheaf E on X is µH-semistable if and only if for a general curve
C ∈ |mH| and m ≫ 0 there is a vector bundle V on C with H∗(E⊗V) = 0. As E is locally
free, this is equivalent to Hom∗(E∨, V) = 0 in D(X). Using that E is µH-semistable if
and only if E∨ is µH-semistable, we see that for every µH-semistable spherical bundle E
(e.g. E stable with v(E)2 = −2) on X there is a torsion sheaf V ∈ E⊥.

Question 1.25. This raises the following general question: Does every spherical object
E ∈ D(Y) have a nonempty orthogonal complement?

Remark 1.26. Despite this uncertainty, the spherical twist can never be just a shift.
For suppose TE

∼= [1 − d], then the kernel would have to be IE
∼= O∆[1 − d]. In the

triangle E∨
⊠ E → O∆ → ∆[1 − d] the last morphism is zero for d > 1 because of

HomD(Y×Y)(O∆,O∆[1 − d]) = Ext1−d
Y (OY,OY) = 0 (the case of curves can be explicitly

dealt with using Examples 1.21(1, 2) and Remark 0). Thus, E∨
⊠ E ∼= O∆ ⊕O∆[−d], or

FME∨⊠E = id⊕ id[−d] which is absurd in view of FME∨⊠E(A) = E ⊗C Hom•(E, A).

Theorem 1.27 (Seidel, Thomas). For a spherical object E ∈ D(Y) the reflection functor
TE : D(Y) → D(Y) is an equivalence.

Proof. For the proof of the theorem, see the original paper [79]. We give a short new
proof invoking Theorem 1.15 by checking conditions

(a) C := {E} ∪ E⊥ is a spanning class;
(b) Homi(C, C′) → Homi(TE(C), TE(C′)) is bijective for all C, C′ ∈ C and i ∈ Z;
(c) TE(C ⊗ ωY) ∼= TE(C) ⊗ ωY for all C ∈ C.

Proof of (a): First take an A ∈ D(Y) with Hom∗(C, A) = 0 for all C ∈ C. In particular,
Hom∗(E, A) = 0 and thus A ∈ E⊥ ⊂ C. But then idA ∈ Hom(A, A) = 0 and so A = 0.
Now assume Hom∗(A, C) = 0 for all C ∈ C. Especially for C := E ⊗ ωY, we obtain by
Serre duality 0 = Homi(A, E ⊗ ωY) = Homd−i(E, A) for all i and hence A ∈ E⊥. Thus,
for C := A and i = 0, we get Hom(A, A) = 0, and again A = 0.

Proof of (b): Consider C = C′ = E. For a non-trivial element f ∈ Homd(E, E) we
compute the morphism TE( f ). The middle square in the diagram

E[−d]
f [−d],−id

//

TE( f )[−1]

��

E ⊕ E[−d]
id⊕ f [−d]

//

f⊕ f [−d]

��

E
0 //

f
��

E[1 − d] = TEE

TE( f )
��

E
f ,− id

// E[d] ⊕ E
id⊕ f

// E[d]
0 // E[1] = TEE[d]
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is given; it implies TE( f ) = f [1 − d] and hence Homi(E, E) → Homi(TE(E), TE(E)) is
bijective for i = d. The bijectivity for the other i ∈ Z is easy as are the cases where
C ∈ E⊥ or C′ ∈ E⊥.

Proof of (c): The claim is trivial for C = E in view of TE(E) = E[1− d] and E⊗ωY
∼= E.

For C = A ∈ E⊥ just note that also A ∈ (E ⊗ ω∨
Y)⊥ and hence A ⊗ ωY ∈ E⊥.

Finally, we turn to the traces of spherical reflections on K-theory and cohomology.
Fix a spherical object E ∈ D(Y) and any object A ∈ D(Y). By definition of TE we have
the relation [TE(A)] = [A] − χ(E, A)[E] in K(Y) and thus

[T2
E(A)] = [A] − χ(E, A)[E] − χ(E, TE A)[E]

= [A] − χ(E, A)[E] − (χ(E, A) − χ(E, A)χ(E, E))[E]

= [A] + χ(E, A)(χ(E, E) − 2)[E].

Assume that dim(Y) is even; then χ(E, E) = 2 and the formula implies (T2
E)K = idK,

i.e. T
K
E is an involution. Let us denote the Mukai vectors by v := v(E) ∈ H2∗(Y) and

v′ := v(E∨) = v(E)∨ · ec1(Y)/2, using notion and notation from Section 1.2. Then, the
triangle defining IE gives v(IE) = v(O∆)− v(E∨

⊠ E) = [∆Y ]− v′ ⊠ v. So we see that on
cohomology

T
H
E (α) = α − p2∗(v′ ⊠ v.α ⊠ [Y]) = α − (

∫
v′.α) v = α − 〈v, α〉 v

where the last step invokes the Mukai-Căldăraru pairing. Suppose again that dim(Y)

is even. Then we find 〈v, v〉 = χ(E, E) = 2 and the above formula exhibits T
H
E as the

reflection given by v. We sum this part up:

Lemma 1.28. Let E ∈ D(Y) be a spherical object on a smooth projective variety Y of even
dimension, and let v(E) ∈ H2∗(Y, Z) be its Mukai vector. Then,

T
H
E = sv(E) : H∗(Y, Q) ∼→ H∗(Y, Q),

where sv(E) is the reflection in the cohomology lattice on the (+2)-class v(E).

Remark 1.29. We will primarily be interested in the case of a K3 surface X. Here the
above lemma clearly applies. However, due to the use of the Mukai’s original pairing
as explained in Remark 1.18, we see that the reflection functors from spherical objects
correspond then to (−2)-reflections.

Remark 1.30. Under the assumptions of the lemma, we have (T2
E)H = id, i.e. T

2
E is

cohomologically trivial. On the other hand, it cannot be an even shift (which obviously
is also cohomologically trivial) by Remark 1.26; or also because TE(E) ∼= E[1− d] with d
even. See Section 2.4 for more details about cohomologically trivial autoequivalences.
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Remark 1.31. Ishii and Uehara consider in [46] a smooth surface X containing a chain
Z of (−2)-curves and the derived category DZ(X) of coherent sheaves supported on Z.
Thus, they work essentially with Y = Spec(C[[x, y, z]]/(x2 + y2 + zn+1)), the local model
of an An-singularity. Their result is that the group of Fourier-Mukai autoequivalences
of DZ(Y) is generated by spherical twists, multiplications with line bundles, surface
automorphisms and shifts [46, Theorem 1.3].

1.4 On the condition KY = 0

From now on, we will consider only varieties Y (mostly surfaces) with KY = 0, or
equivalently, ωY

∼= OY. There are several reasons for doing so.
1. Bondal and Orlov proved in [12] that, on varieties with either ample or anti-ample

canonical sheaf, the derived category determines the variety itself. On the other hand,
varieties with ωY

∼= OY provide plenty of examples where non-isomorphic varieties
have the same derived categories.

2. In a similar vein, the group of autoequivalences is also explicitly described in [12]
for varieties with ample or anti-ample canonical sheaf. Roughly speaking, only the
expected autoequivalences occur: automorphisms of the variety, tensor products by
line bundles and shifts of complexes. On the contrary again, varieties with ωY

∼= OY

have much more interesting groups of autoequivalences.
3. On the technical side, there are certain advantages of the condition ωY

∼= OY. For
any Fourier-Mukai kernel P ∈ D(Y × Y), the left and right adjoints of FMP are equal;
their common kernel is P∨[dim(Y)]. In particular, FMP fully faithful implies that FMP is
an equivalence. Serre functors appear at several places in the general theory. Under the
condition ωY

∼= OY, they reduce to mere shifts. A reflection of this is the simple form
Serre duality takes, making the bilinear form χ(A, B) := ∑i(−1)i dim Homi

D(Y)(A, B)

on K(Y) × K(Y) symmetric if dim(Y) is even and alternating if dim(Y) is odd.
Accordingly, a lot of research has been devoted to the case of trivial canonical bundle.

By the decomposition theorem of Beauville [6] and Bogomolov [8], a variety Y with
ωY

∼= OY is up to a finite unramified covering f : Y′ → Y a product Y′ = CY × AY × HY

where the factors are: CY a product of Calabi-Yau manifolds, AY an abelian variety and
HY a product of irreducible symplectic manifolds. Note that elliptic curves are at the
junction of abelian varieties and Calabi-Yau manifolds (provided we define a variety Y
to be Calabi-Yau if ωY

∼= OY and Hi(Y,OY) = 0 for all 0 < i < dim(Y)). Similarly, K3
surfaces occupy the intersection of irreducible symplectic manifolds and Calabi-Yau’s.
In this study, Chapter 2 is devoted to K3 surfaces and in Chapter 4 we consider abelian
varieties. Hyperkähler varieties appear at some odds and ends; see Sections 3.4 and 4.4.

Three mutually connected conjectures stand out as yardsticks for the development:
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(C) Manifolds with K = 0 have only finitely many birational K = 0 manifolds.
(DK) Birational manifolds with K = 0 have equivalent derived categories.
(FMP) Manifolds with K = 0 have only finitely many Fourier-Mukai partners.

Assertion (C) means that the number of isomorphism classes of minimal models of Y
is finite. It is expected to hold without the K = 0 assumption, perhaps with the ex-
ception of the (rational ruled) Hirzebruch surfaces, which are mutually birational to
each other; confer [55, §12.3]. A proof for threefolds of general type is given in [51].
An example of a Calabi-Yau threefold has been worked out, namely the fibre product
of two rational elliptic surfaces over P1; see [32] and [59, §5]. The statement above is
connected to Morrison’s original ’Cone Conjecture’ [58] as follows. The Kähler cone
K(Y) of a manifold Y with K = 0 is an open cone inside H1,1(Y, R) if H2,0(Y) = 0,
which, however, need not be a finite polyhedral cone. Morrison’s claim is that there
exists a finite rational polyhedral cone P(Y) with Aut(Y) · P(Y) = K(Y), i.e. P(Y) is a
fundamental domain for the action of Aut(Y) on K(Y). Now there is a generalisation
of this, the ’Birational Cone Conjecture’ [59, §5], where one replaces Aut(Y) and K(Y)

by Bir(Y) and M(Y), respectively. Here, Bir(Y) is the group of all birational automor-
phisms and M(Y) is Kawamata’s movable cone consisting of divisor classes with at
least 2-codimensional base loci. See [28] for a very explicit description of all this, where
Y is a Horrocks-Mumford quintic threefold.

The next statement is a special case of Kawamata’s Conjecture 1.2 in [49] that two
birationally equivalent smooth projective varieties are D-equivalent if and only if they
are K-equivalent. The latter means that the canonical divisors are linearly equivalent
on some common birational pull-back. Birational equivalence of K = 0 manifolds im-
plies derived equivalence in dimension up to three, as has been proven by Bridgeland
[16] using moduli spaces of perverse sheaves. Concerning the general conjecture, an
example of Uehara [84] shows though, that a further assumption like K = 0 or general
type is necessary.

The last conjecture about Fourier-Mukai partners is confirmed for abelian varieties
[72] and for K3 surfaces [14, Proposition 5.3]. This conjecture is expected to hold true
without the K = 0 assumption; see the examples after Definition 1.16 for references.

We propose here a tool to single out Calabi-Yau manifolds among the three building
blocks for varieties with trivial canonical bundles. As has been mentioned already in
Example1.21(2), Calabi-Yau manifolds always carry lots of spherical objects: every line
bundle is an example and depending on the geometry there might be many more. The
next proposition—which is also the content of Bridgeland’s [18, Lemma 14.1]—shows
that the situation differs drastically for abelian varieties. From this point of view, elliptic
curves behave rather like Calabi-Yau manifolds and unlike abelian varieties.

Proposition 1.32. Let A be an abelian variety of dimension d > 1. Then there are no spherical
objects in D(A).
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Proof. We note first that there can be no spherical sheaves of positive rank on A in view
of H1(OA) 6= 0, confer Example 1.21(2). Now for a torsion sheaf T ∈ Coh(A), we
consider the global deformation m∗T on A × A where m : A × A → A is the addition;
the members are the translated sheaves ta∗T. This deformation is not trivial as it moves
the support; thus it gives a non-trivial infinitesimal deformation and so Ext1(T, T) 6= 0.

Now take a complex E ∈ D(A) and let l be maximal with hl(E) 6= 0. The spectral
sequence Epq

1 =
⊕

i−j=p Extq
A(hi(E), hj(E)) ⇒ Homp+q

D(A)(E, E) of [30, Exercise IV.2.2] has

a surviving element in Hom1(E, E) for q = 1, p = 0, i = j = l. Thus, no object of D(A)

can be spherical.

This immediately raises the question how a projective irreducible symplectic mani-
fold H behaves in this regard. We are not able to present a definite answer. However,
it seems that there are only slim chances for the existence of spherical objects in D(H)

when dim(H) =: 2n > 4. There can be no spherical objects E ∈ D(H) with rk(E) 6= 0
in view of Example 1.21(2) and H2(OH) ∼= H2,0(H) = C. Among torsion sheaves on H,
one can check that neither OL with L ⊂ H Lagrangian nor OY with Y ⊂ H a symplectic
subvariety might be spherical. This leads to the

Conjecture 1.33. If H is a projective irreducible symplectic variety H of dimension at least 4,
then D(H) contains no spherical objects.

Recent work of Huybrechts and Thomas [45] suggests that instead of spherical objects
one should look for objects E ∈ D(H) with Hom∗(E, E) ∼= H∗(P2n, Z) (as graded rings).
They call such E P-object and show that it gives rise to an equivalence PE ∈ Aut(D(H))

in a manner reminiscent of the construction of the spherical twists.
For the greater picture, consider Orlov’s Theorem 4.2 on Fourier-Mukai kernels on

abelian varieties. It states that all kernels of autoequivalences of abelian varieties are
shifted sheaves. The same statement is true for varieties Z which have either ample
or anti-ample canonical sheaf. This follows from the relation Aut(D(Z)) = Aut(Z) ⋉

Pic(Z) × Z of Bondal and Orlov [12, Theorem 3.1]. Similarly, D(Z) can carry lots of
spherical objects. Yet the point we want to make concerns varieties with trivial canoni-
cal class. It seems that abelian varieties are characterised as the K = 0 varieties where all
equivalence kernels are sheaves in the standard t-structure, i.e. have exactly one non-
vanishing homology. On the other hand, accepting the conjecture, Calabi-Yau varieties
would be characterised as K = 0 varieties whose derived categories contain spherical
objects. A derived category description for irreducible symplectic varieties would be
nice to have; perhaps using the P-objects of Huybrechts and Thomas.
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2 K3 surfaces

2.1 Generalities

By definition, a K3 surface is a smooth proper surface X over C such that ωX
∼= OX

and H1(OX) = 0. In other words, it is a strict Calabi-Yau manifold of dimension 2.
We have c1(X) = 0 by definition and c2(X) = 24[pt] ∈ H4(X, Z) from Noether’s for-
mula. This immediately implies tdX = [X] + 2[pt] and

√
tdX = (1, 0, 1) ∈ H0(X) ⊕

H2(X) ⊕ H4(X). All facts used here about K3 surfaces can be found in [5] or [3]. They
form a 20-dimensional family, among which the projective K3 surfaces constitute a 19-
dimensional subfamily that is dense in the analytical topology. As we are interested in
derived categories, we will always work under the projectivity assumption.

Examples 2.1. The following types of K3 surfaces will be referred to later on.
(1) The classical example is given by a smooth quartic X ⊂ P3. It follows from the Lef-

schetz theorem [57] that X is simply-connected. Eventually, the adjunction formula
shows ωX = ωP3 ⊗OP3(X)|X = ωP3 ⊗NX/P3 = OP3(−4) ⊗OX(4) = OX .

(2) We will appeal to Kummer construction a great deal. Let A be a abelian surface.
Then, the involution A → A, a 7→ −a acts on A with 16 fixed points, and the
quotient Y := A/ ± 1 has 16 nodal singularities. Blowing up the fixed locus, we
obtain a K3 surface K1(A) which is called the Kummer surface corresponding to
A. Kummer surfaces are dense in the moduli space of K3 surfaces. The notation
K1(A) refers to Beauville’s generalisation of this construction; see Section 4.4.

(3) Another important class are elliptic K3 surfaces. These are given by a morphism
X → P1 such that almost all fibres are smooth curves of genus 1. In order for
the topological Euler number to be 24, there must be 24 singular fibres, if counted
with multiplicities. A projective elliptic fibration always has a multisection, i.e. a
morphism σ : P1 → X such that σ. f = n for some n ≥ 1 where σ and f denote the
cycle classes of section and fibre, respectively. Elliptic K3 surfaces are also dense in
the moduli space of K3 surfaces.

(4) A further way to construct K3 surfaces is as double covering π : X → P2, branched
over a curve C ⊂ P2 of degree 6. It is given by the line bundle L := OP2(3) in view
of L⊗2 ∼= OP2(C); see [3, §17]. Obviously, X is simply connected. The Hurwitz
formula yields ωX

∼= π∗(ωP2 ⊗ L) = OX .

Singular cohomology H∗(X, Z) is free of rank 24 with Betti numbers b0 = b4 = 1, b1 =

b3 = 0 and b2 = 22. The intersection pairing (cup product) on H2(X, R) has signature
(3, 19) and turns H2(X, Z) into an even unimodular lattice. Its Hodge decomposition
over C is H2(X, C) = H2,0 ⊕ H1,1 ⊕ H0,2, and from the K3 condition it follows that
H2,0 = H0(ωX) = C. Further, we have

Pic(X) = CH1(X) = NS(X) = H2(X, Z) ∩ H1,1(X, R)
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using firstly Pic(X) = H1(O∗
X) = Im(c1) = NS(X) as the map c1 : H1(O∗

X) → H2(X, Z)

is injective due to H1(OX) = 0 and secondly NS(X) = H2(X, Z) ∩ H1,1(X, R) because
H∗(X, Z) has no torsion. We will use labels depending on emphasis.

The plane P := (H2,0 ⊕ H0,2) ∩ H2(X, R) is positive. It is called the period of X and
determines X up to isomorphism by the Torelli theorem. Now its orthogonal comple-
ment P⊥ = H1,1 ⊂ H2(X, R) has signature (1, 19) and is a hyperbolic space. Thus, the
cone {v ∈ H1,1(X, R) : v2 > 0} has two connected components which we denote by CX

and −CX. Let CX be the component containing the ample divisors or, equivalently, the
Kähler classes. It is called the positive cone of X.

The set DX := {v ∈ H1,1(X) ∩ H2(X, Z) : v2 = −2} of (−2)-classes is used to
generate the Weyl group in the sense WX := 〈sv ∈ Aut(H2(X, Z)) : v ∈ DX〉 where
sv(x) := x + (v, x)v is the reflection on v⊥. With this notation, we can quote a part of
the strong Torelli theorem for K3 surfaces which describes the group Aut(H2(X, Z)) of
integral Hodge isometries as a semidirect product:

Theorem 2.2 (Strong Torelli theorem for K3 surfaces).

Aut(H2(X, Z)) = W(X) ⋉ Aut(X) × 〈ι〉,

where ι := − idH2(X) swaps the two components C and −C.

Proof. Confer [3, §VIII.11] or [5, §VII].

Note that a Hodge isometry ϕ : H2(X) ∼→ H2(X) preserves the positive cone if and
only if for all v ∈ H1,1(X) with v2 > 0 we have v.ϕ(v) > 0. Equivalently by [3,
Proposition VIII.11.3], ϕ preserves the positive cone if and only if v.ϕ(v) > 0 for some
v ∈ H1,1(X) with v2 > 0.

Following Mukai [60, §2], it is possible to generalise a great part of the above dis-
cussion to the whole cohomology H∗(X). Firstly, as in Remark 1.18 we extend the
intersection pairing by setting

(·, ·) : H∗(X, Z) × H∗(X, Z) → Z, (v, w) := v2.w2 − v0w4 − v4w0.

Note that this is up to sign Căldăraru’s pairing from Section 1.2. Furthermore, define
a Hodge structure H̃ on H2(X, C) of weight 2 by H̃2,0 := H2,0(X), H̃0,2 := H0,2(X) and
H̃1,1 := H0(X, C) ⊕ H1,1(X) ⊕ H4(X, C). We will denote by H̃(X) the total cohomology
group H∗(X, C) with its pairing, Hodge and lattice structure, and call it the Mukai lat-
tice of X. Accordingly, Aut(H̃(X)) denotes the group of all integral Hodge isometries.

Note that the group homomorphism Aut(D(X)) → Aut(H∗(X, Q)) from Section 1.2
factors over Aut(H̃(X)): It is obvious that a Fourier-Mukai transform respects the new
Hodge structure on cohomology since the Chern characters of equivalence kernels are
algebraic. That it preserves the Mukai pairing is shown in [60] and [71, Proposition
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3.5]. In order to see that the linear map FM
H
P is defined on the integral lattice, we need

ch(P) ∈ H∗(X × X, Z). This can also be found in [60]. Altogether we obtain

Aut(D(X)) → Aut(H̃(X)), FMP 7→ FM
H
P .

Of fundamental importance is the Torelli theorem: by means of their cohomology
lattices, it classifies K3 surfaces up to isomorphism. This classical statement is given
below together with a derived analogue by Orlov which classifies K3 surfaces up to
D-equivalence via their full Mukai lattices.

Theorem 2.3 (Global Torelli theorem for K3 surfaces).

(i) Two (not necessarily projective) K3 surfaces X and X′ are isomorphic if and only if there
is a Hodge isometry H2(X, Z) ∼→ H2(X′, Z).

(ii) Two projective K3 surfaces X and X′ are D-equivalent, i.e. D(X) ∼= D(X′) if and only
if there is an integral Hodge isometry H̃(X) ∼→ H̃(X′).

Proof. The classical Torelli theorem for K3 surfaces has a long history; the statement
given is the so-called weak version. See the concluding remark in chapter VIII of [3] for
details and references.

The derived K3 Torelli theorem originates from Orlov [71]. Instead of the full Mukai
lattices, one could actually use the transcendental lattices: It is obvious that a Hodge
isometry ϕ : H̃(X) ∼→ H̃(X′) induces an isometry of the transcendental sublattices as
T(X) is the smallest primitive sublattice of H2(X, R) containing H2,0(X) after complex-
ification. In the other direction, one uses a theorem of Nikulin [67, Theorem 1.14.1]: it
implies (see below for details) that an isometry of the primitive even sublattice T(X) ⊂
H̃(X) can be extended to an isometry of H̃(X) since T(X)⊥ contains the hyperbolic
plane H0(X, Z) ⊕ H4(X, Z).

Nikulin’s setting is this: Let L be an even unimodular lattice of signature (pL, nL)

and let S be an even lattice of signature (pS, nS). Using the inclusion S →֒ S∗ :=
HomZ(S, Z), x 7→ (x, ·), the quotient AS := S∗/S is a finite abelian group of order
|det(S)| which inherits a bilinear form bS : AS × AS → Q/Z from the natural extension
(·, ·) : S∗ × S∗ → Q. As S is even, we also get a quadratic form qS : AS → Q/2Z,
called the discriminant form of L. Consider the following two conditions: 1) The lat-
tice K with signature (pL − pS, nL − nS) and discriminant form (AK, qK) ∼= (AS,−qS) is
unique. 3) The homomorphism O(K) → O(AK, qK) is surjective. Then, the analog of
Witt’s theorem in the strong form holds for L and S (this is [67, Theorem 1.14.1]). This
means that all primitive embeddings S →֒ L (i.e. L/S is free) are isomorphic, so that
two such embeddings differ by an isometry of L.

Furthermore, Theorem [67, Theorem 1.14.2] gives a criterion when an even, indefinite
lattice K satisfies 1) and 3). We refrain from restating it here, and instead just introduce
l(AK) which by definition is the minimal number of generators of AK. A consequence
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of [67, Theorem 1.14.2] is that an even, indefinite lattice K with rk(K) = pK + nK ≥
l(AK) + 2 fulfills conditions 1) and 3).

Finally, if S →֒ L is a primitive, even sublattice of an even, unimodular lattice, then
K := S⊥ has signature (pS − pL, nS − nL) and discriminant form (AK, qK) = (AS,−qS).
If, in addition, we have a decomposition K = K′ ⊕ U (where U denotes a hyperbolic
plane), then rk(K) = rk(K′) + 2 and AK = AK′ ⊕ AU = AK′ since U is unimodular.
The inequality rk(K) ≥ l(AK) + 2 now follows from the trivial rk(K′) ≥ l(AK′). Thus,
we can apply both theorems alluded to above and find that the primitive embedding
S →֒ L is unique up to isometries of L.

Remark 2.4. Note that if X is a K3 surface and Y some smooth projective variety such
that D(X) ∼= D(Y), then Y must necessarily be a K3 surface, too: Firstly, uniqueness of
Serre functors and their compatibility with equivalences show that Y is a surface with
trivial canonical bundle, hence either a K3 surface or an abelian surface. Now the latter
case is excluded because D(X) contains the spherical object OX , whereas by Proposition
1.32 D(Y) does not. Thus Y must also be a K3 surface, indeed.

Finally, we will repeatedly make use of the assertion that algebraic (−2)-classes of
the Mukai lattice H̃(X) can up to sign be realised by sheaves.

Theorem 2.5 (Kuleshov). Let X be a K3 surface and H ∈ Pic(X) a polarisation. For any
algebraic class v = (v0, v2, v4) ∈ H̃(X) with v2 = −2 and v0 > 0, there exists a µH-semistable
vector bundle E on X such that v(E) = v.

Proof. For the proof see [53]. There is also an argument by Yoshioka using moduli
spaces in [86, §8]. To apply it, one has to deform the polarisation in such a way that µH-
semistable sheaves are actually µH-stable. If v0 < 0, then −v is a (−2)-class to which
the theorem applies.

Note that a (−2)-class v ∈ H̃(X) with v0 = 0 is of the form v = (0, D, v4), where
D = ∑ aiCi is a divisor containing at least one (−2)-curve. For a (−2)-curve C ⊂ X and
any v4 ∈ Z, we deduce v(OC(v4 − 1)) = (0, [C], v4) from Example 1.21(4). The proof of
Theorem 2.2 will show that for a general (−2)-class v = (0, v2, v4) there is a spherical
object E ∈ D(X) with v(E) = v.

2.2 Autoequivalences for K3 surfaces

In this section, we demonstrate the following theorem [74]. The proof is a consequence
of results from Mukai on moduli spaces [60] and from Orlov on derived categories on
K3 surfaces [71]. The same method also appears in [38].

Theorem 2.6. The image of the group homomorphism Aut(D(X)) → Aut(H̃(X)) is a sub-
group of index at most 2. More precisely, given a Hodge isometry ϕ ∈ Aut(H̃(X)), either ϕ or
ϕ ◦ ι has a preimage in Aut(D(X)) where ι := idH0 ⊕(− idH2) ⊕ idH4 .
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Proof. Let ϕ : H̃(X) → H̃(X) be a Hodge isometry. We prove the theorem in three steps,
improving ϕ in the process with Hodge isometries that lift to the derived level. The first
goal is to modify ϕ into ϕ1 such that, putting ϕ1(0, 0, 1) =: (r, α, s), we have

(a) r > 1,
(b) α is the class of an ample divisor,
(c) the greatest common divisor of the set {r, s, ℓ.α} is 1 where ℓ ranges through

ample classes in NS(X).
For this, we need three kinds of Hodge isometries which lift to Aut(D(X)):

Shift: − idH∗(X) which comes from the shift [1] ∈ Aut(D(X)).
Swap: v = (v0, v2, v4) 7→ (−v4, v2,−v0). Note that this is the reflection given by the

(−2)-class (1, 0, 1) = v(OX). By Lemma 1.28, this Hodge isometry lifts to the
reflection functor TOX as OX is spherical.

Twist: For a line bundle L ∈ Pic(X) the Hodge isometry v 7→ ch(L) · v lifts to the
autoequivalence ML : D(X) ∼→ D(X), E 7→ L ⊗ E by Example 1.19(2).

We start by examining the effect of M
H
L on (r, α, s):

M
H
L (r, α, s) = ch(L) · (r, α, s) = (1, ℓ, ℓ2/2) · (r, α, s) = (r, rℓ + α, s + ℓ.α + rℓ2/2)

where we denote ℓ := c1(L) ∈ H2(X, Z) for the line bundle L ∈ Pic(X). As α ∈ NS(X),
we can represent this class uniquely by a line bundle A ∈ Pic(X), i.e. c1(A) = α. Using
M

H
A followed possibly by swap or shift, we can assume that r > 1. Once we have ϕ with

r > 1, choose an ample line bundle L. Inspecting the above formula for M
H
L (r, α, s), we

see that the resulting divisor class is ample after some twisting with L. Obviously, we
keep the condition r > 1. Thus, at this stage we work with ±T

ǫ
OX

M
H
L ϕ where ǫ is 0

or 1. Now −1 = 〈(0, 0, 1), (1, 0, 0)〉 = 〈ϕ(0, 0, 1), ϕ(1, 0, 0)〉 = 〈(r, α, s), ϕ(1, 0, 0)〉, and
examining this numerical property, we see that (c) is fulfilled after enough twisting
with L from the right side. It is actually possible to achieve (r, s) = 1 as well using
the same methods; see [38] for this. Write ϕ1 for the composition of ϕ with the various
twists, and possibly swap and shift isometries.

Consider the moduli space M(v) of stable vector bundles on X with Mukai vector
v := ϕ1(0, 0, 1). We denote by [E] the closed point of M(v) corresponding to a stable
bundle E with v(E) = v. The three conditions discussed above ensure that M(v) is a
non-empty, proper and fine moduli space, confer [60, Proposition 4.1] or [43, Remark
4.6.8]. It is a general fact that the tangent spaces are given by infinitesimal deformations:
T[E]M(v) = Ext1(E, E). For all [E] ∈ M(v) we have, by stability, dim Hom(E, E) = 1
and thus dim Ext2(E, E) = 1 by Serre duality. Hence dim Ext1(E, E) = 2 − χ(E, E) =

2 − v2 = 2, independently of E. Therefore, M(v) is a smooth surface. Results of Mukai
now show that M(v) is indeed a K3 surface; see [60, Theorem 1.4]. As the moduli
space is fine, we have a universal bundle E on M(v) × X at our disposal. The Fourier-
Mukai transform FME : D(M(v)) → D(X) is an equivalence. This follows immediately
from Theorem 1.15 and the remarks concerning the spanning class of points, using that
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FME (k([E])) = E. The general theory of Section 1.2 produces an isomorphism FM
H
E :

H∗(M(v), Z) ∼→ H∗(X, Z) and, as explained in Section 2.1, this isomorphism is actually
a Hodge isometry. Furthermore, v(FME (k([E]))) = v(E) = v implies FM

H
E (0, 0, 1) = v.

Thus, ϕ2 := ϕ−1
1 ◦ FM

H
E : H∗(M(v), Z) ∼→ H∗(X, Z) is a Hodge isometry that sends

(0, 0, 1) to (0, 0, 1). Using that H2(X, Z) = (0, 0, 1)⊥/Z(0, 0, 1), we infer that there is
some isomorphism H2(M(v), Z) ∼= H2(X, Z) between second cohomologies.

However, it is not necessarily true that ϕ2 already restricts to an isomorphism of
H2’s. In order to rectify this, we consider also ϕ2(1, 0, 0) =: (v0, v2, v4). The isometry ϕ2

yields −1 = ((1, 0, 0), (0, 0, 1)) = (ϕ2(1, 0, 0), ϕ2(0, 0, 1)) = ((v0, v2, v4), (0, 0, 1)) = −v0

and thus 0 = (1, 0, 0)2 = (v0, v2, v4)
2 = v2

2 − 2v0v4 = v2
2 − 2v4. Hence, we arrive at

ϕ2(1, 0, 0) = (1, v2, v2
2/2). Since the class v2 ∈ H2(X) is algebraic as the image of the

algebraic class (1, 0, 0) under some Hodge isometry, there is a unique line bundle L2

such that c1(L2) = v2. In view of (1, v2, v2
2/2) = ch(L2), we find that ϕ3 := M

H
L∨

2
◦ ϕ2

maps ϕ3 : (1, 0, 0) 7→ (1, 0, 0) and ϕ3 : (0, 0, 1) 7→ ch(L∨
2 ) · (0, 0, 1) = (0, 0, 1).

Thus, we have produced a genuine Hodge isometry ϕ3 of H2-lattices. By the weak
Torelli Theorem 2.3(i) the K3 surfaces X and M(v) must be isomorphic. Identifying
them, we consider ϕ3 as an automorphism of H2(X, Z). According to the strong Torelli
Theorem 2.2, it can be written uniquely as a composition of reflections on (−2)-curves
and a surface automorphism, possibly followed by the orientation reversing ι. The
Hodge isometry f ∗ ∈ Aut(H2(X)) coming from a surface automorphism f : X ∼→ X
lifts to the autoequivalence f ∗ ∈ Aut(D(X)). The (−2)-reflection sC ∈ Aut(H2(X, Z))

along a smooth rational curve C ⊂ X lifts to the reflection functor TOC(−1) obtained
from the spherical sheaf OC(−1). Altogether, at each step we have modified our Hodge
isometry using autoequivalences of D(X)—except possibly for the single appearance
of ι at the very end. Thus the image of Aut(D(X)) in Aut(H̃(X)) has index 2, if ι does
not lift to an autoequivalence; else the map Aut(D(X)) → Aut(H̃(X)) is surjective.

Problem 2.7. It is not known if ι actually lifts to the derived level; one generally assumes
this not to be true. The first instance of this appears in Szendrői’s [83, Conjecture 5.4].

2.3 The Orientation Problem

It is instructive to look at the question of the surjectivity of Aut(D(X)) → Aut(H̃(X))

from another angle. Let M be the differentiable 4-manifold underlying a K3 surface.
Giving a K3 surface X is now equivalent to specifying a complex structure I on M. From
the differential geometric point of view, an automorphism of such a K3 pair (M, I) is a
diffeomorphism f : M ∼→ M such that f ∗ I = I. Denoting the K3 cohomology lattice by
Λ := H2(M, Z), we see that every automorphism f ∈ Aut(M, I) gives rise to an integral
isometry f ∗. Hence, we find a group homomorphism Aut(M, I) → O(Λ). The lattice
Λ has signature (3, 19), we fix an orientation of a positive 3-space PΛ ⊂ ΛR. Then
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we can speak of the group O+(Λ) consisting of all orientation-preserving isometries.
Here, we say that an isometry α : Λ ∼→ Λ preserves the orientation precisely if the
composition PΛ →֒ Λ

α−→ Λ →→ PΛ does. Donaldson proved in [25] that the image of
the homomorphism Aut(M, I) → O(Λ) is exactly O+(Λ). Note that O+(Λ) ⊂ O(Λ)

has index 2 and that − idΛ generates the coset of orientation-reversing isometries.
Recall the definition of the positive cone C ⊂ NS(X) as a certain cone in the hyper-

bolic space H1,1(X, R). Since a Hodge isometry of H2(X) has to fix the positive plane
H2,0(X) ⊕ H0,2(X) ∩ H2(X, R), it is an orientation-preserving lattice automorphism if
and only if it maps C → C in the notation of Theorem 2.2.

Tying in with the philosophy of extending notions from H2(X) to H∗(X), we follow
[44] (see also [83, §5]) in order to define an orientation of the positive 4-space in H̃(X):
Let σ ∈ H2,0 be the cohomology class of a symplectic form and let ω ∈ H1,1(X, R) be
an ample class. Then the real and imaginary parts Re(σ) and Im(σ) are positive classes
in H2(X, R). Similarly, 1 − ω2/2 and ω span a positive plane P′ orthogonal to P =

〈Re(σ), Im(σ)〉 = (H2,0(X)⊕H0,2(X))∩H2(X, R). We define an orientation by ordering
the basis as in Re(σ), Im(σ), 1 − ω2/2, ω. As above, there is the index two subgroup
Aut+(H̃(X)) ⊂ Aut(H̃(X)) of orientation-preserving Hodge isometries. Note that the
Hodge isometry ι is orientation-reversing. Hence, Problem 2.7 can be phrased thus:
Does FM

H
P ∈ Aut+(H̃(X)) hold for all Fourier-Mukai equivalences FMP ∈ Aut(D(X))?

This is true for many instances [44, §5], e.g. line bundle twists and transforms given by
fine moduli spaces as used in the proof of Theorem 2.6.

Reflections
Let V be a R-vector space with a pairing (·, ·), i.e. a non-degenerate symmetric bilinear
form. For any non-isotropic vector w ∈ V, the formula for the reflection along the
orthogonal complement w⊥ := {v ∈ V : (v, w) = 0} from linear algebra is

sw : V ∼→ V, v 7→ v − 2
(w, v)

(w, w)
w.

Furthermore, sw is both isometry and involution: sw ∈ O(V, (·, ·)) and s2
w = idV . Now

suppose that Λ ⊂ V is a lattice such that (·, ·)|Λ is integer valued. We obtain isometries
sλ : Λ ∼→ Λ, using the same formula, for all λ ∈ Λ such that (λ, λ) = ±1 or (λ, λ) = ±2.

The cases of interest here are V = H2(X, R), Λ = H2(X, Z) with the cup product
and V = H̃(X, R), Λ = H̃(X, Z) with the Mukai pairing. Because this is even for K3
surfaces, we look for classes λ ∈ H2(X, Z) with λ2 = ±2 to produce reflections. All
reflections coming from (−2)-classes σ ∈ H̃(X) can be lifted to the derived level using
reflection functors as stated in Theorem 2.5.

On the contrary, reflections coming from τ ∈ H2(X, Z)∩H1,1(X, R) with τ2 = +2 are
less geometric in nature. The principal difference between them is that (−2)-reflections
preserve the positive cones whereas (+2)-reflections do not: for v ∈ NS(X) with v2 > 0
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we have

σ2 = −2 =⇒ v.sσ(v) = v2 + (σ.v)2
> 0,

τ2 = 2 =⇒ v.sτ(v) = v2 − (τ.v)2
< 0.

The latter inequality follows from the fact that it is enough to check some class in NS(X)

of positive square and using v := τ yields τ2 − (τ2)2 = −2. Next come some examples
for (+2)-classes in H2(X, Z) and their reflections in a somewhat geometric setting:

Examples 2.8.

(1) Let π : X → P1 be a generic elliptic surface possessing a section σ : P1 →֒ X.
By generic, we mean that NS(X) is of rank 2 and thus spanned by section and
fibre: NS(X) = 〈σ, f 〉. The intersection product is determined by σ2 = −2, f 2 = 0
and σ. f = 1. We first have the usual Picard-Lefschetz reflection sσ : v 7→ v +

(v.σ)σ given by the (−2)-class σ. However, σ + 2 f is a (+2)-class and hence gives
rise to a reflection sσ+2 f : v 7→ v − (v.σ + 2v. f ) · (σ + 2 f ) as well. Note sσ(σ) =

−σ, sσ( f ) = f + σ, sσ+2 f (σ) = σ, sσ+2 f ( f ) = −σ − f and so sσ =
(−1

0
1
1

)
and

sσ+2 f =
( 1

0
−1
−1

)
. In particular, sσ+2 f ◦ s−1

σ = ι because the reflections do not act on
the transcendental cycles at all. So, sσ+2 f comes from Aut(D(X)) if and only if ι

comes from Aut(D(X)).
(2) Let π : X → P2 be a K3 surface which is branched over a sextic C ⊂ P2 as in Exam-

ple 2.1(4). Let L ⊂ P2 be any line meeting C properly and let D := π∗L be the cor-
responding divisor on X. Since deg(π) = 2, we find [D]2 = 2[L]2 = 2, so that [D]

is a (+2)-class in H2(X, Z). Obviously, the reflection sD : H∗(X, Z) ∼→ H∗(X, Z)

sends [D] 7→ −[D], [X] 7→ [X], [pt] 7→ [pt] and fixes [D]⊥ ⊂ H2(X, Z). Now, let
us also take into account the deck transformation ϕ : X ∼→ X, which interchanges
the two sheets. As an involution, ϕ∗ has eigenvalues 1 and −1 only. We have
ϕ∗[D] = ϕ∗π∗[L] = π∗[L] = [D] and also ϕ∗[X] = [X], ϕ∗[pt] = [pt]. Note that,
up to multiples, [D] ∈ H2(X, Z) is the only cohomology class coming from P2.
As a class c ∈ H2(X, Z) is ϕ∗-invariant if and only if it descends to P2, we find
ϕ∗(c) = −c whenever c.[D] = 0. Summing up, this shows ι = s[D] ◦ ϕ∗. In par-
ticular, ι comes from Aut(D(X)) if and only if the (+2)-reflection s[D] comes from
Aut(D(X)).

(3) The vector v := (1, 0,−1) ∈ H̃(X, Z) has v2 = 2. Note that v = ch(Ip) = v(Ip,q)

where Ip and Ip,q are ideal sheaves of a point p and two points p, q, respectively.
The induced reflection is sv : x = (x0, x2, x4) 7→ (x4, x2, x0). Similarly, the vec-
tor w = (1, 0, 1) = v(OX) has w2 = −2. Its reflection is sw : (x0, x2, x4) 7→
(−x4, x2,−x0) and it lifts to TOX ∈ Aut(D(X)). From ι = sv ◦ sw, we see again
that ι lifts to the derived level if and only if sv does.

One might hope for a better description of reflections in H̃(X) along the following
lines:
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Conjecture 2.9. Let D̃X := {v ∈ H̃1,1 ∩H∗(X, Z) : v2 = −2} be the set of integral algebraic
(−2)-classes in the Mukai lattice and W̃(X) := 〈sv : v ∈ D̃X〉 ⊂ Aut(H̃(X)) the ’big’ Weyl
group generated by them. Then, any (+2)-reflection sv along v ∈ NS(X), v2 = 2 is in the
group generated by (−2)-reflections T

H
E , line bundle twists M

H
L , surface automorphisms f ∗ and

ι and − id, i.e.
sv ∈ 〈W̃(X), Pic(X), Aut(X), Aut(U)〉

where U := H0(X) ⊕ H4(X) with Aut(U) = {± id,±ι}.

If we ignore the Hodge condition for a moment, i.e. we consider the group O(H∗(X))

of all isometries of H∗(X, Z), then the analogue of the conjecture holds true. This
is Wall’s result on automorphism groups of the sum of an unimodular lattice with
a hyperbolic plane [85, §5]. Going more into detail, Wall shows O(H2(X) ⊕ U) =

〈O(H2(X)), O(U), H2(X)〉 where v ∈ H2(X) acts by multiplication with exp(v).
The conjecture aims at a better understanding of Aut(H̃(X)). However, there seems

to be a flaw: Example 2.8(3) indicates that the truth of this conjecture would imply
Aut(H̃(X)) = 〈W̃(X), Pic(X), Aut(X), Aut(U)〉. This looks like an analogue of the
strong Torelli Theorem 2.2, but note the following deficiency: among the isometries
listed, only surface automorphisms act non-trivially on the transcendental lattice of
H̃(X). So perhaps it would be more prudent to restrict the conjecture to K3 surfaces
with big Picard rank.

2.4 Cohomologically trivial autoequivalences

Of interest is the kernel of the homomorphism Aut(D(X)) → Aut(H̃(X)) which we
denote by Aut0(D(X)). It consists of autoequivalences which are trivial on the level of
cohomology. The general philosophy is to get knowledge about Aut(D(X)) by studying
Aut0(D(X)) and Aut(H̃(X)) individually. But not much is known at present about
Aut0(D(X)) and we just present concrete examples. However, Bridgeland’s Conjecture
2.15 predicts what Aut0(D(X)) should look like; it is described at the end of this section.

Pure braid subgroups of Aut0(D(X))

Obviously, all even shifts [2k] belong to Aut0(D(X)). By Remark 1.30, we see also that
T

2
E ∈ Aut0(D(X)) for a spherical object E ∈ D(X). Every realisation of an algebraic

(−2)-class in H̃(X) by a sheaf gives rise to such a spherical reflection. Furthermore, for
any collection of spherical objects {Ei}i∈I , the cohomologically trivial autoequivalences
[2k], T

2
Ei

with k ∈ Z, i ∈ I are all distinct by Lemma 1.22, at least if all E⊥
i are non-trivial;

see also Remark 2.10. In order to find subgroups of Aut0(D(X)), it is convenient to use
certain configurations of spherical objects which are related to braid group actions.

Let us recall the braid groups. The braid group on m strands is denoted by Bm and
explicitly defined using m − 1 generators β1, . . . , βm−1 satisfying the relations βiβ j =

β jβi if |i − j| > 1 and βiβi+1βi = βi+1βiβi+1 for all i = 1, . . . , m − 2. There is a kind
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of geometric realisation for this group, in virtue of Bm = π1(Fm(R2)) with Fm(R2) =

{(v1, . . . , vm) ∈ (R2)m : vi 6= vj ∀i 6= j}. The generators and relations then have the
form shown in the figure.

A generator βi ∈ Bm. The relation βiβi+1βi = βi+1βiβi+1.

There is a natural surjective group homomorphism Bm → Sm, βi 7→ (i, i + 1), the
latter term denoting transpositions in the symmetric group. The pure braid group on
m strands is defined as the kernel Pm := ker(Bm → Sm). It is generated by the elements
αi,j := β j−1β j−2 . . . βi+1β2

i β−1
i+1β−1

i+2 . . . β−1
j−1 ∈ Pm for 1 ≤ i < j ≤ m; see [1] for this and

also for the relations. The geometrical representation of αi,j is depicted below.

A generator αi,j ∈ Pm.

In their study of spherical reflections [79], Seidel and Thomas also introduced the
following notion of an Am-configuration in D(Y) for a smooth projective variety Y. It
is given by an ordered collection (E1, . . . , Em) of spherical objects in D(Y) such that
dim(Hom∗(Ei, Ei+1)) = 1 for i = 1, . . . , m − 1 and Hom∗(Ei, Ej) = 0 if |i − j| > 1.
Considering dim(Hom∗(Ei, Ej)) as a kind of intersection number, these conditions cor-
respond up to sign to the Dynkin diagram of type Am as dim(Hom∗(Ei, Ei)) = 2.

Now the condition Hom∗(Ei, Ej) = 0 for |i − j| > 1 just means Ei ∈ E⊥
j and implies

TEj
(Ei) = Ei by Lemma 1.22. In view of TF(Ei) = F ◦ TEi

◦ F−1 for any F ∈ Aut(D(Y)),
we get TEi

= TTEj
(Ei) = TEj

TEi
T
−1
Ej

and thus TEi
TEj

= TEj
TEi

. Next consider the objects

A := Ei and B := Ei+1 which sit side by side in the Am-configuration. By assumption
we have Homl(A, B) 6= 0 for a unique l ∈ Z; hence, Hom•(A, B) ⊗ A = A[−l], and,
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using B ⊗ ωY
∼= B and Serre duality, Hom•(B, A) ⊗ B = B[l − d] where d := dim(Y).

Applying TB to the triangle A[−l] → B → TAB yields TB A[−l] → B[1 − d] → TBTAB
where TBB ∼= B[1 − d] according to Lemma 1.22. Shifting by l − 1 gives B[l − d] →
TBTAB[l − 1] → TB A which is just the triangle defining TB A. Since all morphisms are
non-trivial and unique up to scalars, we find TBTAB ∼= A[1 − l] which in turn shows
TATBTA = TBT

T
−1
B ATA = TBTTAB[l−1]TA = TBTTABTA = TBTATB. To conclude, we

arrive at TEi
TEj

= TEj
TEi

for |i − j| > 1 and TEi
TEi+1TEi

= TEi+1TEi
TEi+1.

Therefore, the TEi
fulfill the braid relations and thus induce a group homomorphism

Bm+1 → Aut(D(Y)). The main theorem in [79] states that this representation is faithful
if dim(Y) ≥ 2 which we will assume from now on. We denote the braid subgroup
of Aut(D(Y)) coming from the Am-configuration E• by B(E•), and analogously for
the pure braid subgroup by P(E•). Suppose in addition that dim(Y) is even. Then,
the generators Ai,j := TEj−1 . . . TEi+1T

2
Ei

T
−1
Ei+1

. . . T−1
Ej−1

of P(E•) act trivially on H∗(Y, Q)

by Lemma 1.28 and we obtain an induced faithful pure braid group representation
P(E•) →֒ Aut0(D(Y)). This is valid in particular for a K3 surface X.

Remark 2.10. Fix two spherical objects A, B ∈ D(Y) with Hom•(A, B) = C[0]. Then
T

2
A 6= T

2
B follows from [79], but can be seen directly, too: we have A[1] ∼= TBTAB as

above (with l = 0); analogously B[1 − d] ∼= TATB A. If T
2
A = T

2
B, we get a contradiction:

A[2 − d] ∼= TBTA(B[1 − d]) ∼= TBTA(TATB A) ∼= T
4
B A ∼= T

4
A A ∼= A[4 − 4d].

Example 2.11. The second cohomology lattice of a K3 surface has type (−E8)
⊕2 ⊕ U⊕3

with U ∼= (Z2,
( 0

1
1
0

)
) denoting the hyperbolic plane. Oguiso and Zhang construct in

[69, Proposition 1.7(2)] a K3 surface X as the desingularisation of a surface such that
the configuration of exceptional divisors corresponds to a Dynkin diagram of type A19.
So X possesses an A19-configuration C1, . . . , C19 of smooth (−2)-curves. The torsion
sheaves OCi

are spherical by Example 1.21(4). Also the intersection conditions Ci.Cj = 0
for |i− j| > 1 and 1 = Ci.Ci+1 = 〈v(OCi

(−1)), v(OCi+1 (−1))〉 = −χ(OCi
(−1),OCi+1(−1))

translate into (OC1 , . . . ,OC19) being an A19-configuration in D(X). In particular, we find
a pure braid group P20 ∼= P(OC• ) inside Aut0(D(X)).

Example 2.12. Despite T
2
E being trivial on the levels of cohomology and K-theory, the

autoequivalence is far from being simple. Consider E := OX and let us evaluate T
2
E on

k(x), the skyscraper sheaf of some point x ∈ X. From Hom•(OX , k(x)) = C[0], we get
TOX(k(x)) = cone(OX → k(x)) = Ix[1] in view of the exact ideal sheaf sequence 0 →
Ix → OX → k(x) → 0. Now from Homi(OX , Ix[1]) = Exti+1(OX , Ix) = Hi+1(Ix) and
the same ideal sheaf sequence, we find Hom•(OX , Ix[1]) = C[−1]. Hence the cone of
the morphism OX [−1] → Ix[1] corresponds to a non-trivial extension 0 → Ix → A−1 →
A0 → OX → 0. Both the morphism and the extension are unique up to scalars. We thus
find T

2
OX

(k(x)) = A• with a complex A• ∈ D(X) having cohomology in degrees both 0
and −1. Note that [A•] = [k(x)] as classes in K-theory, as required.
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Bridgeland’s conjecture on Aut0(D(X))

Bridgeland introduced an entirely new invariant of triangulated categories in [17]. He
was guided by Douglas’ work in string theory [26] related to Π-stability. The basic
idea is to associate to D(Y) (or more generally, any triangulated category) a manifold
Stab(Y) consisting of stability conditions on D(Y). One hope is that ’ungeometrical’ (or
’unphysical’) complexes having homology in various places might be better understood
as being stable with respect to some generalised stability condition. Furthermore, the
group Aut(D(Y)) naturally acts on Stab(Y) and thus gives another point of view on
autoequivalences. It should be remarked that there is another notion of stability on
triangulated categories proposed in [31]. However, this approach completely neglects
the aspect of the manifold Stab(Y) and is thus not suited for the description below.

For the smooth projective variety Y, let K(Y) be its K-group; this is also the K-group
of the triangulated category D(Y). Now K(Y) is equipped with the bilinear Euler
form χ(A1, A2) := ∑i(−1)i dim Homi(A1, A2). We define N (Y) := K(Y)/K(Y)⊥ where
K(Y)⊥ is the right χ-orthogonal subgroup. By the Hirzebruch-Riemann-Roch theorem,
N (Y) is a free abelian group of finite rank. More precisely, N (Y) is isomorphic to the
group CH∗(Y)/num of cycles modulo numerical equivalence and N (Y) is also isomor-
phic to the algebraic lattice inside H∗(Y, Z).

A stability condition on D(Y) consists of a linear map Z : N (Y) → C and a collection
of full subcategories P(t) ⊂ D(Y) for all t ∈ R, subject to the following conditions

(a) A ∈ P(t) implies Z(A) = m(A) · eiπt with m(A) ∈ R>0.
(b) P(t + 1) = P(t)[1] for all t ∈ R.
(c) Hom(A1, A2) = 0 for all A1 ∈ P(t1), A2 ∈ P(t2) with t1 > t2.
(d) For 0 6= A ∈ D(Y) there are t1 > t2 > · · · > tn and objects Qj ∈ P(tj), Aj ∈ D(Y)

such that 0 // A1
//

����
��

��
A2 //

����
��

��

. . . // An−1 // An = A

����
��

��
�

Q1

[1]

__???????

Q2

[1]

__??????

Qn

[1]

__??????

.

The last axiom captures the Harder-Narashiman property of the usual stability notions:
objects A ∈ P(t) are said to be semistable of phase t with respect to (Z,P). The definition
above contains two further axioms imposed in [17]; what we have described are ’locally
finite’ and ’numerical’ stability conditions. Let Stab(Y) be the set of all such stability
conditions. Bridgeland provided Stab(Y) with a metric and proved [18]:

Theorem 2.13 (Bridgeland). For every connected component Σ ⊂ Stab(Y) there is a linear
subspace V(Σ) ⊂ (N (Y) ⊗ C)∗, topologised by a linear topology, such that the continuous
map Σ → V(Σ), (Z,P) 7→ Z is a local homeomorphism.

This implies in particular, that all connected components of Stab(Y) are complex
manifolds. A priori, the dimensions of different components might vary. However, no
instance of such behaviour is known. In all the examples discussed below, one actually
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has V(Σ) = (N (Y) ⊗ C)∗.
The group Aut(D(Y)) acts naturally on Stab(Y): for a stability condition (Z, P) and

an autoequivalence F : D(Y) ∼→ D(Y), we define a new stability condition (Z′, P′) by
Z′ := Z ◦ (FN )−1 and P′(t) := F(P(t)) where FN denotes the obvious automorphism
of N (Y) induced by F. The quotient Stab(Y)/ Aut(D(Y)) turns out to be particularly
interesting. Both Stab(Y) and this quotient have been computed in some cases.

Example 2.14. A smooth projective curve has C has N (C) ∼= Z2, the isomorphism given
by rank and determinant. Because of this, for any automorphism f : C ∼→ C, the action
of f ∗ on N (C) is trivial, i.e. ( f ∗)N = id. Similarly, for a line bundle L ∈ Pic0(C) of
degree 0 we have M

N
L = id.

For the projective line, Okada [70] computed Stab(P1) ∼= A2. Since Aut(D(P1)) =

Aut(P1) ⋉ Pic(P1) × Z by [12, §3], we derive Stab(P1)/ Aut(D(P1)) ∼= A2/Z2, the
quotient by shifts and line bundle twists. However, the Z2-action is not made explicit
in [70], and we cannot give a more precise description of the quotient.

Now let C be a smooth projective curve of genus at least three. Bridgeland [17, §7]
proved that there is a connected component Stab0(C) ⊂ Stab(C) which is isomorphic

to G̃L
+
(2, R). The latter is the universal covering space of the set GL+(2, R) of matrices

with positive determinant. This shows Stab0(C)/ Aut(D(C)) ∼= GL+(2, R)/〈
( 1

1
0
1

)
〉,

using that shifts act such that G̃L
+
(2, R)/〈[1]〉 ∼= GL+(2, R) and that both Aut(C) and

Pic0(C) act trivially on N (C).

For an elliptic curve E, one has Stab(E) ∼= G̃L
+
(2, R); confer again [17, §7]. It follows

from results of Mukai and Orlov that Aut(D(E)) is generated by Aut(E) ⋉ Pic(E) × Z

and the autoequivalence FMP given by the Poincaré bundle P ; see Section 4.1. As
explained in Example 1.19(3), FMP acts on N (E) by FM

N
P =

( 0
−1

1
0

)
. Accordingly,

Stab(E)/ Aut(D(E)) ∼= GL+(2, R)/〈
( 1

1
0
1

)
,
( 0
−1

1
0

)
〉 ∼= GL+(2, R)/ SL(2, R).

For a surface S, we have N (S) = Z⊕NS(S)⊕Z, the three summands corresponding
to rank, c1 and c2. Let us now turn to the case of an algebraic K3 surface X. Then, N (X)

is the algebraic lattice inside H∗(X, Z) and we equip N (X) with the Mukai pairing as
in Remark 1.18. Let ρ := rk(NS(X)) be the Picard rank; since X is supposed to be
algebraic, we have 1 ≤ ρ ≤ 20. By the Hodge index theorem, NS(X) ⊗ R has index
(1, ρ − 1) and thus N (X) ⊗ R has signature (2, ρ).

Consider the open subset P± ⊂ N (X) ⊗ C consisting of vectors such that their
real and imaginary parts span a positive 2-plane of N (X) ⊗ R. For example, if ω ∈
NS(X) is the class of an ample line bundle, then (1, iω,−ω2/2) ∈ P±. In analogy
with real hyperbolic spaces, P± has two connected components which get interchanged
by complex conjugation on N (X) ⊗ C. We fix one component P+ by the condition
(1, iω,−ω2/2) ∈ P+ for one (and hence all) ample classes ω ∈ NS(X) ⊗ R. Let
D̃X := {δ ∈ N (X) : δ2 = −2} be the set of algebraic (−2)-classes and denote by

36



δ⊥ := {v ∈ N (X) ⊗ C : (v, δ) = 0} the complex hyperplane induced by δ. Finally, we
need another open subset P+

0 := P+ \⋃δ∈D̃X
δ⊥ by removing the walls corresponding

to (−2)-classes. Note that P+ is contractible but obviously P+
0 possesses non-trivial

loops. The main result of [18] states that there is a distinguished connected compo-
nent Σ(X) ⊂ Stab(X) such that the local homeomorphism π : Σ(X) → (N (X) ⊗ C)∗

is a surjection onto P+
0 and the map π : Σ(X) → P+

0 is a topological covering. The
group of deck transformations is Aut0,Σ(D(X)), consisting of cohomologically trivial
autoequivalences F : D(X) ∼→ D(X) such that the induced isomorphism on Stab(X)

keeps the component Σ(X) fixed. Bridgeland has formulated the following prediction
about this covering [18, Conjecture 1.2].

Conjecture 2.15 (Bridgeland). Σ(X) is simply-connected and Aut(D(X)) fixes Σ.

This would imply that Aut0(D(X)) = Aut0,Σ(D(X)) = π1(P+
0 ) is the group of deck

transformations of the covering π : Σ(X) → P+
0 . Since an autoequivalence of D(X)

which is orientation-reversing swaps the components P+ and P−, it could not possibly
fix Σ. Hence, the truth of the conjecture would lead to an exact sequence

1 → π1(P+
0 ) → Aut(D(X)) → Aut+(H̃(X)) → 1.

In particular, this entails the statements that Aut0(D(X)) ∼= π1(P+
0 ) and that the image

of Aut(D(X)) → Aut(H̃(X)) has index 2. The latter statement is a reformulation of
Problem 2.7, that ι ∈ Aut(H̃(X)) does not lift to an autoequivalence.
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3 Finite group actions and derived categories

3.1 Linearisations for finite groups

Let Y be a smooth projective variety with an action by a finite group G. Among the co-
herent sheaves, one might consider the full additive subcategory of G-invariant sheaves

Coh(Y)G := {F ∈ Coh(Y) : g∗F ∼= F ∀g ∈ G} ⊂ Coh(Y).

However, the isomorphisms g∗F ∼→ F are by no means canonical. Hence Coh(Y)G is
not abelian and is thus not suitable for forming derived categories. As suggested from
Geometric Invariant Theory, we will employ G-linearisations. The general definition,
valid for any algebraic group G, is given first. The morphisms σ : G × Y → Y and
µ : G × G → G are action and multiplication of G, respectively; p2 : G × Y → Y and
p23 : G × G × Y → G × Y are the projections.

Definition 3.1. A G-linearisation of a coherent sheaf F is an isomorphism λ : σ∗F ∼→ p∗2F
of OG×Y-modules subject to the cocycle condition (µ × idY)∗λ = p∗23λ ◦ (σ × idG)∗λ.

Remark 3.2. In the case of a finite group G, there is an obvious reformulation (with the
minor modification of reversing the direction of λ): A G-linearisation of F is given by
isomorphisms λg : F ∼→ g∗F for all g ∈ G subject to λ1 = idF and λgh = h∗λg ◦ λh, i.e.
F

λh

//

λgh

88
h∗F

h∗λg

//h∗g∗F .

Example 3.3. If G acts on Y as above, the identities g∗OY = OY show that the structure
sheaf is canonically G-linearised. The canonical sheaf ωY is G-linearisable, as well: the
morphism g : Y → Y induces a morphism of cotangent bundles g∗ : g∗ΩY → ΩY.
Going to determinants and using adjunction yields λg := det(g−1

∗ ) : ωY
∼→ g∗ωY.

If (F, λ) and (F′, λ′) are two G-linearised sheaves, then the vector space Hom(F, F′)
becomes a G-representation via g · f := (λ′

g)
−1 ◦ g∗ f ◦ λg for f : F → F′. Let CohG(Y)

be the category whose objects are G-linearised sheaves and whose morphisms are the
G-invariant sheaf morphisms: Hom((F, λ), (F′, λ′)) := Hom(F, F′)G. This category is
abelian: the kernel of a morphism f : (F, λ) → (F′, λ′) is given by ker( f ), linearised
by λ|ker( f ). Similarly, its cokernel is Coker( f ) with linearisation induced from λ′. The
necessary axioms follow from their validity in Coh(Y).

We will encounter the special case where G acts trivially on Y. Then a G-linearisation
λ of a sheaf F is merely a group homomorphism λ : G → Aut(F). As G is finite,
this representation decomposes into a direct sum over the irreducible G-representations
ρ0 = 1, ρ1 . . . , ρk, i.e. F ∼=

⊕
i Fi ⊗ ρi in CohG(Y) with ordinary sheaves Fi ∈ Coh(Y).

There exist no homomorphisms between summands corresponding to two different
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representations, and hence we obtain two mutually adjoint and exact functors, the latter
of which is ’taking G-invariants’:

· ⊗ ρ0 : Coh(Y) → CohG(Y), F0 7→ F0 ⊗ ρ0 = (F0, λ0) with λ0 : G → Aut(F), g 7→ idF0 ,

[ · ]G : CohG(Y) → Coh(Y), (F, λ) ∼=
⊕

i

Fi ⊗ ρi 7→ [F]G = F0 ⊗ ρ0.

A G-equivariant morphism Φ : Y → Z allows defining functors Φ∗ : CohG(Y) →
CohG(Z) and Φ∗ : CohG(Z) → CohG(Y) in a straightforward manner. For example, if
(F, λ) ∈ CohG(Y), then Φ∗(F) is canonically G-linearised via Φ∗λg : Φ∗F ∼→ Φ∗g∗F =

g∗Φ∗F. We have the usual adjointness Φ∗ ⊣ Φ∗ because the natural transformation
Φ∗Φ∗ → id induces G-invariant morphisms.

By definition every linearisable sheaf is invariant, which amounts to the forgetful
functor for : CohG(Y) → Coh(Y)G. There is also a functor that assigns to any coherent
sheaf a G-linearised sheaf via inf : Coh(Y) → CohG(Y), F 7→ inf (F) :=

⊕
g∈G g∗F

where the linearisation comes canonically from permuting the summands. This map is
usually called inflation.

It pays off to extend much of this story to a relative setting involving two groups;
our presentation follows closely [7, §8]. Let G1 and G2 be finite groups acting on
smooth projective varieties Y1 and Y2, respectively. Further, let ϕ : G1 → G2 be a
group homomorphism and Φ : Y1 → Y2 be a ϕ-map, that means Φ ◦ g1 = ϕ(g1) ◦ Φ

for all g1 ∈ G1. Then, there is a pull-back Φ∗ : CohG2(Y2) → CohG1(Y1) given by
Φ∗λϕ(g1) : Φ∗F2

∼→ Φ∗ϕ(g1)
∗F2 = g∗1Φ∗F2 for (F2, λ) ∈ CohG2(Y2).

If ϕ : G1 →→ G2 is surjective with kernel K ⊂ G1, then there is also a push-forward
ΦK

∗ : CohG1(Y1) → CohG2(Y2): let G1 act naturally on Y2 via ϕ; thus, the kernel K acts
trivially on Y2. For F1 ∈ CohG1(Y1), the direct image Φ∗F1 ∈ Coh(Y2) is canonically
G1-linearised. Taking K-invariants, we define ΦK

∗ (F1) := [Φ∗F1]
K, and this sheaf is G2-

linearised because ϕ was supposed to be surjective. The adjoint property Φ∗ ⊣ ΦK
∗ is a

consequence of the fact that for G1-invariant sheaf morphisms Φ∗F2 → F1, the adjoint
morphism F2 → Φ∗F1 has image in ΦK

∗ F1.
Let us consider a subgroup H ⊂ G. Generalising the discussion of the case H = 1

above, there is an inflation functor InfG
H : CohH(Y) → CohG(Y) as well as a restriction

functor ResH
G : CohG(Y) → CohH(Y). The restriction being trivial, we explain the

construction of InfG
H(F) for a H-linearised sheaf F ∈ CohH(Y). The product G × H

acts on G × Y via (g, h) · (g′, y) := (gg′h−1, hy). Obviously, this turns the projection
p : G × Y → Y into a G × H-equivariant map. The functors introduced above show
that p∗F is canonically G × H-linearised. Note that H acts freely on G × Y, and we
have the projection q : G × Y → G × Y/H =: G ×H Y. With the projection of groups
ϕ : G × H →→ G, the morphism q becomes a ϕ-map. Using the equivariant push-
forward, we obtain the G-linearised sheaf qH

∗ p∗F. Finally, we need the multiplication
m : G ×H Y → Y, (g, y) 7→ gy, which is a G-map. Then, InfG

H(F) := m∗qH
∗ p∗F is the
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sought after G-inflation of F. As ordinary sheaves, we have InfG
H(F) =

⊕
[g]∈G/H g∗F. It

is also possible to write down an explicit G-linearisation for the latter sum. Note that
ResH

G and InfG
H are exact functors with the adjoint property InfG

H ⊣ ResH
G . Especially,

for = Res1
G and inf = InfG

1 for the trivial subgroup 1 ⊂ G.

Example 3.4. The canonical G-linearisation of OY corresponds to λg = 1 for all g ∈ G.
However, every group homomorphism χ : G → C∗ gives rise to another linearisation.
In the other direction, two different homomorphisms G → C∗ endow OY with different
G-linearisations.

We will study the question whether a similar statement is true for simple G-invariant
sheaves as well. To state the result in a concise way, we utilise group cohomology
of G with values in the multiplicative abelian group C∗. The reference for this, with
the notation taken up here, is Serre’s book [80]. Let us recall some basic facts: if the
finite group G (written multiplicatively) acts on the abelian group M (which is written
additively), then there is a sequence of cohomology groups defined in the usual way as
quotients Hi(G, M) := Zi(G, M)/Bi(G, M) of i-cycles modulo i-boundaries. For i ≤ 2
these quotients explicitly look like

i = 0: H0(G, M) = MG is just the subgroup of G-invariants. Taking invariants is a left
exact functor and the higher cohomology groups can be intrinsically introduced
as the right derived functors.

i = 1: A 1-cycle is a map c : G → M such that c(gh) = g · c(h) + c(g) for all g, h ∈ G.
We always have c(1) = 0. A 1-boundary is a map given by g 7→ g · m − m for
some m ∈ M. Note that H1(G, M) = Hom(G, M) if the G-action on M is trivial.

i = 2: A 2-cycle is a map c : G2 → M satisfying c(gh, k) + c(g, h) = g · c(h, k) + c(g, hk)
for all g, h, k ∈ G. It is a 2-boundary if there is some map e : G → M such that
c(g, h) = g · e(h) + e(g) − e(gh) for all g, h ∈ G.

Furthermore, let us denote by LinG(F) the set of non-isomorphic G-linearisations on
F. As another matter of terminology, we write Ĝ for the group of all homomorphisms
χ : G → C∗ and call these homomorphisms characters of G. In the following lemma
and its proof, the group of coefficients M = C∗ is written multiplicatively, of course.

Lemma 3.5. Let Y be a smooth projective variety with an action of a finite group G and let F
be a simple G-invariant sheaf on Y.

(i) There is a class [F] ∈ H2(G, C∗) such that F is G-linearisable if and only if [F] = 0.
(ii) If [F] = 0, then LinG(F) is a Ĝ-torsor; in particular #LinG(F) = #Ĝ.

Remark 3.6. The invariant H2(G, C∗) was studied by Schur in [77] long before the ad-
vent of group cohomology proper; see also [23, §53]. The classical name for H2(G, C∗)
is ’Schur multiplier’. It is always a finite abelian group whose exponent is a divisor of
#G. The long exact group cohomology sequence obtained from 0 → Z → C → C∗ → 0
yields H2(G, C∗) ∼= H3(G, Z) because C is torsion free and hence G-acyclic. As group
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cohomology can also be expressed as singular cohomology of the classifying space BG,
these invariants have been investigated by topologists. We give some examples for
Schur multipliers, following [41, §25]:

H2(Z/nZ, C∗) = 0 (cyclic groups)
H2(D2n, C∗) = Z/2Z for n ≥ 2 and H2(D2n+1, C∗) = 0 (dihedral groups)
H2(S3, C∗) = 0 and H2(Sn, C∗) = Z/2Z for n ≥ 4 (symmetric groups)
H2((Z/nZ)k , C∗) = (Z/nZ)k(k−1)/2

H2(G1 × G2, C∗) = H2(G1, C∗) × H2(G2, C∗) × (H1(G1, C∗) ⊗ H1(G2, C∗))

The first relation also appears in Spanier’s book [81, Theorem 9.5.6]. The last equation
is the Künneth formula and its repeated application for G1 = G2 = Z/nZ yields the
preceding example.

Question 3.7. The lemma immediately raises questions like this: for G = Sn with n > 3,
is there some intrinsic property of G-invariant sheaves which measures whether they
are linearisable?

Problem 3.8. The methods of the proof completely fail in the case of sheaves with non-
trivial endomorphisms. For example, we are not even able to associate a cohomology
class in H2(G, Aut(F)) to a G-invariant sheaf F in general. Note that for non-abelian
Aut(F), the group cohomology H2(G, Aut(F)) is just a pointed set.

Remark 3.9. The statement of the lemma differs from the results of Geometric Invariant
Theory [64, §1.3] where G usually is a connected linear algebraic group. Typically only
line bundles are considered in this setting. Some basic results are: a G-invariant line
bundle need not be G-linearisable. If there is no surjection G →→ C∗, then at most
one linearisation can exist. Furthermore, any line bundle has a G-linearisation after an
appropriate twist with an ample G-linearised line bundle. The example from [64, §1.3]
is the canonical action of G = PGL(n + 1) on Y = Pn. Then the G-invariant line bundle
F = OPn(1) admits no G-linearisation whatsoever but F⊗n+1 = OPn(n + 1) does.

Proof of the lemma. We will use the following facts throughout: Aut(F) = C∗ is abelian
and the G-action on Aut(F) is trivial. The last statement follows from g∗ idF = idF

together with the fact that sheaf homomorphisms are C-linear. The proof of (i) rests on
the following two facts:
(a) By assumption, there exist isomorphisms µg : F ∼→ g∗F for all g ∈ G. As F is simple,
we can define units cg,h ∈ C∗ by µgh = h∗µg ◦ µh · cg,h. The map c : G2 → C∗ is a 2-
cocycle of G with values in C∗, i.e. c ∈ Z2(G, C∗).
(b) Replacing the isomorphisms µg with some other µ′

g yields the map e : G → C∗ such
that µ′

g = µg · eg. The two cocycles c, c′ : G2 → C∗ derived from µ and µ′ differ by the
boundary coming from e, i.e. c/c′ = d(e) and thus c = c′ ∈ H2(G, C∗).
Taking these for granted, we see that the G-invariant sheaf F gives rise to a unique class
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[F] := c ∈ H2(G, C∗). In these terms, F is G-linearisable if and only if c ≡ 1, i.e. [F]

vanishes.
Check of (a): Invoking the definition of µ in two ways, we get for g, h, k ∈ G

µghk = k∗µgh ◦ µk · cgh,k = k∗(h∗µg ◦ µh · cg,h) ◦ µk · cgh,k

µghk = (hk)∗µg ◦ µhk · cg,hk = (hk)∗µg ◦ (k∗µh ◦ µk · ch,k) · cg,hk.

Using the remarks from the beginning of the proof, we find cg,h · cgh,k = ch,k · cg,hk, so
that c is a 2-cycle, indeed.
Check of (b): For g, h ∈ G, we have µ′

gh = h∗µ′
g ◦ µ′

h · c′g,h = h∗(µg · eg) ◦ µh · eh · c′g,h,
on the one hand, and µ′

gh = µgh · egh = h∗µg ◦ µh · egh, on the other hand. With the

aforementioned remarks, we find cg,h/c′g,h = eh · eg · e−1
gh , as claimed.

To show (ii), we consider the Ĝ-action Ĝ × LinG(F) → LinG(F), (χ, λ) 7→ χ · λ on
LinG(F). First take χ ∈ Ĝ and λ ∈ LinG(F) such that χ · λ = λ. Then, there is an iso-
morphism f : (F, λ) ∼→ (F, χ · λ) which in turn immediately implies χ = 1, again using
f ∈ Aut(F) = C∗. Thus, the action is effective. Now take two elements λ, λ′ ∈ LinG(F)

and consider λ−1
g ◦ λ′

g : F ∼→ g∗F ∼→ F. As F is simple, we have λ−1
g ◦ λ′

g = χ(g) · idF. It
follows from the cocycle condition for linearisations that χ is multiplicative, i.e. χ ∈ Ĝ.
In other words, λ′ = χ · λ and the action is also transitive. Both properties together
can be summed up by saying that the action is simply transitive. This is tantamount to
statement (b).

Example 3.10. Note that in (b) simplicity is necessary: We take an abelian surface A
with its involution action so that G = {± idA}. Fix a geometrical point a ∈ A that is not
2-torsion. The sheaf F := k(a) ⊕ k(−a) is invariant but not simple. Now a linearisation
of F is given by a matrix

( 0
λ2

λ1
0

)
: F = k(a) ⊕ k(−a) ∼→ k(−a) ⊕ k(a) = (−1)∗F

with the condition λ1λ2 = 1 stemming from id = (−1)∗λ ◦ λ (note that (−1)∗λ is given
by the same matrix as λ). Assume that we have two linearisations λ and µ for F, i.e.
λ1λ2 = 1 and µ1µ2 = 1. Then, an endomorphism f : F → F is given by a diagonal
matrix and yields an isomorphism between (F, λ) and (F, µ) if and only if the square

F
f

//

λ
��

F

µ

��

(−1)∗F
(−1)∗ f

// (−1)∗F

i.e.
k(a) ⊕ k(−a)

(
α
0

0
β

)
//

( 0
λ2

λ1
0

)
��

k(a) ⊕ k(−a)
( 0

µ2

µ1
0

)
��

k(−a) ⊕ k(a)

(
α
0

0
β

)
// k(−a) ⊕ k(a)

commutes, which means just µ1β = λ2α and µ2α = λ1β. However, this shows that
by setting α := λ1, β := µ2, we get an isomorphism f : (F, λ) ∼→ (F, µ). Hence, all
linearisations of F are actually isomorphic.
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3.2 Equivariant Fourier-Mukai functors and derived McKay c orrespondence

First let us merge the derived with the linearised world. As above, the finite group G
acts on the smooth projective variety Y. For the abelian category CohG(Y) of coherent
sheaves equipped with G-linearisations, we have

HomCohG(Y)(Ẽ, Ẽ′) := HomCoh(Y)(E, E′)G, Exti
CohG(Y)

(Ẽ, Ẽ′) = Exti
Coh(Y)(E, E′)G

for Ẽ = (E, λ), Ẽ′ = (E′, λ′) ∈ CohG(Y). The former relation between Hom’s is the
definition, where the action of G on morphisms is given by

E
f

// E′

λ′
g

��

g∗E
g∗ f

//___

λ−1
g

OO

g∗E′

The relation between Ext’s is then a consequence. Note that the two conceivable notions
of equivariant Ext groups coincide by the universal property of derived functors: they
are both the G-invariants of the ordinary Ext groups as well as the derived functors of
equivariant Hom’s.

We introduce DG(Y) := Db(CohG(Y)); this is the bounded derived category of G-
linearised sheaves. Using induction on the length of complexes, the above relation for
equivariant Ext groups translates to

Homi
DG(Y)(Ẽ•, Ẽ′•) = Homi

D(Y)(E•, E′•)G

for G-linearised complexes Ẽ•, Ẽ′• ∈ DG(Y). Note that all facts about linearisations of
sheaves also apply to complexes of sheaves. In particular, Lemma 3.5 holds in DG(Y).
Hence, simple G-invariant complexes of coherent sheaves can be linearised as well,
provided that their obstruction classes in H2(G, C∗) vanish.

It will be useful to look at DG(Y) in another way: denote for a moment by T the
category of G-linearised objects of D(Y), so that the objects of T are complexes E• ∈
D(Y) together with isomorphisms λg : E• ∼→ g∗E• in D(Y) as in Remark 3.2. There is
a canonical functor DG(Y) → T which is fully faithful in view of the above formula.
Furthermore, for (E•, λ) ∈ T we can choose a bounded injective resolution I• ∼→ E•.
Then the morphism λ corresponds to a genuine complex map λg : g∗ I• ∼→ I•. Hence
the functor DG(Y) → T is essentially surjective and yields an equivalence of categories.

Remark 3.11. Everything we do in this section is tailor-made for the case of finite
groups. There is a substantial theory for the general case developed in [7]. Note that for
arbitrary groups G, neither the derived category Db(CohG(Y)) of bounded complexes
consisting of G-linearised sheaves nor T is the right category.
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Many of the results from Section 1.1 about Fourier-Mukai transforms carry over to
this setting. Again, we allude to the calculus of correspondences, the only novelty being
the use of equivariant push-forwards. The explicit definition of Fourier-Mukai functors
in the linearised setting is spelled out thus: assume we have two smooth projective
varieties Y1 and Y2 and two finite groups G1 and G2 acting on them. Then a G1 × G2-
linearised complex P ∈ DG1×G2(Y1 × Y2) gives a Fourier-Mukai transform

FMP : DG1(Y1) → DG2(Y2), (E, λ) 7→ pG1
2∗ (P ⊗ p∗1E) = [p2∗(P ⊗ p∗1E)]G1

where p2 : Y1 × Y2 → Y2 is compatible with the group surjection G1 × G2 →→ G2 and
pG1

2∗ : DG1×G2(Y1 × Y2) → DG2(Y2) is the equivariant push-forward of Section 3.1.

G-Hilbert schemes and McKay correspondence
Now we turn to the McKay correspondence which, assuming favorable circumstances,
describes an equivariant category DG(Y) as D(Ỹ) where Ỹ is a special resolution of
Y/G. Let Y be a smooth quasi-projective variety with an effective finite group action,
i.e. G ⊂ Aut(Y). We assume that ωY is locally trivial as an object of CohG(Y), i.e.
there is a covering of Y by G-invariant open subsets U ⊂ Y such that OU

∼= ωY|U
as G-linearised sheaves. Y/G has quotient singularities and there is a resolution in
form of G-Hilb(Y), the Nakamura-Hilbert scheme. Besides the usual definition as the
scheme representing a certain functor, one can give the following description of closed
points: ξ ∈ G-Hilb(Y) corresponds to a G-cluster Zξ , that is a G-invariant 0-dimensional
subscheme Zξ ⊂ Y such that its C-vector space of global sections is isomorphic to
the regular representation, i.e. H0(OZξ

) ∼= C[G] as G-representations. In particular,
length(Zξ) = #G. A typical example of a G-cluster is given by some free G-orbit.

Let Ỹ be the irreducible component of G-Hilb(Y) which contains the G-clusters of
free orbits. There is a morphism G-Hilb(Y) → Y/G (usually called Hilbert-Chow map),
mapping a G-cluster to its supporting orbit. This morphism is always projective and
the irreducible component Ỹ ⊂ G-Hilb(Y) is mapped birationally onto Y/G. It is not
known in general, whether G-Hilb(Y) is connected, let alone irreducible or smooth.
For details see [65] and [47]. There is a universal subscheme Z ⊂ Ỹ × Y, and from a
geometrical point of view, Z is just the incidence subvariety. The following theorem is
the culmination of a long development; check [13, §1] for the history. It is shown that
structure sheaf OZ provides a good Fourier-Mukai kernel. Note that OZ is canonically
1 × G-linearised.

Theorem 3.12 (Bridgeland, King, Reid). Let the finite group G act on Y via G →֒ Aut(Y)

such that ωY is locally trivial in CohG(Y). If dim(Ỹ ×Y/G Ỹ) ≤ dim(Y) + 1, then

FMOZ : D(Ỹ) ∼→ DG(Y), E 7→ pY∗(OZ ⊗ p∗ỸE)

FMOL
Z

: DG(Y) ∼→ D(Ỹ), (F, λ) 7→ [pỸ∗(OL
Z ⊗ p∗Y(F, λ)]G

are mutual quasi-inverse equivalences where OL
Z = O∨

Z ⊗ p∗YωY[dim(Y)].
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Proof. As in Remark 1.4, OL
Z is the usual description for the Fourier-Mukai kernel of

the quasi-inverse of FMOZ . In this situation, we can be more specific concerning the
derived dual O∨

Z by saying O∨
Z = Extd(OZ ,OỸ×Y)[−d] with d := dim(Y); see [42,

Corollary 3.35].
For the proof, see the excellent exposition in [13]. Note that the theorem implies

an isomorphism on the level of K-theory, which goes more classically by the name of
McKay correspondence. One should at least mention, that the resolution Ỹ → Y/G is
crepant and that Ỹ is smooth if the hypothesis of the above theorem is fulfilled.

Remark 3.13. In case dim(Y) ≤ 3, the dimension condition of the theorem is always
fulfilled: e.g. if dim(Y) = 3, then the exceptional divisors are 2-dimensional, and hence
give at most 4-dimensional irreducible components of the fibre product. The proof of
the theorem actually shows that the G-Hilbert scheme is irreducible if dim(Y) ≤ 3.
We will need another case where the dimension condition is automatically satisfied:
suppose that Y is a holomorphic symplectic manifold on which G acts by symplectic
automorphisms and that Ỹ ⊂ G-Hilb(Y) is a crepant resolution of Y/G. Then the
resolution is semismall, and we obtain DG(Y) ∼= D(Ỹ); see the references around [13,
Corollary 1.3].

Remark 3.14. There is another description of the categories appearing in the theorem.
Consider the stack [Y/G] instead of the quotient variety. It is covered by one étale chart,
given by the projection Y → Y/G, or more explicitly, by the fibre square (intersection
in the étale topology)

G × Y
p

//

σ

��

Y

��

Y // Y/G

Now a sheaf on the stack [Y/G] is just a sheaf E on the chart Y with p∗E ∼= σ∗E, and
the descend condition translates into the linearisation property. Henceforth, the abelian
categories Coh([Y/G]) and CohG(Y) are equivalent, and consequently they give rise to
equivalent derived categories. However, the equivalence of the theorem is deeper, as it
is only true on the derived level.

It is important to note that there is no completely straightforward generalisation of
the cohomological picture from Section 1.2 to the equivariant setting. Let us consider
a setting where D(Ỹ) ∼= DG(Y), as in the above theorem. One would like to compare
the following items: invariants of the crepant resolution Ỹ, equivariant invariants of Y,
and invariants of the orbifold [Y/G]. In a topological setting, equivariant K-theory has
been studied for a long time (see [78]), and there are also several notions of equivariant
cohomology. However, orbifold K-theory is in the focus of interest only since the rise
of global quotients in string theory [24]. Physicists also expected that orbifold Hodge
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numbers should coincide with the Hodge numbers of a crepant resolution. This is
indeed the case, see [4]. The question of providing orbifold cohomology with a good
multiplication is delicate: Chen and Ruan introduced a product [22] and conjectured
that there is a ring isomorphism H∗([Y/G]) ∼= H∗(Ỹ) for a hyperkähler orbifold Y on
which G acts by symplectic automorphisms such that the crepant resolution Ỹ is also
hyperkähler. This has been confirmed up to minor sign changes for Hilbert schemes [27,
§3] and for generalised Kummer varieties [19]. Furthermore, Fantechi and Göttsche
point out [27, §2] that the conjecture of Chen and Ruan fails in general with rational
coefficients in the orbifold cohomology. It can be seen, however, that one obtains a ring
isomorphism using complex coefficients. In Section 4.3, we deal with Kummer surfaces;
in this case everything works out nicely.

3.3 Groups of equivariant autoequivalences

Let Y and Y′ be smooth projective varieties on which a finite group G acts. Then we
have induced actions on Y × Y′ by G2 and, diagonally, by G. The latter will be called
the G∆-action of G on Y × Y′.

Take an object P ∈ DG∆(Y ×Y′) so that P is a complex of sheaves on Y ×Y′ equipped
with a G∆-linearisation λg : P ∼→ (g, g)∗P. We construct a new object from this via

G · P := InfG2

G∆
(P) = m∗qG∆∗ p∗P

where p : G2 × Y × Y′ → Y × Y′ and q : G2 × Y × Y′ → G2 ×G∆
(Y × Y′) are the

projections and m : G2 × Y × Y′ → Y × Y′ is the multiplication. Note that

p∗P = P ⊠ OG2 =
⊕

g∈G2

(P, g)

q∗p∗P =
⊕

[g]∈G2/G∆

(P⊕#G, [g])

qG∆∗ p∗P =
⊕

[g]∈G2/G∆

(P, [g])

m∗qG∆∗ p∗P =
⊕

[g]∈G2/G∆

[g]∗P

and so

G · P =
⊕

g∈G

(g, 1)∗P

where the last equality relies on the fact that the (g, 1)’s for g ∈ G represent the cosets
in G2/G∆. Accordingly, we will call G · P the left inflation of P. In the explicit shape of
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the last formula, the G2-linearisation is given by the isomorphisms for a, b ∈ G

(a, b)∗G · P =
⊕

g∈G

(a, b)∗(g, 1)∗P =
⊕

g∈G

(ga, b)∗P

=
⊕

g∈G

(b−1ga, 1)∗(b, b)∗P ∼=λ

⊕

g∈G

(b−1ga, 1)∗P ∼=a,b G · P

where all isomorphisms denoted ’=’ are canonical, the one labelled ’∼=λ’ comes from the
given G∆-linearisation λ on P, and the one labelled ’∼=a,b’ is the obvious permutation of
summands. Hence using G · P ∈ DG2

(Y × Y′), we get an equivariant Fourier-Mukai
transform FMG·P : DG(Y) → DG(Y′). We will also use the notation FM

G
P := FMG·P.

Example 3.15. The structure sheaf O∆ of the diagonal ∆ ⊂ Y × Y has a canonical G∆-
linearisation. The left inflation of O∆ is G · O∆ =

⊕
g∈G O(g,1)∆, and its G2-linearisation

πh,k is given by the permutation of summands via G → G, g 7→ kgh−1.
For an object (F, λ) ∈ DG(Y), the pull-back p∗1F is G2-linearised by λh,k = p∗1λh :

p∗1F ∼→ (h, k)∗ p∗1F. Note that λh,k = λh,1 for all k ∈ G. The G2-linearisation of the tensor
product G · O∆ ⊗ p∗1F =

⊕
g∈G(1, g)∗F is µh,k = πh,k ⊗ λh,k; this acts on h∗F via λh and

permutes summands as πh,k in view of (h, k)∗
⊕

g∈G(1, g)∗F =
⊕

g∈G(1, k−1gh)∗h∗F.
Next consider the push-forward: p2∗(G · O∆ ⊗ p∗1F) =

⊕
g∈G g∗F. It is G2-linearised

via p2∗µh,k; the matrices for the push-forward are the same as for µ. The difference is
just that G × 1 now acts trivially.

Taking G × 1-invariants: consider
⊕

g∈G g∗F with its G × 1-linearisation given by
p2∗µh,1; this acts by λh and permuting summands according to g 7→ gh−1. The invariant
part can be written as F ∼→ [

⊕
g∈G g∗F]G×1, the map being the direct sum of the isomor-

phisms λg−1 : F ∼→ g∗F. In words, this amounts to a kind of diagonal inside
⊕

g∈G g∗F.
The important thing is that [

⊕
g∈G g∗F]G×1 inherits a G-linearisation from the 1× G-part

of p2∗µ. We see that the latter uses only permutations of summands. However, due to
the form of [

⊕
g∈G g∗F]G×1 just described, we see that this means exactly equipping F

with the linearisation λ. To conclude, the Fourier-Mukai kernel G · O∆ transforms the
object (F, λ) ∈ DG(Y) into itself. In other words, FM

G
O∆

= id : DG(Y) → DG(Y).

Remark 3.16. G∆-linearised kernels are well behaved with respect to compositions.
To substantiate this claim, we will associate to two objects (P, λ) ∈ DG∆(Y × Y′) and
(Q, µ) ∈ DG∆(Y′ × Y′′) a new one (R, ν) ∈ DG∆(Y × Y′′) as follows: first put R := Q ⋆ P,
so that FMR = FMQ ◦ FMP as functors D(Y) → D(Y′′). Composing the isomorphisms
λ(g,g) : P ∼→ (g, g)∗P and µ(g,g) : Q ∼→ (g, g)∗Q in the sense of correspondences, we get

ν(g,g) := µ(g,g) ⋆ λ(g,g) : Q ⋆ P ∼→ (g, g)∗Q ⋆ (g, g)∗P = (g, g)∗(Q ⋆ P),

the latter isomorphism (g, g)∗Q ⋆ (g, g)∗P ∼→ (g, g)∗(Q ⋆ P) being completely canonical.
The required compatibilities follow at once from the cocycle conditions of λ and µ.
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Lemma 3.17. For P ∈ DG∆(Y × Y′), a G∆-linearised complex on Y × Y′, we have
(i) For any F ∈ DG(Y), the two objects for(FM

G
P (F)) ∈ D(Y′) (i.e. disregarding the

linearisation) and FMP(F) coincide. More precisely, there is a commutative diagram

DG(Y)
FM

G
P //

for
��

DG(Y′)

for
��

D(Y)
FMP // D(Y′)

(ii) The left inflation is compatible with composition, i.e. FM
G
Q ◦ FM

G
P = FM

G
Q⋆P for kernels

P ∈ DG∆(Y × Y′) and Q ∈ DG∆(Y′ × Y′′) where Q ⋆ P is G∆-linearised as above.
(iii) FMP : D(Y) → D(Y′) fully faithful =⇒ FM

G
P : DG(Y) → DG(Y′) fully faithful.

(iv) FMP : D(Y) ∼→ D(Y′) equivalence =⇒ FM
G
P : DG(Y) ∼→ DG(Y′) equivalence.

Proof. For (i) note that Example 3.15 demonstrates the claim for P = O∆. Now take any
object F ∈ DG(Y) and denote its G-linearisation by λ. Then, we have from the definition
of equivariant Fourier-Mukai transforms

FMG·P = FM
G
P : DG(Y) → DG(Y), F 7→ [p2∗(G · P ⊗ p∗1F)]G×1.

The G × 1-linearisation of G · P is given by permutations (the G∆-linearisation of P does
not enter). Since p2∗((g, 1)∗P ⊗ p∗1F) = p2∗(g, 1)∗(P ⊗ p∗1g−1∗F) = p2∗(P ⊗ p∗1F), we see
that (exactly as in the case P = O∆ studied above) p2∗(G · P ⊗ p∗1F) ∼=

⊕
G p2∗(P ⊗ p∗1F)

and G × 1 acts with permutation matrices where the 1’s are replaced by p∗1λg’s. Again
taking G× 1-invariants singles out a subobject of this sum isomorphic to one summand.

A morphism f : F1 → F2 in DG(Y) is analogously first taken to a G-fold direct sum.
The final taking of G × 1-invariants then leaves one copy of FMP( f ).

(ii) The composite FMG·Q ◦ FMG·P has the kernel

(G · Q) ⋆ (G · P) = [p13∗(p∗12(G · P) ⊗ p∗23(G · Q))]1×G×1

= [p13∗(p∗12

⊕

g∈G

(g, 1)∗P ⊗ p∗23

⊕

h∈G

(h, 1)∗Q)]1×G×1

∼= [p13∗(p∗12

⊕

g∈G

(g, 1)∗P ⊗ p∗23

⊕

h∈G

(1, h−1)∗Q)]1×G×1

= [
⊕

g,h∈G

p13∗(g, 1, h−1)∗(p∗12P ⊗ p∗23Q)]1×G×1

= [
⊕

g,h∈G

(g, h−1)∗p13∗(p∗12P ⊗ p∗23Q)]1×G×1.

Now note that (1, c, 1) ∈ 1 × G × 1 acts on (G · Q) ⋆ (G · P) via permutations (inverse
multiplications from left) and λ on P, and (1, c, 1) acts purely by permutations (which
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are multiplications from right) on Q. Plugging this into the last equation, we find
that after taking invariants we end up with

⊕
d∈G(d−1, d)∗p13∗(p∗12P ⊗ p∗23Q). Since the

(d−1, d)’s give all classes in G2/G∆, we find that (G · Q) ⋆ (G · P) ∼= G · (Q ⋆ P).
(iii) Fix two objects (A1, λ1), (A2, λ2) ∈ DG(Y) and recall that for : DG(Y) → D(Y) is

the functor forgetting linearisations, so that for(A1), for(A2) ∈ D(Y) are the underlying
complexes. By definition of morphisms in DG(Y), we have a diagram

HomD(Y)(for(A1), for(A2)) ∼ // HomD(Y′)(FMP(for(A1)), FMP(for(A2)))

HomD(Y)(for(A1), for(A2))
G

?�

OO

HomD(Y′)(for(FMG·P(A1)), for(FMG·P(A2)))
G

?�

OO

HomDG(Y)(A1, A2) // HomDG(Y′)(FMG·P(A1), FMG·P(A2))

and, by assumption, the topmost morphism is a bijection. Thus the lower map of the
diagram is injective, and hence FMG·P is faithful. To see that FMG·P is full as well,
consider the following variation of the former diagram

HomD(Y)(for(A1), for(A2)) ∼ //

ϑ
����

HomD(Y′)(FMP(for(A1)), FMP(for(A2)))

ϑ
����

HomD(Y)(for(A1), for(A2))
G HomD(Y′)(for(FMG·P(A1)), for(FMG·P(A2)))

G

HomDG(Y)(A1, A2) // HomDG(Y′)(FMG·P(A1), FMG·P(A2))

using the averaging morphism (which is often called Reynolds operator)

ϑ : HomD(Y)(for(A1), for(A2)) → HomD(Y)(for(A1), for(A2)),

f 7→ 1
#G ∑

g∈G

(λ2,g)
−1 ◦ g∗ f ◦ λ1,g.

Using the defining property λgh = h∗λg ◦ λh of linearisations repeatedly, we find

h∗ϑ( f ) ◦ λ1,h =
1

#G ∑
g∈G

h∗(λ2,g)
−1 ◦ h∗g∗ f ◦ h∗λ1,g ◦ λ1,h

=
1

#G ∑
l∈G

h∗(λ2,lh−1)−1 ◦ l∗ f ◦ h∗λ1,l (l := gh)

=
1

#G ∑
l∈G

h∗(λ2,h−1)−1 ◦ λ−1
1,l ◦ l∗ f ◦ λ1,l

= λ2,h ◦ ϑ( f )
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which shows that ϑ( f ) is indeed G-invariant. We obviously have ϑ( f ) = f if and only
if f is a G-invariant morphism. In particular, ϑ is surjective. The assumption that the
functor FMP is full then implies the same property for FMG·P.

(iv) follows from (ii) and Example 3.15: let FMP : Db(Y) ∼→ Db(Y′) be an equiva-
lence. Then, Q = Hom(P,OY×Y′) ⊗ p∗YωY[dim(Y)] is the Fourier-Mukai kernel of a
quasi-inverse for FMP. Using the canonical G-linearisation for ωY (see Example 3.3), Q
inherits a G∆-linearisation such that (G ·Q) ⋆ (G · P) ∼= (O∆Y

, can) and (G · P) ⋆ (G ·Q) ∼=
(O∆Y′ , can). Hence, G · P is an equivalence kernel as was P.

Let us introduce some groups of autoequivalences; the last one by means of kernels:

Aut(D(Y)) = {FMP : D(Y) ∼→ D(Y)}
Aut(D(Y))G∆ := {FMP ∈ Aut(D(Y)) : P is G∆-invariant}
Aut(DG(Y)) = {FMP̃ : DG(Y) ∼→ DG(Y) : P̃ ∈ DG2

(Y × Y)}
AutG∆(D(Y)) := {(P, λ) ∈ DG∆(Y × Y) : FMP ∈ Aut(D(Y))}.

Aut(D(Y)) and Aut(DG(Y)) are the usual groups of exact autoequivalences of the tri-
angulated categories D(Y) and DG(Y). The description of Aut(D(Y)) given above uses
Orlov’s Theorem 1.7 that all equivalences have Fourier-Mukai kernels. In [50], Kawa-
mata proves a similar theorem for smooth stacks associated to normal projective vari-
eties with quotient singularities. Since [Y/G] is such a stack, and due to Coh([Y/G]) ∼=
CohG(Y), the derived category DG(Y) possesses likewise Fourier-Mukai kernels for all
equivalences. Using FM(g,h)∗P = g∗ ◦ FMP ◦ (h−1)∗, we see from

Aut(D(Y))G∆ = {FMP ∈ Aut(D(Y)) : P is G∆-invariant}
= {FMP ∈ Aut(D(Y)) : (g, g)∗P ∼= P ∀g ∈ G}
= {FMP ∈ Aut(D(Y)) : g∗ ◦ FMP = FMP ◦ g∗ ∀g ∈ G}

that Aut(D(Y))G∆ is the centraliser of the subset {g∗ : g ∈ G} inside Aut(D(Y)), hence
a subgroup. Finally, we have already endowed AutG∆(D(Y)) with a product in Remark
3.16 above. Example 3.15 shows that (O∆, can) is a neutral element. Inverses exist in
AutG∆(D(Y)) because of the arguments in the proof of part (iv) above. Some relations
between these groups follow:

Proposition 3.18. Let the finite group G act on the smooth projective variety Y.
(i) The construction of inflation gives a group homomorphism inf which fits in the following

exact sequence, where Z(G) ⊂ G is the centre of G:

0 //Z(G) // AutG∆(D(Y))
inf

// Aut(DG(Y))

(P, ρ) � // FM
G
(P,ρ)
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(ii) Forgetting the G∆-linearisation gives a group homomorphism for which sits in the fol-
lowing exact sequence; here Gab := G/[G, G] is the abelianised group:

0 //Gab
// AutG∆(D(Y))

for
// Aut(D(Y))G∆ //H2(G, C∗)

(P, ρ) � // FMP
� // [P]

Remark 3.19. Compare two ways to associate an abelian group to the finite group G.
Firstly, the centre Z(G) is a commutative subgroup of G. Secondly, there is the quo-
tient Gab = G/[G, G]. If G is abelian, then we have G = Z(G) = Gab, of course. In
general, there is no relation between Z(G) and Gab. Note that Ĝ = Hom(G, C∗) =

Hom(Gab, C∗) ∼= Gab where the last isomorphism is not canonical. Also note that
Hom(G, C∗) = H1(G, C∗) as G acts trivially on C∗.

Remark 3.20. The image of inf is rather big as the map has finite kernel. On the other
hand, there is no reason to expect it to be surjective. See the next section on Hilbert
schemes or Section 4.3 on Kummer surfaces for specific examples.

Question 3.21. Is the morphism Aut(D(Y))G∆ → H2(G, C∗) surjective in general?

Proof. (i) It follows from Lemma 3.17 and Example 3.15 that inf is a group homomor-
phism. The kernel ker(inf ) consists of (P, λ) ∈ DG∆(Y2)) giving equivalences such that
G · P ∼= G · O∆. Obviously, this forces P to be a sheaf of type P ∼= (g, 1)∗O∆ for some
g ∈ G. Now (g, 1)∗O∆ is G∆-invariant if and only if g ∈ Z(G) as (h, h)∗(g, 1)∗O∆ =

(gh, h)∗O∆
∼= (gh, h)∗ (h−1, h−1)∗O∆ = (h−1gh, 1)∗O∆. This in turn implies that the iso-

morphism (g, 1) : Y2 ∼→ Y2 is a G∆-map. In particular, P ∼= (g, 1)∗O∆ gets the pulled
back G∆-linearisation. Giving O∆ a G∆-linearisation λ ∈ Ĝ different from the unit char-
acter yields G · (O∆, λ) 6∼= G · (O∆, id); this follows for example from the uniqueness of
Fourier-Mukai kernels. Both facts together imply ker(inf ) ∼= Z(G).

(ii) It is obvious from the definition of AutG∆(D(Y)) that for is a group homomor-
phism. The kernel of for corresponds to the G∆-linearisations on O∆. From Lemma
3.5, we see that they form a group isomorphic to Ĝ. Given FMP ∈ Aut(D(Y))G∆ , we
know from Lemma 1.12 that its Fourier-Mukai kernel P is simple. Furthermore, it is
G∆-invariant by assumption, so that the map FMP 7→ [P] is defined as in Lemma 3.5.
To see that it is a group homomorphism, take two G∆-invariant kernels P, Q ∈ D(Y2).
Choose isomorphisms λg : P ∼→ (g, g)∗P and µg : Q ∼→ (g, g)∗Q for all g ∈ G. Then we
have λgh = (h, h)∗λg ◦ λh · [P]g,h and likewise for Q, µ. Furthermore, the composition of
λg and µg gives an isomorphism µg ⋆ λg : Q ⋆ P ∼→ ((g, g)∗Q) ⋆ ((g, g)∗P) and the latter
term is canonically isomorphic to (g, g)∗(Q ⋆ P). Then µg,h ⋆ λgh = (h, h)∗(µg ⋆ λg) ◦
(µh ⋆ λh) · [Q ⋆ P]g,h. The formula (B ◦ A) ⋆ (D ◦ C) ∼= (B ⋆ D) ◦ (A ⋆ C) for morphisms
P′′ B−→ P′ A−→ P and Q′′ D−→ Q′ C−→ Q implies [Q ⋆ P]g,h = [Q]g,h · [P]g,h. Now it is
obvious that [·] ◦ for = 0 and finally FMP ∈ Aut(Db(X))G with [P] = 0 implies that P is
G∆-linearisable by Lemma 3.5.

51



3.4 An application: Hilbert schemes of points

Let Y be a variety with trivial canonical bundle and consider its n-fold product Yn. We
consider the obvious Sn-action on Yn via permutation of factors. If P ∈ D(Y × Y) is the
kernel of a Fourier-Mukai equivalence, then P⊠n = p∗1P ⊗ · · · ⊗ p∗nP ∈ D((Y2)n) gives
another equivalence FMP⊠n : D(Yn) → D(Yn). By permuting tensor factors, we obtain
a (Sn)∆-linearisation on P⊠n. We get a group homomorphism

Aut(D(Y)) → Aut(Sn)∆(D(Yn)) → Aut(DSn(Yn));

the first map sends an equivalence FMP : D(Y) ∼→ D(Y) to P⊠n ∈ D(Sn)∆(Yn × Yn) with
the canonical linearisation from permuting factors; the second map is inf .

In some cases, the right hand side can be described by derived McKay correspon-
dence. For example, if Y is a surface, then its Hilbert scheme of n points Hn := Hilbn(Y)

is a crepant resolution of SnY = Yn/Sn. Furthermore, there is the following well-known
result from Haiman [34, §5.1]:

Theorem 3.22 (Haiman). For a smooth projective surface Y, there is an isomorphism

Hilbn(Y) ∼= Sn-Hilb(Yn)

of the Hilbert scheme of n points on Y with the Nakamura-Hilbert scheme of Sn-clusters in Yn.

In order to invoke the derived McKay correspondence, we assume that ωY
∼= OY is

trivial and make use of the symplectic setting: Yn is a holomorphic symplectic manifold
with symplectic form p∗1ω + · · · + p∗nω ∈ H0(Ω2

Yn) where 0 6= ω ∈ H0(Ω2
Y) and pi :

Yn → Y are the projections. Obviously the permutation automorphisms leave this
form fixed, so that we have a symplectic Sn-action on Yn. Furthermore, the quotient
SnY = Yn/Sn has trivial canonical bundle, and hence Hilbn(Y) → SnY is a crepant
resolution. Summing up, we are now in a position to cite Remark 3.13, in order to
obtain an equivalence D(Hilbn(Y)) ∼= DSn(Yn). The resulting map

Aut(D(Y)) → Aut(D(Hilbn(Y)))

is injective as the centre of Sn is trivial for n > 2, and because for n = 2 the sheaf
O∆×∆ with the non-canonical (S2)∆-linearisation is not in the image of Aut(D(Y)) →
Aut(S2)∆(D(Y2)).

Now we specialise to the case of K3 surfaces. See Section 2.1 for basic facts about
those surfaces and their derived categories.

Proposition 3.23. Let X1 and X2 be two projective K3 surfaces, and let H1 := Hilbn(X1) and
H2 := Hilbn(X2) be their Hilbert schemes of n points. If H1 and H2 are birationally equivalent,
then the derived categories are equivalent: D(H1) ∼= D(H2).
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Proof. The birational isomorphism f : H1 99K H2 induces a map f ∗ : H2(H1) → H2(H2),
because the locus of indeterminacy has codimension ≥ 2. Actually, f ∗ is an isomor-
phism respecting the Hodge structures since H1 and H2 are symplectic [33]. From the
crepant resolution H1 → Xn

1 /Sn, we find H2(X1) ⊂ H2(H1), and only the exceptional
divisor E1 ⊂ H1 is missing: H2(H1) = H2(X1) ⊕ Z · δ1 with 2δ1 = E1. In particular, as
[E1] is obviously an algebraic class, the transcendental sublattices coincide: T(X1) =

T(H1). Hence, the birational isomorphism furnishes an isometry T(X1) ∼= T(X2).
Orlov’s derived Torelli Theorem 2.3 in turn implies D(X1) ∼= D(X2). But now we are in
a position to apply the above result on lifting equivalences from K3 surfaces to Hilbert
schemes. In explicit terms, a Fourier-Mukai equivalence FMP : D(X1)

∼→ D(X2) gives
rise to the canonically (Sn)∆-linearised kernel P⊠n := P ⊠ · · · ⊠ P ∈ D((X1 × X2)

n). Us-
ing Lemma 3.17, one sees FM

Sn

P⊠n : DSn(Xn
1 ) ∼→ DSn(Xn

2 ). Utilising Haiman’s result and
derived McKay correspondence as above, we find D(H1) ∼= D(H2), as claimed.

Remark 3.24. A K3 surface has only finitely many Fourier-Mukai partners [14, Proposi-
tion 5.3], hence there are also only finitely many birationally equivalent Hilbert schemes
of n points. Note how this remark and the proposition support the conjectures (C) and
(DK) stated in Section 1.4.

Example 3.25. We give a very concrete construction for a birational map of Hilbert
schemes. Let X be a smooth hypersurface of degree 4 in P3, so that X is a K3 surface.
For two points x, y ∈ X, we denote by l(x, y) the line in P3 through x and y. As X
is a quartic, the intersection l(x, y) ∩ X contains two further points x′ and y′, at least
generically. This procedure yields a rational map

f : Hilb2(X) //___ Hilb2(X), z 7→ z′ such that l(z) ∩ X = z ∪ z′

where we extend the above description in the obvious way to tangent vectors. The
exceptional locus consists of those 2-cycles z such that the total multiplicity of z at X
is more than 2. For sufficiently general hypersurfaces X, this locus is actually empty;
in this case f is a morphism of varieties. Note that f ◦ f = id, as rational maps. In
particular, if f is defined everywhere, it is an involution.

It would be very nice though, to have a concrete example of non-isomorphic bira-
tional Hilbert schemes.

Example 3.26. However, one should not expect a homomorphism Bir(Hilbn(X)) →
Aut(D(Hilbn(X))): the passage from an isometry of the transcendental K3 lattice to an
autoequivalence of D(X) is not canonical.

Remark 3.27. Markman [54] gives an example of non-birational Hilbert schemes H1

and H2 such that H2(H1) ∼= H2(H2). This shows that the first step of the above proof
is not reversible. As we still find D(H1) ∼= D(H2) using the further reasoning from the
above proof, this produces another example for non-birational D-equivalent varieties.
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4 Autoequivalences for abelian varieties and Kummer surfac es

4.1 Derived categories of abelian varieties: results of Muk ai and Orlov

Let A be an abelian variety of dimension g. We introduce the ubiquitous morphisms:

m : A × A → A, (a1, a2) 7→ a1 + a2 group law
µ : A × A → A × A, (a1, a2) 7→ (a1 + a2, a2)

−1 : A → A, a 7→ −a group inversion
ta : A → A, x 7→ a + x translation for fixed a ∈ A

Topologically A is a 2g-torus, hence we have dim Hi(A, Z) =
(2g

i

)
. Furthermore the

cotangent bundle is free, and in particular tdA = 1. We denote the dual abelian variety
by Â := Pic0(A). It consists of all line bundles of trivial first Chern class. These fulfill
furthermore (−1)∗α ∼= α∨ and t∗aα ∼= α for all a ∈ A and α ∈ Â. The latter condition
can also be taken as an algebraic definition of Â ⊂ Pic(A). Any line bundle L ∈ Pic(A)

gives rise to a morphism

ϕL : A → Â, a 7→ t∗a L ⊗ L∨.

The pair (A, L) is called principally polarised if ϕL : A ∼→ Â is an isomorphism. This is
the case if and only if L is ample and dim H0(L) = 1 is minimal. The other extreme is
ϕL = 0 which is the case precisely if L ∈ Â. See [63] for details.

The Poincaré bundle is a distinguished line bundle P ∈ Pic(A × Â). It is uniquely
characterised by the two properties P|A×{α} ∼= α for all α ∈ Â and P|{0}×Â

∼= OÂ.

Mukai used in [61] P as a kernel in both directions, i.e. FMP : D(Â) → D(A) and FM
t
P :

D(A) → D(Â). Note that the universal property of P can be restated by FMP (k(α)) ∼= α

for all α ∈ Â and FM
t
P (k(0)) = OÂ.

Theorem 4.1 (Mukai). For all a ∈ A and α ∈ Â

FM
t
P ◦ FMP ∼= (−1Â)∗[−g], FMP ◦ FM

t
P ∼= (−1A)∗[−g],(i)

Mα∨ ◦ FMP ∼= FMP ◦ t∗α, FMP ◦ MPa
∼= t∗a ◦ FMP .(ii)

Proof. For the crucial formula (i) see [61, Theorem 2.2]. Formula (ii) appears together
with many more relations in [61, §3]. In (ii), we denote Pa := P{a}×Â ∈ Pic0(Â).

In particular, FMP : D(A) ∼→ D(Â) is an equivalence. And in case (A, L) is principally
polarised, we get an autoequivalence FMP ∈ Aut(D(A)). Under this condition, Mukai
established the relation (ML ◦ FMP )3 = [−g]. Together with FM

4
P = [−2g] from the

theorem, this induces an action SL2(Z) → Aut(D(A))/Z · [1] via
( 1

1
0
1

)
7→ ML and( 0

1
−1

0

)
7→ FMP .
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A big achievement towards the understanding of Aut(D(A)) has been made by Orlov
in [72]. For example, he shows the following very remarkable property of Fourier-
Mukai kernels on abelian varieties:

Theorem 4.2 (Orlov). Let A and B be two abelian varieties. If FMP : D(A) ∼→ D(B) is a
Fourier-Mukai equivalence with kernel P, then P ∈ D(A × B) is isomorphic to a shifted sheaf,
i.e. P ∼= hi(P)[−i] for an i ∈ Z.

Proof. Confer [72, Proposition 2.9]. Among manifolds with K = 0, this feature seems
to be peculiar for abelian varieties. However, it also holds for varieties of Fano type
or with trivial canonical class. Iterating the spherical reflection functors of Section
1.3 produces Fourier-Mukai kernels which necessarily must have homology at several
places (in dimension at least 2 and if orthogonal objects exist): T

5
E(E) = E[5 − 5d] and

T
5
E(C) = C if Hom∗(E, C) = 0; but no shifted sheaf on Y × Y can have homology in de-

grees 5d − 5 > 2d apart. Note how the absence of spherical objects for abelian varieties
of Lemma 1.32 ties in with the general statement of the theorem.

To describe Orlov’s picture of Aut(D(A)), we have to introduce the following group:

Sp(A × Â) :=
{(

f1
f3

f2
f4

)
∈ Aut(A × Â) :

(
f1
f3

f2
f4

)(
f̂4

− f̂3

− f̂2

f̂1

)
=
(

idA
0

0
idÂ

)}

which is the group of symplectic automorphisms of A × Â with respect to the natural
symplectic form on A × Â. It was also studied by Mukai [62].

Example 4.3. Consider the case of a principally polarised abelian variety (A, L). Then,
there is a faithful representation SL(2, Z) →֒ Sp(A × Â) using the obvious morphisms
idA : A ∼→ A, ϕL : A ∼→ Â, ϕ̂L : Â ∼→ A and idÂ : Â ∼→ Â. Additionally, let us assume
that A is an abelian variety with End(A) = Z. Then, the just listed four isomorphisms
are unique up to integer scalars, so f1 = n1 idA, f4 = n4 idÂ, f3 = n3ϕL and f2 = n2 ϕ̂L

for some n1, n2, n3, n4 ∈ Z. The relation of Sp(A × Â) translates to n1n4 − n2n3 = 1.
Hence Sp(A × Â) ∼= SL(2, Z) in this situation.

Theorem 4.4 (Orlov). For any abelian variety A, there is an exact sequence of groups

0 // Z × A × Â
η

// Aut(D(A))
γ

// Sp(A × Â) // 0.

Proof. See [72, Theorem 3.7]. The first morphism sends η(n, a, α) := t∗a ◦ Mα[n], using
that shifts, translations and twists by line bundles of degree 0 commute. The morphism
γ is constructed below.

We proceed by explaining how one can associate a symplectic automorphism γ(F)

to an autoequivalence F : D(A) ∼→ D(A). The description below differs slightly from
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the one in [72] in that we suppress mentioning kernels as far as possible. Orlov’s pro-
cedure actually works for a pair of abelian varieties. It pays anyway to distinguish
between source and target in the technical description below. Accordingly, we will
temporarily work with two D-equivalent abelian varieties A and B. An equivalence
F : D(A) ∼→ D(B) induces F−1 : D(B) ∼→ D(A) and (F−1)t : D(A) ∼→ D(B). Recall that
the latter has the same Fourier-Mukai kernel as F−1 and is just considered as a transform
in the other direction. Next, we get an equivalence F × (F−1)t : D(A × A) ∼→ D(B × B)

with the crucial property

FM(F×(F−1)t)(P) = (F−1)t ◦ FMP ◦ Ft : D(B) → D(B)

for any kernel P ∈ D(A × A), as explained in Example 1.6(4). Orlov associates to F the
new transform F sp : D(A × Â) × D(B × B̂) via the following diagram

D(A × Â)

idA ×FMPA
��

F sp
// D(B × B̂)

D(A × A)

µA∗
��

D(B × B)

idB ×FM
−1
PB

OO

D(A × A)
F×(F−1)t

// D(B × B)

µ−1
B∗

OO

Note that in the case A = B the functor F sp is obtained from F × (F−1)t by twofold
conjugation. The deep fact [72, Proposition 2.3] is that F sp takes skyscraper sheaves to
skyscrapers and is by Remark 1.9 of the form F sp = MN(F) ◦ γ(F)∗, up to shift; here
γ(F) : A × Â ∼→ B × B̂ is an isomorphism and N(F) ∈ Pic(B × B̂) a line bundle. The
isomorphism γ(F) is symplectic by [72, Proposition 2.6].

An important feature of this construction is that γ is compatible with composition
[72, Proposition 2.4]. So for equivalences F1 : D(A1)

∼→ D(A2) and F2 : D(A2)
∼→ D(A3)

we have γ(F2) ◦ γ(F1) = γ(F2 ◦ F1) as elements of Sp(A1 × Â1, A3 × Â3). In particular
for A = B, this gives the homomorphism γ : Aut(D(A)) → Sp(A × Â) using that
γ(idD(A)) = idA×Â, which is a special case of the first example below.

Examples 4.5. We will compute the functor F sp : D(A × Â) ∼→ D(B × B̂) for a couple
of Fourier-Mukai equivalences F : D(A) ∼→ D(B). In the case of an autoequivalence
F ∈ Aut(D(A)), this also yields the map γ(F) : A × Â ∼→ A × Â. In every example we
will explicitly calculate F sp(k(a, α)) for a pair (a, α) ∈ A × Â. As can be seen from the
diagram defining F sp, the first two steps are always the same:

(id×FMP )(k(a, α)) = k(a) ⊠ Pα = k(a) ⊠ α

µ∗(k(a) ⊠ α) = (µ−1)∗(p∗1k(a) ⊗ p∗2α) = p∗2α|(p1µ−1)−1(a) = j∗t∗−aα = j∗α
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where j : A →֒ A2, x 7→ (x, x − a); this uses p2µ−1 = p2 and that the preimage
(p1µ−1)−1(a) = {(x, x − a) : x ∈ A} is both the graph of t−a and the image of j.
Note that FMj∗α = t∗a ◦Mα = Mα ◦ t∗a . The next step in the construction of F sp is given by
(F × (F−1)t)(j∗α). As recalled above, calculating this kernel amounts to understanding
the map (F−1)t ◦ Mαt∗a ◦ Ft.
(1) Let us examine the line bundle twist F := ML ∈ Aut(D(A)) for L ∈ Pic(A). Its

Fourier-Mukai kernel ∆∗L is symmetric, so that M
t
L = ML. Accordingly, we find

FM(ML×M
−1
L )(j∗α) = M

−1
L ◦ Mα ◦ t∗a ◦ ML = MϕL(a)⊗α ◦ t∗a . Going the first two steps

backwards, this in turn implies (ML) sp(k(a, α)) = k(a, ϕL(a) + α), so that

γ(ML) =

(
idA 0
ϕL idÂ

)
.

Note that γ(ML) = 1 in Sp(A × Â) if and only if L ∈ Â, in complete accordance
with Orlov’s sequence from Theorem 4.4.

(2) A translation tb : A ∼→ A gives the autoequivalence F := tb∗ = t∗−b ∈ Aut(D(A)).
Then we have Ft = t∗b and thus FM(t∗−b×t∗−b)(j∗α) = t∗−b ◦ Mα ◦ t∗a ◦ t∗b = Mα ◦ t∗a . So we

get (tb∗)
sp(k(a, α)) = k(a, α) and γ(tb∗) = 1 in Sp(A × Â).

(3) Let f : A → A be an automorphism of abelian varieties, i.e. f is a group homo-
morphism as well as an isomorphism of schemes, and consider the equivalence
F := f ∗. In analogy with the preceding example, we have ( f ∗)t = f∗ and this gives
here FM( f ∗× f ∗)(j∗α) = f ∗ ◦Mα ◦ t∗a ◦ ( f−1)∗ = M f ∗(α) ◦ t∗f −1(a). Accordingly, we derive

γ( f∗) =

(
f−1 0
0 f̂

)
.

(4) Lastly, we turn to the Poincaré bundle P ∈ Pic(A × Â). For notational sanity’s
sake, let us consider the transpose, i.e. F := FM

t
P : D(A) ∼→ D(Â). Then we find

FM(F×(F−1)t)(j∗α) = FM
−1
P ◦ Mα ◦ t∗a ◦ FMP = t∗α∨ ◦ FM

−1
P ◦ FMP ◦ MPa = t∗−α ◦ MPa ,

using Theorem 4.1(ii). This shows

γ(FM
t
P ) =

(
0 − idÂ

idA 0

)
, γ(FMP ) =

(
0 idÂ

− idA 0

)
.

Remark 4.6. Assume that (A, L) is a principally polarised abelian variety with minimal
endomorphisms: End(A) = Z. Then, by Example 4.3, we have Sp(A × Â) ∼= SL(2, Z).
We compare the two group homomorphisms from Mukai and Orlov, respectively:

SL(2, Z) → Aut(D(A))/Z · [1]
( 1

1
0
1

)
7→ ML,

( 0
1

−1
0

)
7→ FMP

Aut(D(A)) → SL(2, Z) ML 7→
( 1

1
0
1

)
, FMP 7→

( 0
1

−1
0

)
.

The second line uses Examples 4.5(1), (4). Note that this gives, up to shifts, a splitting
of the exact sequence from Theorem 4.4 in this situation. Actually more is true: said
sequence really splits whenever A is principally polarised [75].
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4.2 Equivariant equivalences for the involution action

An abelian variety has a natural involution action from the group law, so that the group
is G = {idA,− idA}. Ultimately, we want to apply Proposition 3.18 from the last chapter
in this situation. The statement itself gives two group homomorphisms

inf : AutG∆(D(A)) → Aut(DG(A))

for : AutG∆(D(A)) →→ Aut(D(A))G∆

both of which have kernel isomorphic to G.
The first question is which autoequivalences of D(A) are G-linearisable. According

to Lemmas 1.12 and 3.5 and aware of H2(G, C∗) = 0, we have to look for G∆-invariant
Fourier-Mukai kernels. These are just equivalence kernels E ∈ D(A × A) such that
(−1,−1)∗E ∼= E , or in other terms, such that (−1)∗ ◦ FME ◦ (−1)∗ = FME . Recall that
Aut(D(A))G∆ ⊂ Aut(D(A)) is the subgroup of G-invariant autoequivalences.

Examples 4.7.

(1) Consider the Poincaré bundle P ∈ D(A × Â). We have by its universal property
(−1,−1)∗P|A×{α} = (−1)∗α∨ = α = P|A×{α} and furthermore P is normalised by
(−1,−1)∗P|{0}×Â = (−1,−1)∗OÂ = OÂ = P|{0}×Â. The seesaw theorem yields
(−1,−1)∗P ∼= P and if A is principally polarised, then FMP ∈ Aut(D(A))G∆ .

(2) If we have a product decomposition A = A1 × A2 with A1 principally polarised,
then FMp∗1P1 = FMP1 × idA2 ∈ Aut(D(A))G∆ .

(3) The twist ML for a line bundle L ∈ Pic(A) is G-invariant if and only if (−1)∗L ∼= L.
This is the case for the (2g)2 different 2-torsion line bundles of degree 0 which
correspond to Â[2] ⊂ Pic(A). However, there are many more G-invariant line
bundles on A, for example L ⊗ (−1)∗L for any L ∈ Pic(A). Thus, we find Â[2] ⊂
Aut(D(A))G∆ and Pic(A) → Aut(D(A))G∆ , L 7→ L ⊗ (−1)∗L. The latter map has
kernel Â ⊂ Pic(A), so that we get a faithful representation of the Neron-Severi
group NS(A) = Pic(A)/Â →֒ Aut(D(A))G∆ .

(4) We can also look for G-invariant morphisms of A. Note that a translation ta is G-
invariant if and only if a is 2-torsion, i.e. 2a = 0. Furthermore, every isomorphism
of A as an abelian variety, i.e. an element of AutAV(A) := { f : A ∼→ A : f (0) = 0},
is G-invariant. Using the obvious action of AutAV(A) on A[2], we find a semidirect
product subgroup A[2] ⋊ AutAV(A) →֒ Aut(D(A))G∆ .

Returning to general equivalences of D(A), we use Orlov’s exact sequence of Theo-
rem 4.4 to produce a G-invariant equivalent.

Proposition 4.8. If A is an abelian variety and G = {± idA}, then there is an exact sequence

0 // Z × A[2] × Â[2]
η

// Aut(D(A))G∆
γ

// Sp(A × Â) // 0

where A[2] ⊂ A and Â[2] ⊂ Â are the subgroups consisting of all 2-torsion points.
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Proof. We start with 0 → Z × A × Â → Aut(D(A)) → Sp(A × Â) → 0 which is the
exact sequence from Theorem 4.4. Note that G acts in a compatible way on each term:
via conjugation by (−1)∗ on Aut(D(A)), hence via conjugation by γ((−1)∗) = − idA×Â

on Sp(A × Â) which is the trivial action, and via idZ ×(− idA)× (− idÂ) on Z × A × Â.
The last action follows from (−1)∗ ◦ ta∗ ◦ Mα ◦ (−1)∗ = t(−a)∗ ◦ Mα∨ . Taking invariants
with respect to this G-action we get the exact sequence from the proposition, possibly
without the righthand 0. To check surjectivity at the righthand side, we have to cal-
culate H1(G, Z × A × Â). First we get H1(G, Z) = Hom(G, Z) = 0 because Z has
the trivial G-action. Using the description of group cohomology given in Section 3.1
we find next that Z1(G, A) ∼→ A, f 7→ f (−1). On the other hand, under this isomor-
phism the 1-boundaries correspond to the subgroup −2A. Now A is divisible and
hence H1(G, A) ∼= A/(−2)A = 0. Performing a similar argument with Â in place of A,
we deduce H1(G, Z × A × Â) = 0, so that the sequence of G-invariants above is indeed
exact.

Example 4.9. In the case where A is principally polarised we can interpret this new
sequence in the following manner: after Polishchuk [75] the exact sequence of Theorem
4.4 splits. Hence every autoequivalence F ∈ Aut(D(A)) determines and is determined
by an isomorphism γ(F) : A × Â ∼→ A × Â and a line bundle N(F) ∈ Pic(A × Â) and,
strictly speaking, an integer shift. This data (γ(F), N(F)) gives rise to an element of
Aut(D(A))G∆ if and only if the line bundle N(F) is G-invariant.

Example 4.10. Fix an arbitrary line bundle L ∈ Pic(A). In general we will have to face
(−1)∗L 6∼= L so that ML is not G-invariant. However, the line bundle L−1 ⊗ (−1)∗L
always has degree 0. This is obvious over C and follows from the theorem of the square
in general [63, §8]. As Â is divisible, we can choose a square root α of L−1 ⊗ (−1)∗L,
so that (−1)∗(L ⊗ α) ∼= L ⊗ α. This implies (−1)∗ ◦ ML⊗α = ML⊗α ◦ (−1)∗ and hence
ML⊗α ∈ Aut(D(A))G∆ is a G-invariant preimage of γ(ML).

Remark 4.11. Generalising this example, for any autoequivalence F : D(A) ∼→ D(A)

the image γ(F) ∈ Sp(A × Â) has a G-invariant preimage F′ ∈ Aut(D(A))G∆ . Hence F
and F′ differ by an equivalence of the form η(n, a, α) for some (n, a, α) ∈ Z × A × Â so
that F = F′ ◦ η(n, a, α). In other words, F ◦ η(0,−a, α∨) is G-invariant.

Remark 4.12. Consider now two D-equivalent abelian varieties A and B from the out-
set. As explained after Theorem 4.4, one can to an equivalence F : D(A) ∼→ D(B) still
associate a symplectic isomorphism γ(F) : A × Â ∼→ B × B̂. However, by leaving the
realm of automorphism groups, the methods used above break down. In particular, it is
not clear, whether there is a G-invariant equivalence D(A) ∼→ D(B). See the last Section
4.4 for a concrete instance of this question.
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4.3 The Kummer case

Here we deal with an abelian surface A and its corresponding Kummer surface X. By
the derived McKay correspondence as stated in Theorem 3.12, the universal subscheme
Z ⊂ X × A gives an equivalence

Ξ := FMOZ : D(X) ∼→ DG(A).

It induces an isomorphism of groups of autoequivalences via

ξ : Aut(DG(A)) ∼→ Aut(D(X)), F 7→ ξ(F) := Ξ−1 ◦ F ◦ Ξ.

Examples 4.13. We continue by giving a couple of instances of this.
(1) It is a trivial observation that ξ maps a shift [n] to itself. Note that the left inflations

of O∆ and O(1,−1)∆ coincide, where (1,−1)∆ := {(a,−a) : a ∈ A} is the graph of
the involution. Hence, they give rise to the same autoequivalence of DG(A). This
is due to inf : AutG∆(D(A)) → Aut(DG(A)) being 2 : 1 by Proposition 3.18.

(2) Consider the translation ta : A ∼→ A with a 2-torsion point a ∈ A[2]. Then ta is
G∆-invariant as (−1) ◦ ta = ta ◦ (−1). Hence, as in the last example, we obtain
an autoequivalence inf (ta∗) ∈ Aut(DG(A)). The image ξ(inf (ta∗)) on the Kummer
side is actually given by a surface automorphism, as well. To see this, recall the
resolution π : X → A/G whose exceptional divisor E ⊂ X consists of 16 disjoint
(−2)-curves, corresponding to the 16 points in A of order 2. Now for b /∈ A[2],
the free G-orbit of b is the cycle k(b) ⊕ k(−b). It has a unique G-linearisation by
Example 3.10 and Ξ−1(k(b) ⊕ k(−b)) = k(x) where x ∈ X is unique with π(x) = b.
This implies that ξ(ta∗) maps k(x) 7→ k(x′) with π(x′) = a + b. Altogether, we find
ξ(ta∗) ∈ Aut(X) is an automorphism of the Kummer surface, which permutes the
16 rational curves pointwise.

(3) Analogously, an isomorphism f : A ∼→ A as abelian variety is G-invariant and
permutes the 2-torsion points. Hence, it also descends to an automorphism of the
singular Kummer surface A/G. Like in the previous item, ξ( f∗) ∈ Aut(X) is a
surface automorphism, another time fixing the exceptional (−2)-curves.

(4) A 2-torsion line bundle L ∈ Â[2] is G-invariant and simple. Hence, it can be lin-
earised in two ways by Lemma 3.5. Choosing one, we find that (L, λ) ∈ DG(A)

gives actions λa : L(a) ∼→ (−1)∗L(a) = L(a) by +1 or −1. Defining ρ(a) ∈ F2 =

{0, 1} via λ(a) = (−1)ρ(a), we see that each of these 32 G-linearised line bundles
corresponds to a map ρ : A[2] → F2. Actually, exactly the 32 affine functions
A[2] → F2 appear. We have Ξ−1(L, λ) = OX( 1

2 ∑a∈A[2] ρ(a)Ca) by [13, §10.2]. In
particular, Ξ maps (OA, 1) 7→ OX and (OA,−1) 7→ OX( 1

2 ∑i Ci). Note that a linear
combination ∑a ρ(a)Ca is divisible by 2 in H2(X, Z) if and only if ρ : A[2] → F2 is
affine linear [3, §VIII.5]. Because the Fourier-Mukai kernel of ML is supported on
the diagonal, we deduce ξ(ML) = MΞ(L). This autoequivalence again permutes the
exceptional curves on X.

60



Up to now we have seen some examples in the following automorphism groups:

AutG∆(D(A))
for

vvmmmmmmmmmmmm
inf

((PPPPPPPPPPPP

Aut(D(A))G∆ Aut(DG(A))

Via 2 : 1 homomorphisms, the roof AutG∆(D(A)) connects the two bottom groups in
which lies are our primary interest: the exact sequence of Proposition 4.8 should give
a grip on Aut(D(A))G∆ and we have Aut(DG(A)) ∼= Aut(D(X)), as described above.
There does not seem to be an obvious homomorphism between the two bottom groups.
Nevertheless, we can at least see part of the picture using cohomology. In order to do
this, we have to introduce the orbifold cohomology H∗([A/G]) of [A/G] with rational
coefficients. For the general definition refer to [27] or [22]. In our setting, everything
boils down to

H∗([A/G]) = H∗(A)G ⊕ H∗(AG) = H2∗(A) ⊕ QA[2].

Here, G acts on H1(A) simply by −1, hence on Hi(A) by (−1)i. Thus, precisely the
even cohomology is G-invariant. The summand H∗(AG) refers to the cohomology of
the G-invariant subvariety of A. Since AG = A[2] are just the 16 points of order 2, we
see H∗(AG) = H0(A[2]) = QA[2]. The grading scheme of orbifold cohomology puts,
in this situation, H∗(AG) in degree 2. Finally, we get H2([A/G]) = H2(A) ⊕ QA[2] and
H0([A/G]) = H0(A) ∼= Q, H4([A/G]) = H4(A) ∼= Q. Note that H∗(X) ∼= H∗([A/G]) as
Q-vector spaces. The orbifold cohomology H∗([A/G]) inherits a pure Hodge structure
of weight 2 from H2∗(A): more explicitly, H2,0([A/G]) := H2,0(A). There is a product
on H∗([A/G]) which agrees with the usual multiplication in H∗(X) up to sign; it is even
possible to get this with integer coefficients [27, §2]. However, we will skip these issues
and just work with rational coefficients. For our purposes it is enough to define H2(A)

and QA[2] to be orthogonal and to declare the product on QA[2] as follows: A[2] is an
orthogonal basis with a · a := −[pt] for a ∈ A[2]. Thus, we have H∗(X) ∼= H∗([A/G])

including Hodge structure and pairing (but excluding lattice).
There is a natural equivariant Chern character chG : DG(A) → H∗([A/G]) defined

as follows; see [2] for the general case. Consider a G-linearised vector bundle (F, λ)

and note that such bundles generate the K-group KG(A). Then for all 2-torsion points
a ∈ A[2], we have actions λa : F(a) ∼→ (−1)∗F(a) = F(a) on the fibre F(a). The cocycle
condition for linearisations implies λ2

a = id, so that only eigenvalues 1 and −1 appear.
Let tr(F, λ)a := tr(λa) ∈ Z be the trace of λa; and let tr(F, λ) ∈ ZA[2] be the vector con-
sisting of the traces for all 2-torsion points. Eventually, the equivariant Chern character
is given by

chG : DG(A) → H∗([A/G]) = H2∗(A) ⊕ QA[2], (F, λ) 7→ (ch(F), tr(F, λ)),
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where the first component ch(F) ∈ H2∗(A) is the usual Chern character. A kernel
(P, µ) ∈ DG2

(D(A × A) yields again a map FM
H
(P,µ) : H∗([A/G]) → H∗([A/G]). Just

note that FM
H
(P,µ) acts on transcendental cycles in the old manner. Algebraic cycles (i.e.

elements of H0(A) ⊕ NS(A)Q ⊕ QA[2] ⊕ H4(A)) can be represented as a linear combi-
nation of (Chern characters of) G-linearised sheaves, to which we apply chG ◦FM(P,µ).
Altogether, this produces a homomorphism (·)H : Aut(DG(A)) → Aut(H∗([A/G]).
We use the decomposition H2([A/G]) = H2(A) ⊕ QA[2] to define the subgroup of
Aut(H∗([A/G])) respecting summands:

Aut(H∗
ex([A/G])) := {ϕ ∈ Aut(H∗([A/G])) : ϕ(H∗(A)) = H∗(A), ϕ(QA[2]) = QA[2]}.

Elements of Aut(H∗
ex([A/G])) correspond to Hodge isometries of the Kummer surface

X permuting the 16 exceptional curves.

Proposition 4.14. Let A be a principally polarised abelian variety. Then, the image of the
composition (·)H ◦ inf : AutG∆(D(A)) → Aut(DG(A)) → Aut H∗([A/G]) is contained in
the group Aut(H∗

ex([A/G])) and the following diagram commutes:

Aut(H2∗(A))

AutG∆(D(A))

(·)H◦for
55lllllllllllll

(·)H◦inf ))RRRRRRRRRRRRR

Aut(H2∗
ex([A/G]))

res

OO

where res : Aut(H2∗
ex([A/G]) → Aut(H∗(A)) is given by restriction.

Proof. Note how the Examples 4.7 satisfy the claim. Now take a G∆-linearised ker-
nel P ∈ AutG∆(D(A)) and consider its left inflation G · P = P ⊕ (1,−1)∗P. Since
FM

H
(1,−1)∗P = ((−1)∗ ◦ FMP)H = FM

H
P , we find FM

H
G·P = FM

H
P on H2∗(A). (Note that

the final taking of G-invariants reduces the two identical summands in FM
H
G·P(·) to just

one.) Next consider an element (0, 1a) ∈ H2∗(A) ⊕ QA[2] where 1a ∈ QA[2] is the vector
having just one entry 1 corresponding to the 2-torsion point a ∈ A[2]. Fixing an arbi-
trary point p /∈ A[2], we can write 1

2 chG(k(p)[1] ⊕ k(−p)[1] ⊕ k(a)⊕2) = (0, 1a). Note
that k(a) has the standard G-linearisation +1 and k(p) ⊕ k(−p) ∈ DG(A) is uniquely G-
linearised by Example 3.10. Similar to the reasoning above, we see chG(FMG·P(k(p)[1]⊕
k(−p)[1] ⊕ k(a)⊕2)) = (0, ∗) because we also know that FM

H
P (k(p)) ∈ H2∗(A) does not

depend on the particular point p ∈ A. Hence, FM
H
G·P has indeed the block form claimed.

The commutativity of the triangle follows from Lemma 3.17(i): for P ∈ AutG∆(D(A))

it states FMG·P(F, λ) ∼= FMP(F) as sheaves on A. The same property also holds for
transcendental cycles in H2(A) by definition of FM

H
G·P.
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Remark 4.15. A casual interpretation of the proposition is given by the diagram

Aut(D(A))
(·)H

// Aut(H2∗(A))

AutG∆(D(A))

for
66nnnnnnnnnnnn

inf ((PPPPPPPPPPPP

Aut(DG(A))
(·)H

// Aut(H∗([A/G]))

res

OO

It is inaccurate, however, in that the right-hand map is not well defined.

Remark 4.16. In the case of a principally polarised abelian variety A, one could also
make use of the Examples 4.7. In a certain sense, they generate Sp(A × Â). Proceeding
along these lines becomes worth considering only if the splitting of the exact sequence
from Theorem 4.4 holds in general. A first case is provided by a generic abelian variety,
i.e. with NS(A) = 〈L〉 and L2 = k > 1 and End(A) = Z. Then, the isogeny ϕL : A → Â
has degree k and Sp(A × Â) is isomorphic to a congruence subgroup of SL(2, Z):

Sp(A × Â) =
{(

n1·idA
n3·ϕL

n2·ϕ̂L
n4·idÂ

)
: n1n4 − n2n3 = 1, n2 ≡ 0 (k)

}
.

4.4 Generalised Kummer varieties

By the following construction of Beauville [6], one can to an abelian surface A associate
a new manifold Kn(A), where n ≥ 1. Let Nn A ⊂ An be the fibre over 0 of the summation
morphism s : An → A. Then Nn A is obviously Sn-invariant and we define Kn−1(A) :=
Sn-Hilb(Nn A) as Sn-Hilbert scheme. The variety Kn(A) is called generalised Kummer
variety corresponding to A. It is a basic fact that Kn(A) is a smooth projective variety of
dimension 2n, see [6]. Generalised Kummer varieties comprise one of the two known
series of irreducible holomorphic symplectic manifolds up to deformation equivalence.

Example 4.17. Note that N2 A = {(a,−a) : a ∈ A} ∼= A and K1(A) = S2-Hilb(N2 A) is
the crepant resolution of A/S2 = A/{±1} as in Section 3.4. Hence, K1(A) is the usual
Kummer surface made from the abelian surface A.

Namikawa [66] raised the question whether D-equivalent abelian surfaces A, B will
have D-equivalent generalised Kummer varieties Kn(A) and Kn(B). Most prominent is
the special problem where B = Â. We know D(A) ∼= D(Â) by Theorem 4.1 of Mukai.

Remark 4.18. Concerning the case n = 1, we saw already in the first of examples 4.7
that the Kummer surfaces K1(A) and K1(Â) are D-equivalent. However, much more is
true: Hosono et al. show in [40] for any two abelian surfaces A, B that

D(A) ∼= D(B) ⇐⇒ K1(A) ∼= K1(B),
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i.e. two abelian surfaces are D-equivalent if and only if the corresponding Kummer
surfaces are isomorphic. The proof proceeds along the characterisation of derived cate-
gories of abelian and K3 surfaces by means of cohomology lattices. In particular, it does
not extend to generalised Kummer varieties. Indeed, there is an example by Namikawa
[66] (see also [33, Example 25.16]) of an abelian surface A such that K2(A) and K2(Â)

are not even birational.

Namikawa’s question seems to give a good opportunity to invoke the results of
Chapter 3. Alas, the techniques are not sufficient: one would like to use the Poincaré
bundle P ∈ D(A × Â) to produce a G∆-linearised kernel Q ∈ DG∆(Nn A × Nn Â) with
FMQ : D(N̂) ∼→ D(N).

The inclusion i : Nn A →֒ An is Sn-equivariant. In particular, as in Section 3.1 we
obtain the functor i∗ : DSn(An) → DSn(Nn A). Fixing both A and n, let us introduce the
shorthands N := Nn A and N̂ := Nn Â. Let Q := i∗P⊠n = P⊠n|N̂×N ∈ DSn(N × N̂),
and (α1, . . . , αn) ∈ N̂, i.e. αi ∈ Â such that α1 ⊗ · · · ⊗ αn

∼= OA. Then we have with the
projections pi : An → A and the inclusion i : N →֒ An

FMQ(α1, . . . , αn) = pN∗(Q ⊗ p∗N̂(α1, . . . , αn)) = P⊠n|{(α1,...,αn)}×N

= α1 ⊠ · · · ⊠ αn|N = (p1i)∗α1 ⊗ . . . (pni)∗αn

∼= p∗1α1 ⊗ · · · ⊗ p∗n−1αn−1 ⊗ s∗(−1)∗(α∨
1 ⊗ · · · ⊗ α∨

n−1)

= p∗1α1 ⊗ · · · ⊗ p∗n−1αn−1 ⊗ s∗(α1 ⊗ · · · ⊗ αn−1)

= (α2
1 ⊗ α2 ⊗ · · · ⊗ αn−1) ⊠ · · · ⊠ (α1 ⊗ · · · ⊗ αn−2 ⊗ α2

n−1)

where the second to last line uses the see-saw principle in the guise of s∗α = α⊠n for the
sum map s : An → A and α ∈ Â. Now the last line immediately shows that FMQ fails to
be faithful if some αi are of order 2. It seems as if the symmetry condition required by
G∆-linearised equivalence kernels is too strong. Note that the other obvious candidate
i∗P⊠(n−1) also drops out: it yields an equivalence but it is not G∆-invariant.
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About the ground field

Although we work exclusively over C, many statements remain true using an alge-
braically closed field k of characteristic 0 instead. The content of the first chapter
is even valid for arbitrary algebraically closed fields, perhaps with the exception of
some examples. Just note that one has to replace the cohomology rings H∗(Y, Z) and
H∗(Y, Q) by the intersection rings CH∗(Y) and CH∗(Y) ⊗ Q in Section 1.2. Because of
CH∗(Y) ⊗ Q ∼= K(Y) ⊗ Q, one might work with the K-groups instead as well.

The second chapter on K3 surfaces is more problematic when it comes to general
fields: the proofs of the Torelli theorem in [5], [3] and [73] all use analytic methods. Even
if the local questions about liftings of isomorphisms in families may be tackled purely
algebraically, this cannot possibly hold for Orlov’s derived Torelli theorem 2.3(ii): it can
be expressed by saying that two K3 surfaces are D-equivalent precisely if there exists a
Hodge isometry between their transcendental lattices. On the other hand, the proof of
the main Theorem 2.2 also works on the level of intersection rings. Accordingly, the fol-
lowing question is a natural generalisation of problem 2.7: can the ring automorphism
ιCH of CH∗(X) = Z ⊕ NS(X) ⊕ CH2(X) with ιCH(r, α, p) := (r,−α, p) be lifted to an
autoequivalence?

The part on G-linearisations and equivariant derived categories is valid in character-
istic 0 only. The main problem is the taking of G-invariants which is badly behaved
if the characteristic divides the group order. Also, the Schur multipliers of remark 3.6
behave differently in prime characteristic. On the other hand, they do not change if
C is replaced a field which contains all roots of unity; see [41, §23.5]. The example
concerning Hilbert schemes given in Section 3.4 uses the transcendental lattice of a K3
surface.

In Section 4.1 of the last chapter, Mukai’s crucial relation (4.1) for the Poincaré bun-
dle holds over arbitrary fields. Likewise, Orlov’s exact sequence from Theorem 4.4 is
exact over an arbitrary field k without the righthand 0. Of course, the product A × Â
has to be replaced by the group (A × Â)k of k-rational points. However, the proof of
the surjectivity of the homomorphism Aut(D(A)) → Sp(A × Â) uses that the field is
algebraically closed and of characteristic 0. As all further computations build on this
result, the assumption has to be kept for the remainder.
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[73] I.I. Piatečkii-Shapiro, I.R. Šafarevič, A Torelli theorem for algebraic surfaces of type K3,

Math. USSR Izv. 5 (1971), 547–588.
[74] D. Ploog, Every other Hodge isometry of a K3 surface is induced by an autoequivalence,

unpublished preprint Freie Universität Berlin (2002).
[75] A. Polishchuk, Biextensions, Weil representations on derived categories, and theta func-

tions, PhD-Thesis, Harvard University (1996).
[76] Y. Ruan, Stringy geometry and topology of orbifolds, Contemp. Math. 312 (2002), 187–

233, also math.AG/0011149.
[77] I. Schur, Über die Darstellungen der endlichen Gruppen durch gebrochene lineare Substi-

tutionen, J. Math. 127 (1904), 20–50.
[78] G.B. Segal, Equivariant K-theory, Publ. Math. IHES 34 (1968).
[79] P. Seidel, R. Thomas, Braid group actions on derived categories of coherent sheaves, Duke

Math. J. 108 (2001), 37–108, also math.AG/0001043.
[80] J.P. Serre, Galois cohomology, Springer-Verlag, Berlin (1997).
[81] E.H. Spanier, Algebraic topology, Springer-Verlag, Berlin (1966).
[82] P. Stellari, Some remarks about the FM-partners of K3 surfaces with small Picard number,

math.AG/0205126.
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