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Abstract. We show how one can construct new autoequivalences of some
Calabi–Yau and hyperkähler varieties by passing from a smooth projective sur-
face to the associated Hilbert scheme of points.
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1. Introduction

The bounded derived category of coherent sheaves on a smooth projective va-

riety Z has attracted a lot of attention in the last decade, partly because of its

relation to symplectic geometry via the Homological Mirror Symmetry conjecture

[14]. In particular, it is natural to study its group of autoequivalences. By clas-

sical results of Bondal and Orlov [3], this group is completely understood if the

canonical bundle or its dual is ample: the group is then generated by line bundle

twists, automorphisms of the variety and the shift. On the other hand, vari-

eties with trivial canonical bundle always have autoequivalences beyond the above

mentioned standard ones. For Calabi–Yau varieties, there are spherical twists [20],

and for hyperkähler varieties, there are Pn-twists [12]. Both of these tear apart the

standard heart of the derived category. In general, there are few general construc-

tions of exotic autoequivalences, that is, non-standard autoequivalences which are

neither spherical nor Pn-twists, but see, for instance, Anno’s spherical functors [2]

and Addington’s examples [1].

1 Supported by the RTG 1670 of the DFG (German Research Foundation).
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In this article, we present a way to turn autoequivalences on K3 and Enriques

surfaces into interesting autoequivalences of varieties with trivial canonical bundle,

namely Hilbert schemes of points on K3 surfaces and Calabi-Yau varieties made

from Enriques surfaces. Our main result can be roughly stated as follows, see

Theorems 3.4 and 4.7 for details.

Main result. Let Z be either the Hilbert scheme of n points on a smooth projective

K3 surface or the Calabi–Yau variety which is the canonical cover of the Hilbert

scheme of n points on an Enriques surface. Then Z admits exotic autoequivalences.

The two constructions share the following technical tools: we use spherical twists

on a K3 surface, linearisations for finite group actions and the induction construc-

tion from [18]. Regarding the latter, we provide a much simpler description of the

induced functor in Proposition 2.1, and we say something about the image on the

level of K-groups in Proposition 2.2.

It seems to be a difficult and open problem to decide whether a given auto-

equivalence is in the subgroup generated by the standard autoequivalences and all

spherical or Pn-twists, respectively. In fact, we are unable to check this for our

new autoequivalences.

Acknowledgements. We thank Daniel Huybrechts, Eyal Markman and Richard

Thomas for encouragement and support.

2. Preliminaries

In this article, all varieties will be smooth, projective, and defined over an alge-

braically closed field k of characteristic 0. We will denote by D(X) the bounded

derived category of coherent sheaves of a variety X, and we write DAut(X) for the

group of autoequivalences of D(X). This is done for brevity, but also to emphasise

that we consider an autoequivalence of D(X) as a ‘higher (or derived) symmetry’

of X.

All categories, and functors between them, are assumed to be k-linear. Functors

between triangulated categories are assumed to respect the triangulated structures.

We will write distinguished triangles sloppily as A → B → C, suppressing the

connecting morphism C → A[1].

We use the same symbol for functors between abelian categories, and their

derived functors. For example, we will write f∗ : D(X) → D(Y ) for the derived

push-forward functor of a proper map f : X → Y . Given a line bundle L, we will

write ML for the autoequivalence given by tensoring with L.

2.1. The varieties. Before we introduce the varieties performing in this article,

we have to recall the notion of canonical covers. Let Z be a variety with torsion
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canonical bundle of (minimal) order k. The canonical cover Z̃ of Z is the unique

(up to isomorphism) variety with trivial canonical bundle and an étale morphism

π : Z̃ → Z of degree k such that π∗OZ̃ =
⊕k−1

i=0 ω
i
Z . In this case, there is a free

action of the cyclic group Z/kZ on Z̃ such that π is the quotient morphism.

(1) A K3 surface is defined by having trivial canonical bundle and no alge-

braic 1-forms. K3 surfaces have a rich group of autoequivalences, see, for

example, [11] or [4].

(2) An Enriques surface is by definition the quotient of a K3 surface by a fixed

point free involution. It follows that the canonical bundle has order two

and that the canonical cover of an Enriques surface is a K3 surface with a

free involution.

(3) Given a K3 surface X, the Hilbert scheme X [n] (of n points) is a prime

example for an irreducible symplectic (also called hyperkähler) variety, i.e.

there is a no-where vanishing 2-form, unique up to constants.

(4) Given an Enriques surface Y , the Hilbert scheme Y [n] has order two canon-

ical bundle. The canonical cover of Y [n] is a Calabi–Yau variety, that is, its

canonical bundle is trivial and its structure sheaf has no cohomology apart

from lowest and top degrees, see [17] or [16, Prop. 1.6].

2.2. Varieties with group actions. Let X be a variety on which a finite group

G acts. A natural object to study in this setting is the quotient stack [X/G].

If G acts freely, then [X/G] coincides with the variety quotient. However, if the

action has fixed points, then the quotient stack is better behaved than the quotient

variety. For example, [X/G] is always a smooth Deligne–Mumford stack, making it

as good as smooth, projective varieties from the point of view of derived categories.

The category of coherent sheaves on [X/G] has a nice and well-known descrip-

tion using linearised sheaves. We recall some aspects of this theory. A coherent

sheaf A is called invariant if g∗A ∼= A for all g ∈ G. This is not a very good

notion, however, as the full subcategory of invariant sheaves is not abelian. It

is better to make the choice of isomorphisms part of the data: a G-linearisation

on A is given by a collection of isomorphisms αg : A ∼→ g∗A for all g ∈ G such

that α1 = idA and the natural cocycle condition holds. The equivariant category

CohG(X) has as objects linearised sheaves, (A,α); the morphisms are given by

HomCohG(X)((A,α), (B, β)) := HomCoh(X)(A,B)G where the linearisations α and

β turn HomX(A,B) into a G-representation in the natural way. The category

CohG(X) is abelian (see [8]). Moreover, there is a tautological equivalence of

abelian categories CohG(X) = Coh([X/G]) and, in turn, an equivalence of trian-

gulated categories D(CohG(X)) =: DG(X) = D([X/G]). As a remark on notation,
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we will generally write DG(X) instead of D([X/G]) but DAut([X/G]) instead of

Aut(DG(X)).

Obviously, every linearised sheaf (or object) is invariant. The reverse question

is subtle: an invariant object may have none, a unique, or many different lin-

earisations. The situation is easier for invariant objects A which are simple, i.e.

Hom(A,A) = k: such an A has a group cohomology class [A] ∈ H2(G; k∗) where

G acts trivially on k∗. If [A] = 0 in H2(G; k∗), then A is linearisable, and the set

of G-linearisations is a torsor over H1(G; k∗) = Hom(G,k∗) (for these facts see

[18, Lemma 1]). The group cohomology H2(G; k∗) is called the Schur multiplier,

it is a finite abelian group. (This is a place where we need k to be algebraically

closed and of characteristic 0.) We will only have need for cyclic and symmetric

groups. For these, we have

H2(Z/nZ; k∗) = 0, H2(Sn; k∗) =

{
0 n = 2, 3,

Z/2Z n ≥ 4

H1(Z/nZ; k∗) = Z/nZ, H1(Sn; k∗) = Z/2Z.

2.3. Autoequivalences of Hilbert schemes. Let X be a surface. There is

a canonical and faithful method of turning autoequivalences for X into auto-

equivalences for the Hilbert scheme X [n]:

DAut(X) ↪→ DAut(X [n]).

We proceed to explain the method. First, by Haiman’s well-known result

[9], the Hilbert scheme X [n] is isomorphic to the Sn-equivariant Hilbert scheme

Sn-Hilb(Xn), where Sn acts on Xn by permuting the factors. This induces an

equivalence of abelian categories Coh(X [n]) ∼= Coh(Sn-Hilb(Xn)) and in turn an

equivalence of triangulated categories D(X [n]) ∼= D(Sn-Hilb(Xn)).

Second, we employ the derived McKay correspondence of [6], which gives an

equivalence Φ: D(Sn-Hilb(Xn)) ∼→ DSn(Xn). We will only apply these results for

K3 surfaces X, so this is a genuinely symplectic situation. However, the BKR

equivalence actually holds for arbitrary X (smooth and projective, as always).

Altogether, we obtain an equivalence D(X [n]) ∼= DSn(Xn) which will allow us to

bring equivariant methods to bear on the problem.

The standard calculus of Fourier–Mukai kernels extends to the equivariant set-

ting: given two varieties Z1 and Z2 with finite group actions by G1 and G2, respec-

tively, then objects in DG1×G2(Z1 × Z2) give rise to functors DG1(Z1) → DG2(Z2)

with the additional change that the projection π2 : Z1 × Z2 → Z2 is G1 × G2-

equivariant with G1 acting trivially on Z2, and one has to take G1-invariants after
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the push-forward π2∗ (see [6]). Kawamata’s [13] extends Orlov’s famous result that

all equivalences are of this type.

We restrict to the case of G1 = G2 =: G. Here, G × G-linearised kernels

in D(Z1 × Z2) can be obtained from diagonally linearised kernels, see [18]: let

P ∈ D∆G(Z1 × Z2) where ∆G acts on Z1 × Z2 via ∆: G ↪→ G × G, g 7→ (g, g).

Then the object G · P :=
⊕

g∈G(1, g)∗P is canonically G × G-linearised (and

isomorphic to
⊕

g∈G(g, 1)∗P ). The crucial point of this construction is that it

respects equivalences: if FMP : D(Z1) ∼→ D(Z2) is an equivalence of the ordinary

categories, then FMG·P : DG(Z1) ∼→ DG(Z2) is an equivalence of the equivariant

categories. Furthermore, in the special case of Z1 = Z2 =: Z, we get a group

homomorphism

DAut∆G(Z)→ DAut([Z/G])

where DAut∆G(Z) is the set of autoequivalences of D(Z) whose Fourier–Mukai

kernel is equipped with a ∆G-linearisation. Autoequivalences in the image of this

homomorphism are called induced autoequivalences. However, there is a simpler

description of induced functors — these are the original Fourier–Mukai transform

on the underlying complexes of sheaves:

Proposition 2.1. Let Z1 and Z2 be two smooth, projective varieties with actions

by a finite group G and let (P, µ) ∈ D∆G(Z1 × Z2). Then the induced functor

FMG·P : DG(Z1)→ DG(Z2) is isomorphic to the functor given by

(A,α) 7→ (π2∗(P ⊗ π∗1A)), π2∗(µ⊗ π∗1α)) = (FMP (A), π2∗(µ⊗ π∗1α)).

Proof. The essential point is to determine the G×1-invariants of π2∗(G ·P ⊗π∗1A).

By definition, (g, 1) acts on G ·P by a permutation of summands which we denote

σg, and on π∗1A as π∗1αg. Therefore, (g, 1) is the automorphism π2∗(σg⊗π∗1αg) of the

object π2∗(G·P⊗π∗1A). The diagonal map π2∗(P⊗π∗1A)→ π2∗(G·P⊗π∗1A) induced

on each summand by the canonical isomorphism π2∗(P ⊗ π∗1A) ∼→ π2∗((g, 1)∗P ⊗
π∗1A) is an isomorphism π2∗(P ⊗ π∗1A) ∼→ (π2∗(G · P ⊗ π∗1A))G×1. The two G-

linearisations on this object coincide. �

Starting with a surface X, we observe that an autoequivalence ϕ ∈ DAut(X)

brings about another one on the n-fold product Xn, viz. ϕn ∈ DAut(Xn). On the

level of Fourier–Mukai kernels, if ϕ = FMP with P ∈ D(X×X), then ϕn = FMP�n ,

where P�n ∈ D(Xn × Xn) is the n-fold exterior tensor product. This kernel is

diagonally Sn-linearised in a canonical fashion, although the linearisation is not

unique (see Section 2.2). Combining this association with the one from the previous

paragraph, we obtain two group homomorphisms

(2.1) δ[n] : DAut(X)→ DAut∆Sn(Xn)→ DAut([Xn/Sn]) = DAut(X [n])
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whose composition, in the following denoted by ϕ 7→ ϕ[n], is shown to be injective

in [18].

In the rest of this paragraph, we study the effect of this construction on the

level of K-groups. An autoequivalence ϕ of D(X) induces an isometry of K(X),

denoted ϕK (using the Euler form as a pairing, in general degenerate and not sym-

metric). However, it is not clear that δ[n] : DAut(X)→ DAut(X [n]) induces a map

O(K(X))→ O(K(X [n])). Another issue is that many non-trivial autoequivalences

of D(X) induce the identity map on K-groups. For example, the square of a spher-

ical twist or any Pn-twist (see 2.5) acts trivially on the K-group. Both of these

issues are solved by restricting focus to the image of DAut(X)→ O(K(X)), which

we denote OFM(K(X)).

Proposition 2.2. Let X be a surface with χ(OX) 6= 0 and torsion free K-group.

Then the mapping δ[n]
K : OFM(K(X)) → O(K(X [n])), ϕK 7→ (δ[n](ϕ))K is well-

defined and injective:

DAut(X) � �
δ[n] //

����

DAut(X [n])

��
O(K(X)) OFM(K(X)) � �

δ[n]
K

//? _ O(K(X [n])).

Proof. Let ϕ1, ϕ2 ∈ DAut(X) such that ϕK1 = ϕK2 . We want to show that (δ[n](ϕ1))K =

(δ[n](ϕ2))K . Only for notational reasons, we will deal with n = 2. Now K(X ×X)

is generated by classes of the form F �F ′, compare the proof of [15, Lem. 5.2], and

K(DS2(X×X)) is generated by classes of the forms F�F and F�F ′⊕F ′�F by the

same reasoning for the quotient stack. The first statement implies [ϕ×2
1 (F �F ′)] =

[ϕ1(F ) � ϕ1(F ′)] = [ϕ1(F )] � [ϕ1(F ′)] = [ϕ2(F )] � [ϕ2(F ′)] and the second allows

similar reasoning, invoking Proposition 2.1.

We consider the following functors:

s : D(X)→ DSn(Xn), F 7→ p∗1F ⊕ · · · ⊕ p∗nF

π : DSn(Xn)
forget−−−→ D(Xn)

p1∗−−→ D(X)

(s(F ) has a natural Sn-linearisation from permutation of direct summands.)

By the projection formula, πs = id⊗H•(OX)⊕H•(·)⊗On−1
X . This implies that

sK is injective: let F ∈ D(X) with [s(F )] = 0. Then also [πs(F )] = 0 and in thus

0 = [πs(F )] = [F⊕e ⊕O⊕(n−1)χ(F )
X ] = e[F ] + (n− 1)χ(F )[OX ]

where e := χ(OX) 6= 0 by assumption. Now it is a general algebraic fact that the

endomorphism K(X)→ K(X), [F ] 7→ e[F ] + (n− 1)χ(F )[OX ] is injective, which

in turn forces sK to be injective:
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Let A be a torsion-free abelian group, χ : A→ Z a homomorphism and a0 ∈ A
a fixed element. Denote by χQ : A ⊗ Q → Q. Put e := χ(a0) and consider the

endomorphism µ : A → A, a 7→ ea + (n − 1)χ(a)a0, where n > 0 is a natural

number. Then µ(a) = 0 implies that a = λa0 is a (rational) multiple of a0. But

µ(λa0) = eλa0 + (n− 1)χ(λa0)a0 = λena0 6= 0 as long as e 6= 0.

Next, we are going to use objects of the form s(A) ∈ DSn(Xn) to show that

δ[n]
K is injective on the image of c: Let ϕ ∈ DAut(X) be an autoequivalence such

that ϕK ∈ O(K(X)) is not the identity. Therefore, there exists F ∈ D(X) with

ϕK([F ]) = [ϕ(F )] 6= [F ].

δ[n]
K(ϕK)([s(F )]) = [ϕ[n](p∗1F ⊕ · · · ⊕ p∗nF )]

= [p∗1ϕ(F )⊗ p∗2ϕ(OX)⊗ · · · ⊗ p∗nϕ(OX)⊕ · · · ]
= [s′(ϕ(F ))]

where we first use that, for example, p∗1F
∼= F �OX · · ·�OX ((n− 1)-times) and

so forth, and the second identity follows from Proposition 2.1, and s′ : D(X) →
DSn(Xn), F ′ 7→

⊕
i

(
p∗iF

′⊗
⊗

j 6=i p
∗
jϕ(OX)

)
. Injectivity of s′ is proved like that of

s. �

Remark 2.3. In particular, this result applies to K3 surfaces, since the Chern

character K(X)→ CH∗(X) is integral and injective, and the Chow ring is torsion-

free for a K3 surface by [19].

2.4. Autoequivalences of canonical covers. Let Z be a variety with torsion

canonical bundle, Z̃ be its canonical cover and π : Z̃ → Z be the quotient map.

The relation between autoequivalences on Z and those on the canonical cover Z̃

was studied in [5].

We start with the subgroup G ↪→ DAut(Z̃), g 7→ g∗. An autoequivalence Φ̃ of

D(Z̃) is invariant (under the conjugation action of G on DAut(Z̃)) if g∗Φ̃ ∼= Φ̃g∗ for

all g ∈ G, and invariant autoequivalences form a subgroup DAut(Z̃)G ⊂ DAut(Z̃),

which is just the centraliser of G in DAut(Z̃). More generally, Φ̃ is called equi-

variant, if there is a group automorphism µ : G ∼→ G such that g∗Φ̃ ∼= Φ̃µ(g)∗ for

all g ∈ G. Evidently, the group automorphism µ is uniquely determined by Φ̃.

Therefore, equivariant autoequivalences form a subgroup DAuteq(Z̃) of DAut(Z̃)

given by the semi-direct product DAut(Z̃)G o Aut(G); this is just the normaliser

of G in DAut(Z̃). In particular, the subgroups of invariant or equivariant auto-

equivalences contain G as a normal subgroup. We note that for double covers the

two notions coincide.
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By [5, §4], an equivariant functor Φ̃ descends, i.e. there exists a functor Φ ∈
DAut(Z) with functor isomorphisms π∗◦Φ̃ ∼= Φ◦π∗ and π∗◦Φ ∼= Φ̃◦π∗. Two func-

tors Φ, Φ′ that Φ̃ descends to differ by a line bundle twist with a power of ωZ . As

ωZ is torsion, the line bundle twists Mi
ωX

form a subgroup of DAut(Z) isomorphic

to G. Hence, we get a group homomorphism DAut(Z̃)G o Aut(G)→ DAut(Z)/G.

Note that the Serre functor MωZ
[dimZ] commutes with all autoequivalences, so

that G is central in DAut(Z), hence a normal subgroup.

In the other direction, it is also shown in [5, §4] that every autoequivalence of

D(Z) has an equivariant lift. Two lifts differ up to the action of G (in DAut(Z̃)).

This induces a group homomorphism DAut(Z) → DAuteq(Z̃)/G. Furthermore, if

two autoequivalences of D(Z) lift to the same equivariant autoequivalence, then

they differ by a line bundle twist by a power of ωZ , i.e. the homomorphism above

is a k : 1-map.

Summing up, we see that autoequivalences of Z and of its canonical cover are

related in the following ways:

DAut(Z)
lift−−−−→ DAuteq(Z̃)/G with G = 〈g∗, idG〉

DAuteq(Z̃) −−−−→
descend

DAut(Z)/G with G = 〈MωZ
〉

2.5. Functors made from a single object. Let X be a d-dimensional variety.

An object E ∈ D(X) is called

• spherical if E ⊗ ωX ∼= E and Ext∗(E,E) ∼= H∗(Sd,k) = k⊕ k[−d] and

• Pd-object if E ⊗ ωX ∼= E and Ext∗(E,E) ∼= H∗(PdC,k) as graded rings.

For example, a variety is (strict) Calabi–Yau if and only if its structure sheaf is

spherical. Likewise, a variety is irreducible symplectic if and only if its structure

sheaf is a Pd-object.

To any object E, one can associate three functors:

• FE = Hom•(E, ·)⊗ E with FM kernel E∨ � E;

• TE with FM kernel cone(E∨ � E
tr−→ O∆);

• PE is defined by a double cone. Choose a basis (h1, . . . , hr) for Hom2(E,E)

and set H :=
∑

i h
∨
i � idE − idE∨ � hi : E

∨ � E[−2] → E∨ � E. Then

tr ◦H = 0, so that the trace morphism factors through cone(H), and PE is

defined by its FM kernel cone(cone(H)→ O∆).

The functors can also be described using triangles

FE(A)→ A→ TE(A)
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and

FE(A)[−2]
H //

0 **UUUUUUU
FE(A) //

tr��

cone(H)

ttjjjjjjjjjjjjj

A

ttiiiiiiiiiiiiiii

PE(A)

for all objects A ∈ D(X).

Obviously, FE|E⊥ = 0 whereas TE|E⊥ = id and PE|E⊥ = id. Furthermore, if E is

spherical, then TE(E) = E[1−d] and TE is an autoequivalence, called the spherical

twist along E. Likewise, if E is a Pd-object, then PE(E) = E[−2d] and PE is an

autoequivalence, called the Pd-twist along E.

3. New autoequivalences on CY manifolds arising from Enriques

surfaces

Let X be an Enriques surfaces and X̃ the K3 surface arising as canonical double

cover, with projection π : X̃ → X and deck involution τ . The maps are related

by π∗π∗ = id ⊕ τ∗ as endofunctors of D(X̃). The action of τ is free, so that

X = X̃/τ = [X̃/τ ]. (All groups in this section are of order two, so we will

denote quotients and invariants just by writing the non-trivial group element.) The

Hilbert scheme X [n] has torsion canonical bundle of order two, and its canonical

cover Z is a Calabi–Yau variety. We denote the covering involution of Z by τZ .

We start off with a general result that says how to obtain autoequivalences of

the Calabi–Yau variety Z (up to a 2:1 ambiguity) from invariant autoequivalences

of the K3 surface X̃.

Proposition 3.1. Any invariant autoequivalence of the K3 surface X̃ gives rise

to two invariant autoequivalences on the Calabi–Yau variety Z. More precisely,

there is an injective group homomorphism DAut(X̃)τ ↪→ DAut(Z)τZ/τZ.

Proof. Consider the following diagram:

DAut(X)

��

induce // DAut(X [n])

��

lift // DAut(Z)τZ/τZ

DAut(X̃)τ
descend // DAut(X)/ωX

? //____ DAut(X [n])/ωX[n]

? //____ DAut(Z)τZ/τZ

The labelled homomorphisms have been defined in Sections 2.3 and 2.4. Our aim

is to show that induction and lifting factor through the maps marked with question

marks.
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We consider the induction first. The group actions on DAut(X) and DAut(X [n])

are given by the line bundle twists with the canonical bundles ωX and ωX[n] ,

respectively. By construction of the induction, the twist by a line bundle L on

X, i.e. the Fourier–Mukai kernel ∆X∗L is sent to Sn · ∆Xn
∗ L

�n. It follows from

Proposition 2.1 that this autoequivalence is just the line bundle twist with L[n] ∈
Pic(X [n]), where L[n] is the bundle given by the Fourier–Mukai transform with

the universal family as kernel. Furthermore, we recall that the derived McKay

correspondence D(X [n]) = D(Sn-Hilb(Xn)) ∼→ DSn(Xn), with the universal cycle as

Fourier–Mukai kernel, maps the structure sheaf OX[n] to the canonically linearised

structure sheaf OXn . This already implies that ωX[n] is mapped to ωXn , the latter

with the canonical linearisation again (because equivalences commute with Serre

functors). Altogether, we find that the induction homomorphism does map the

line bundle twist with ωX the that of ωX[n] . Hence the left hand homomorphism

on quotients is well defined. It is injective, since we divide out the kernel of the

induction map.

Now we turn to the lifting. Here we have to show that lift maps the line bundle

twist along ωX[n] to the subgroup generated by push-forward τX[n]∗ of the deck

transformation and this is a general property of the lifting. Furthermore, the

induced map is injective by the same argument as in the last paragraph.

The statement about injectivity of the composition now follows immediately,

since descend is always injective on the subgroup of invariant autoequivalences. �

One can, of course, ask whether this construction gives anything new. For this

let Ẽ ∈ D(X̃) be an invariant spherical object on a K3 surface, i.e. τ∗(Ẽ) ∼= Ẽ. The

associated twist functor TẼ is equivariant (in the sense of Bridgeland–Maciocia,

see Section 2.4), because by [10, Lemma 8.21] we have

τ∗TẼ
∼= Tτ∗Ẽτ∗

∼= TẼτ∗

Hence it induces two autoequivalences of X, which we will denote by Φi
∼= Φ◦Mi

ω.

In particular, choosing Ẽ = OX̃ , we obtain two canonical autoequivalences of

X. Let us note some properties in this case. For an object A in a triangulated

category, 〈A〉 denotes the smallest triangulated subcategory containing it.

Lemma 3.2. With notation as above we have Φi(A) ∼= A[−1] for any A ∈ π∗〈Ẽ〉.
Furthermore, Φi(B) ∼= B for any B ∈ π∗(Ẽ⊥).

Proof. By definition of equivariant functors, Φiπ∗(Ẽ) ∼= π∗Φ̃(Ẽ) ∼= π∗Ẽ[−1], and

Φiπ∗(F̃ ) ∼= π∗Φ̃(F̃ ) ∼= π∗(F̃ ) for any F̃ ∈ Ẽ⊥. The claims follow immediately. �
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Remark 3.3. Note that π∗(Ẽ
⊥) is not a full subcategory, but nevertheless we

have, on objects, that π∗(Ẽ
⊥) ⊂ (π∗Ẽ)⊥. Indeed, for F̃ ∈ Ẽ⊥ one computes

Hom∗(π∗(Ẽ), π∗(F̃ )) ∼= Hom∗(π∗π∗(Ẽ), F̃ ) ∼= Hom∗(Ẽ ⊕ τ ∗(Ẽ), F̃ ) = 0,

because τ ∗(Ẽ) ∼= Ẽ. On the other hand, we can check that for any C ∈ (π∗Ẽ)⊥

we have that C ⊕ C ⊗ ωX ∈ π∗(Ẽ⊥). Hence, Φi(C) ∼= C or Φi(C) ∼= C ⊗ ωX .

Using the above, we get

Theorem 3.4. Given a K3 surface X̃ with a fixed point free involution τ , so that

X̃/τ is an Enriques surface X, and a τ -invariant spherical object Ẽ in D(X̃), the

spherical twist TẼ induces two equivalences Φ1, Φ2 of D(X) and hence there exist

induced equivalences Φ
[n]
i of X [n]. The lifts of the functors Φ

[n]
i to the covering

Calabi–Yau manifold Z are exotic autoequivalences.

Proof. First note that for the known examples of spherical objects Ẽ ∈ D(X̃), the

right orthogonal Ẽ⊥ is never empty. Hence, we see that the functors Φi are neither

shift nor the identity and behave like a spherical functor. They can be lifted to

D(X [n]) by Equation 2.1. Consider n = 2 for simplicity and set Φ = Φ1. We have

seen above that Φ(π∗(Ẽ)) ∼= π∗(Ẽ)[−1] and, if Ẽ⊥ 6= ∅ and contains, say F̃ , then

Φπ∗(F̃ ) ∼= π∗(F̃ ). Thus, f(Φ) applied to the object π∗(Ẽ) � π∗(Ẽ) is the shift

by −2, whereas if we apply it to π∗(F̃ ) � π∗(F̃ ) we get the identity. Hence this

equivalence of D(X [2]) is not in the group generated by shifts, automorphisms and

line bundle twists. Similar arguments work for n 6= 2. �

4. New autoequivalences on Hilbert schemes of K3 surfaces

Let X be a K3 surface and let E ∈ D(X) be a spherical object. Then E�n ∈
D(Xn) is Sn-invariant and simple, as follows from the Künneth formula: End(E�n) =

End(E)⊗n = k. Hence, from the general theory of Section 2.2, E�n is Sn-

linearisable in two ways. In this particular case, the following chain of canonical

isomorphisms (σ ∈ Sn, considered both a permutation as well as an automorphism

of Xn) provides one linearisation:

σ∗(E�n) = σ∗(π∗1E ⊗ · · · ⊗ π∗nE)

∼= σ∗π∗1E ⊗ · · · ⊗ σ∗π∗nE
∼= (π1σ)∗E ⊗ · · · ⊗ (πnσ)∗E

∼= π∗σ1
E ⊗ · · · ⊗ π∗σn

E

∼= π∗1E ⊗ · · · ⊗ π∗nE = E�n.
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We denote this linearised object by E[n] ∈ DSn(Xn). The other one is given by

λσ = −1 for all odd permutations (which forces λσ = 1 for the even ones); we

denote this linearised object by E−[n] ∈ DSn(Xn). Note that the same arguments

apply to the kernel K of an autoequivalence of D(X), since any such object is

simple by [18, Lem. 4]

Lemma 4.1. The objects E[n] and E−[n] are not isomorphic.

Proof. Assume, for simplicity, that n = 2, the other cases being analogous. Any

morphism f : E[2] → E−[2] is given by a map f : E�2 → E�2 (i.e. a scalar f ∈ k)

such that f ◦ λE[2]

σ = λE
−[2]

σ ◦ f (where σ = (1 2)), i.e. f = −f , so that there is no

isomorphism.

Alternatively, just use that a simple Sn-invariant object has two distinct lineari-

sations, see Section 2.1. �

Lemma 4.2. Let E ∈ D(X) be a spherical object (which is the same as a P1-

object). Then E[n] and E−[n] are Pn-objects in DSn(Xn).

Proof. We are looking at the full endomorphism algebras:

Hom∗DSn (Xn)(E
±[n], E±[n]) = Hom∗Xn(E�n, E�n)Sn

= (Hom∗X(E,E)⊗n)Sn

= (k[h1]/h2
1 ⊗ · · · ⊗ k[hn]/h2

n)Sn with deg(hi) = 2

= k[h]/h2n with h = h1 + · · ·+ hn

where the first equality is the definition of morphisms in DSn(Xn) and the second

is the Künneth formula.

Note that the Sn-action on the Hom-space in the first line does not depend on

the choice of linearisation. For simplicity consider only the n = 2 case. Given a

morphism F : E � E → E � E[m] for some m ∈ Z, we know from the Künneth

formula that it is of the form F =
∑

i fi�gi with fi : E → E[ki], gi : E → E[li] and

m = ki + li. Now F is an Sn-invariant map if and only if σ∗(F ) ◦λ = λ ◦F (where

σ = (1 2) as before and λ := λ
±[2]
σ = ±1). Note that σ∗(F ) =

∑
i gi � fi. Since λ

is a scalar, it commutes anyway, and the condition is just
∑

i gi � fi =
∑

i fi � gi.

As, up to constants, End•(E) only has the maps id and h : E → E[2], this forces

m ∈ {0, 2, 4} and F =
∑

τ∈P2,m/2
π∗τ1h ⊗ · · · ⊗ π∗τm/2

h, where Pn,k is the set of

k-element subsets of {1, . . . , n}. The argument generalises to n > 2. �

Corollary 4.3. We have E−[n] ∈ (E[n])⊥.

Proof. A simple application of the previous two lemmas. �
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Remark 4.4. While it is true that O−[n]
X and O[n]

X are line bundle objects on

DSn(Xn), and the square of the former is the latter (O−[n]
X ⊗ O−[n]

X = O[n]
X ), this

does not contradict the fact that Pic(X [n]) has no torsion: the derived McKay

equivalence Φ: DSn(Xn) ∼→ D(X [n]) does not respect tensor products. Using the

universal cycle as Fourier–Mukai kernel for Φ, as is done in [6], it is easy to check

that Φ maps O[n]
X to OX[n] and O−[n]

X to OX[n](D), where D is the exceptional

divisor.

Given a spherical object E ∈ D(X), we have four canonically associated auto-

equivalences of DSn(Xn) ∼= D(X [n]). Write P for the kernel of the spherical twist

TE.
PE[n] using the Pn-object E[n] ∈ DSn(Xn)

PE−[n] using the Pn-object E−[n] ∈ DSn(Xn)

T
[n]
E inducing TE with the constant diagonal Sn-linearisation on P�n

T
−[n]
E inducing TE with the other diagonal Sn-linearisation on P�n

The values of these functors on the objects E±[n] are crucial:

Lemma 4.5. The following equalities hold.

PE[n] : E[n] 7→ E[n][−2n], E−[n] 7→ E−[n]

PE−[n] : E[n] 7→ E[n] , E−[n] 7→ E−[n][−2n]

T
[n]
E : E[n] 7→ E[n][−n] , E−[n] 7→ E−[n][−n]

T
−[n]
E : E[n] 7→ E[n][−n] , E−[n] 7→ E−[n][−n]

Proof. The first two lines are general statements for Pn-twists.

For the other ones, we use that the induced functors T
±[n]
E are computed like

ordinary FM transforms, linearising the end result in the way explained in Section

2.3. In particular, all four objects T
±[n]
E (E±[n]) ∈ DSn(Xn) have the same underly-

ing object E�n[−n] ∈ D(Xn). Indeed, if we ignore linearisations T
±[n]
E is just T×nE ;

since TE(E) = E[−1] we get T×nE (E�n) = (E[−1])�n = E�n[−n].

Since the latter has only two different linearisations, we find that T
[n]
E and T

−[n]
E

will (up to shift) permute the set {E[n], E±[n]}.
The diagonal linearisation on P±[n] ⊗ π∗1E−[n] is given by the (tensor) product

of the two compound linearisations. The pushforward

π2∗(P±[n] ⊗ π∗1E±[n]) ∼= T
±[n]
E (E±[n])

then inherits the linearisation of that sign. �

Remark 4.6. Note that T2
E = PE. Since δ[n] is a group homomorphism, we can

immediately compute the values of P
±[n]
E on the above mentioned four objects.

Theorem 4.7. The autoequivalences T
[n]
E and T

−[n]
E are exotic and distinct.
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Proof. The functors are distinct since the kernel of T
[n]
E is the tensor product with

itself of the kernel of T
−[n]
E . It follows immediately from Lemma 4.5 that these

functors can neither be spherical nor Pn-twists. Taking an object F ∈ E⊥ (which

exists for all known spherical objects E) and arguing as in the lemma, we see that

T
[n]
E and T

−[n]
E shift some objects and leave others invariant, hence they are not

contained in the group of standard equivalences. �

Remark 4.8. Again, it follows from Lemma 4.5 that the four autoequivalences

PE±[n] , P
±[n]
E are distinct. However, it is not yet clear that P

±[n]
E are not Pn-twists

associated to other Pn-objects. This seems unlikely, especially for the Pn-object

OX[n] .

Furthermore, the autoequivalences T
[n]
E T

−[n]
E and T

−[n]
E T

[n]
E are potentially also

exotic.
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