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In this paper, stochastic programming problems are viewed as parametric programs with respect to the
probability distributions of the random coefficients. General results on quantitative stability in parametric
optimization are used to study distribution sensitivity of stochastic programs. For recourse and chance
constrained models quantitative continuity results for optimal values and optimal solution sets are proved
(with respect to suitable metrics on the space of probability distributions). The results are useful to study
the effect of approximations and of incomplete information in stochastic programming.
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1. Introduction

In the present paper we study the behaviour of stochastic programming problems
with respect to (small) perturbations of the underlying probability distributions.
Emphasis is placed on quantitative stability results for optimal values and sets of
optimal solutions to stochastic programs. To explain our aim, let us consider the
following rather general stochastic programming model

min{f [z, x)u(dz): xeR™, u({ze Z: xeX(z)})Bpo} (1.1)

where Z < R® is a Borel set, f is a function from ZXR™ to R, X is a set-valued
mapping from Z into R™, po€[0, 1] is a prescribed probability level and u is a
probability distribution on Z. Note that stochastic programs with (linear and quad-
ratic) recourse (cf. (3.3) and (3.4)) and programs with probabilistic (or chance)
constraints (cf. (5.1)) fit into (1.1).

Motivated by a number of applications, it seems particularly desirable to establish
the stability of stochastic programs with respect to perturbations of the underlying
distribution u in the sense of the topology of weak convergence on P(Z) —the
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space of all Borel probability measures defined on Z (cf., e.g., [6]). Since we are
aiming at quantitative stability results, we are interested in suitable metrics on #(Z)
which (at least locally) metrize the topology of weak convergence (cf., e.g., [16; 27,
Chapter 2]). As we will see, such metrics are the bounded Lipschitz metric 8 for
recourse models and the variational distance ag for models with chance constraints.
These metrics are defined as follows (cf. [16, 27]):

B, v)= sup{ L g(Z)M(dz)—L g(2)v(d2)|: g: Z >R, |glls= 1},

aa(p, v)i=sup{|u(B) ~v(B)]: Be B}, ve P(2)), (1.2)
where

st =sup e+ s £

Z#AZ

% is a subset of the Borel o-field B(Z) of Z, (Z, d) is a separable metric space
(with metric d).

It is known that B metrizes the topology of weak convergence on P(Z) [16] and
that a sequence (u,) in ?(Z) converges to u € P(Z) in the sense of the (pseudo-)
metric ag if (u,) converges weakly to u and if % is a u-uniformity class ([7] and
Remark 5.2). For interrelations of 8 and ag to other probability metrics on #(Z)
we refer to the literature [16,27] and to Remark 5.10. In this context we remark
that, especially for the stability considerations in the recourse case, we will identify
a subset of #(Z) for which the quantitative stability results (with respect to the
metric 8) can be expected (cf. Section 3).

Our approach to quantitative continuity of the (locally) optimal values and optimal
solution sets to stochastic programming models relies on recent developments in
the quantitative stability analysis of parametric optimization problems with param-
eters varying in metric spaces. In particular, we make use of results obtained by
Klatte [35, 36].

On the one hand, our general results are applicable to the stability analysis of
stochastic programs with incomplete information on p (see Corollary 3.4, Remark
5.11). For investigations along this line we refer e.g. to [17-20, 23, 51-54, 56].

On the other hand, approximations to stochastic programs which arise when the
(known) probability distribution u is approximated by “simpler” (e.g. discrete)
ones fit into our setting for sensitivity analysis. From the number of papers dealing
with such approximations here we only quote [8, 24, 28, 31, 32, 37-39, 50, 57].

The papers by Kall [30], Robinson and Wets [46], Katikov4 [34] and Romisch
and Wakolbinger [49] concentrate on topics that have a lot in common with the
questions addressed in the present paper.

Using the results of [45] the authors of [30] and [46] obtain similar results
concerning qualitative stability of optimal values and optimal solution sets of fairly
general recourse models in the presence of perturbations of the distribution u in
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the sense of the topology of weak convergence on suitable subsets of #(Z). As
distinct from this, in Sections 3 and 4 we investigate more specialized recourse
models for which we obtain quantitative stability results under slightly sharper
assumptions on the distributions.

In [30], questions concerning the stability of chance constrained models are
addressed. As one of the challenging problems in this respect, the author mentions
the lack of comprehensible and (easily) verifiable assumptions to assure stability of
the model with respect to the topology of weak convergence on P(Z). In Section
5, we take up this question and show that the desired stability can be expected at
least for distributions g which are “smooth” in a certain sense (Proposition 5.1 and
Remark 5.2).

The results in [49] on quantitative stability of optimal values for linear recourse
and chance constrained models are extended by the following investigations in a
twofold manner: We obtain (quantitative) stability results for optimal solution sets
and we consider more general problem classes.

The papers of DupaCova [17-20], Wang [53] and Garstka [23] are aiming at
similar goals. The authors estabiish the sensitivity of optimal values and optimal
solutions of stochastic programs with respect to changes in the (finite-dimensional)
parameters of the underlying probability distribution. Dupacova and Wang employ
versions of the implicit function theorem and obtain, under certain assumptions,
results about the existence of (differentiable and Lipschitzian, respectively) solution
trajectories for stochastic programs (as functions of the finite-dimensional param-
eters).

Our paper is organized as follows. In Section 2 we quote the quantitative stability
results from parametric optimization (Theorem 2.5 and 2.6) which are essential for
the remainder of the paper and which are due to Klatte. In Section 3 we apply a
result on the continuity with respect to the metric 8 for special functionals which
are given by integrals (Theorem 3.1) to derive Holder continuity of the optimal
value function and upper semicontinuity of the optimal set mapping for general
classes of recourse problems (Theorem 3.3). Under more restrictive assumptions we
obtain in Section 4 quantitative continuity results for optimal solutions of recourse
models with special structure that permits separability of the recourse function
(Theorem 4.4 and 4.8). In Section 5 we derive stability results for general chance
constrained models. In the main result of this section (Theorem 5.4) we give
conditions under which the optimal values (optimal solution sets) of such models
behave locally Lipschitzian (upper semicontinuous) with respect to a metric ag
(with suitably chosen ).

2. On quantitative stability in parametric programming

The classical approach to sensitivity of optimal values and optimal solutions for
optimization problems depending on parameters relies on the implicit function
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theorem and its generalizations (see e.g. {21] and the references therein). The
following example is to illustrate the necessity of an alternative approach when
aiming at sensitivity results for stochastic programs whose parameters are the
underlying distributions.

Example 2.1. Consider
F(x,u)=J' f(z,x)p(dz)
zZ

with

f(z,x)=n;1ir1{v++v_: v —v =z-x0"=0, 0" =0}
v

For a fixed distribution u, the minimization with respect to x of F over R' is a
stochastic linear programming problem with simple recourse. Let us take Z <R’ as
the closed interval [~2, 3] and assume that all distributions u under consideration
have a continuous density 6, on Z. Then one confirms that V,,F(0, 1), the second
derivative (with respect to x) of F(-, u) at x=0, is equal to 26,(0) (cf. the proof
of Proposition 4.1). Now let p, be the uniform distribution on Z. Consider the
sequence u, of distributions on Z given by the densities

(1=t if ,<|t]<3,
(t,—t2) Yt ifos|t|=t,

Gn(t)={

where t, € (0,3) and ¢, 0.

The sequence u, then weakly converges to p, since the densities are converging
pointwise with the exception of a set with Lebesgue measure zero [6, Scheffe’s
Theorem].

We have that V. F(0, u) =2 and V, F(0, u,) =0 for each n. The point x,=0 is
the (global) minimizer of F(-, u,) over R'. Hence the function V. F(-,-) is not
continuous at (x,, ue). This lack of continuity prevents the application of the implicit
function theorem as well as the exploitation of stability results for optimization
problems with parameters varying in a metric space that have been obtained by
Cornet and Vial [12] (assumption (v) at p. 1125 in [12] does not hold).

The next example shows that in our approach unique solvability is lost when
perturbing the problem.

Example 2.2. Consider the function F(x, u) as in Example 2.1. Let uq again be the
uniform distribution on Z =[—3%,1] and let u, be the discrete distribution having
mass 1/(2n) at each of the mass points (2K +1)/(4n) (K=0,...,n—-1), neN.
One observes that the distribution functions of w, converges pointwise to the
distribution function of w, as n-co. Hence, the u, converge weakly to w, [6].
However, the minimizing set of F(-, u,) is the closed interval [—1/(4n), 1/(4n)].
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The material we are going to present next has been taken from the papers [35, 36]
by Klatte. We refer the reader to those papers for proofs. We remark that the central
notions introduced below already appear (sometimes slightly modified) in papers
by Aubin [2] and Robinson [45].

Consider the optimization problem

P(t) min{f(x, t): xe M(1)}

depending on a parameter ¢ varying in some nonempty metric space (T, d).
Assumptions on the function f:R™ X T - R and the multifunction M from T into
R™ are specified below. Given V<R™ we set for te T:
My (t)=M(t)ncl V (“cl” means closure),
ev(t)=inf{f(x, 1): xe My (1)},
Py(t)={xe My(1): f(x, 1) = @v(t)}.

By ¢..(t) we denote the set of all local minimizers of P(z).

Definition 2.3. Given P(¢°) for fixed t=1¢° a nonempty set X <R™ is called a
complete local minimizing set (CLM set) for f(-, t°) on M(¢°) with respect to V,
if V is an open set of R™ such that V> X and X = (1.

Our notation follows Robinson [45], who introduced the above concept for an
extended real valued f. In Klatte’s papers, X is called a “strict local minimizing
set” (SLM set). Later on we will briefly say that ¢ (¢°) is a CLM set for f(-, t°)
on M(t°) meaning that the set in question is a CLM set for f(-, t°) on M(¢°) with
respect to V.

Examples for CLM sets are the set of global minimizers to P(t°) or strict local
minimizing points to P(t°) (i.e. points zeR™ satisfying: there exists an open
neighbourhood V of z such that f(z, t°) <f(x, t°) for all xe (M(t°)ncl V)\{z}).
Note that a CLM set is always a subset of ¢,..

Definition 2.4. A multifunction M from T into R™ is said to be pseudo-Lipschitzian*
at (x°, t°), where t°c T and x°e M (¢%), if there exist a neighbourhood V of x° and
two positive reals 8,, and L,, such that

(M(t)n V) M(t°)+ Lyd(t, t°)B,,
and
(M(t°) " V)e M(t)+ Lyd(t, t°)B,,
for all e T such that d(t, 1°) < 8,. (B,, denotes the closed unit ball in R™.)

The above is a relaxation of the concept of a pseudo-Lipschitzian multifunction
introduced by Aubin [2] (cf. also [47] and Section 5).
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Theorem 2.5. Consider the parametric program P(t), fix some t°c T
(i) Assume that there exists a bounded open subset V of R™ and a nonempty subset

X of V such that X = (t°) (i.e. X is a bounded CLM set for f(-, t°) on M(:%)).

(i1) Let the multifunction M be closed-valued and closed at t°.

(iii) Suppose M is pseudo-Lipschitzian* at each pair (x°,t°) belonging to
Py (1°) x {1°}.

(iv) Suppose there are real numbers p (0, 1], L;>0 and ;>0 such that f(-, t)
is continuous and

lf(x, )= £, D= Li(Ix -yl +d (1, ¢)7)

for each x, yecl V and each te T satisfying d(t, t°) < Or.

Then we have:

(a) The multifunction s, is upper semicontinuous (u.s.c.) at t°, i.e. for each ¢ >0
there exists n >0 such that

v (t) < Yy (t°)+eB,, whenever d(t,1°) <.

(b) There exist positive reals 8, and L, such that v (t) is a CLM set for f(-,1)
on M(t) and |@v(t)— v (1°)|< L,d(t, {°)" whenever d(t,1°)<8,. [

The starting point for the following version of a quantitative continuity result for
the mapping ¢ lies in the work done by Alt [1] and Auslender [3] for the standard
nonlinear programming problem with differentiable and locally Lipschitzian data,
respectively.

Theorem 2.6. Consider the parametric program P(t), fix some t°c T.
(i) Assume that there exists a strict local minimizer z € R™ of order g =1 to P(t°),
i.e. there exist real numbers p>0 and A >0 such that

S, 9> f(2, %)+ Al x —z||*

for all xe (M(1°) n B(z, p))\{z}, where B(z, p) denotes the closed ball around z with
radius p.

(ii) Let the multifunction M be closed-valued.

(iii) Suppose M is pseudo-Lipschitzian* at (z, t°).

(iv) Suppose there are real numbers pe(0,1], L,>0 and ;>0 such that f(-,t)
is continuous and

lf(x, %) =f(y, Dl < Le(lx—yl| + d(1, ©°))

for each x, y € B(z, p) and each t e T satisfying d(t, t°) < ;.
Then there exist positive reals €, L, and 8, such that with V= B(z, ¢) one has for
each te T with d(t, t°) < 8, and for each x € Yy(1),

lz—x||7< L,d(t, t°)". O
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Remark 2.7. The constants L, and L, in the above theorems can be set to C(1+ L)
for some constant C > 0 (not depending on L;).

The above theorems differ from previous stability results in the more general
hypotheses on the continuity of f and M. From the viewpoint of stochastic program-
ming these generalizations are essential. As we will see later on, recourse functionals
and multifunctions arising from chance constraints possess such continuity
properties.

3. Quantitative continuity of expectation functionals and applications to stability of
recourse problems

Let us start with a result that forms the basis for the analysis of the present section.
Let (Z, d) be a separable metric space and ?(Z) be the set of all Borel probability
measures on Z equipped with the bounded Lipschitz metric 8 which metrizes the
topology of weak convergence (cf. Section 1).
Let h be a mapping from Z into R such that

|h(z)— h(%)|< L(max{d(z,0), d(Z,0)}) - d(z, %) (3.1)

where L:RT—R™ is continuous and monotonically increasing, and 0¢ Z is some
distinguished element.
For pel1,-+o0) and p € P(Z) let us define

1/p
M, (p)= U (L(d(Z,O))'d(Z,O))pM(dZ)] -

Theorem 3.1 [49, Theorem 2.1]. There exists C > 0 such that for all p e (1, +0) and
w, v€P(Z) we have

L h(z)u(dz) —L h(z)v(dz)
< C(1+M,(p)+ M, (v)) - B, v)' V2. O

This theorem asserts Holder-continuity of the mapping (acting from (P(Z), B)
into R)

MHL h(z)u(dz) (3.2)

with respect to all subsets of #(Z) that have the shape
{peP(2): M,(n)<K}

with some a priori given constants p € (1, +o0) and K € (0, +00). In what follows we
exclusively consider the important special case that Z is closed and belongs to some
Euclidean space (with norm ||-]|) and L admits a representation L(z) =L, - t (L,> 0,
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t€R™). In this situation Theorem 3.1 yields Holder-continuity of the mapping (3.2)
with respect to all subsets

P(Z;p, K)= {M e P(Z): L llz]|*w(dz) < K}

of P(Z).

In their paper on stability of recourse-type problems, Robinson and Wets [46]
impose the essential hypothesis that the (family of) recourse-integrands is uniformly
integrable with respect to a family of probability measures, i.e. if % is a family of
continuous real valued functions on Z <R* and 2 is a family of Borel probability
measures on Z then % is called uniformly integrable with respect to @ if for each
€ >0 there is a compact set A< Z such that for each fe # and each Pe &,

L\A |A(&)|P(d¢)<e.

An estimate using Hdlder’s inequality now yields the following: If % is uniformly
bounded and equi-Lipschitzian (w.r.t. the Lipschitz property (3.1)) and 2 is tight
[6] and contained in some set #(Z; p, K) then ¥ is uniformly integrable in the
above sense. The recourse integrands which will be considered in the present paper
turn out to be uniformly bounded and equi-Lipschitzian on compact sets. Hence,
such a family of integrands is uniformly integrable with respect to asetin #(Z; p, K)
formed by the members of a weakly converging sequence and its limit point. Thus,
for the recourse problems considered below, our integrability assumption is more
restrictive than the one used in [46]. This is not surprising considering the emphasis
that we put on quantitative aspects.

We remark that similar relations may be established between our integrability
assumption and those imposed by Kall in his paper [30]. Although these assumptions
are more restrictive than other integrability assumptions encountered in stochastic
programming, it, nevertheless, is still possible to fulfill the conditions induced by
sets of the type #(Z; p, K) in important applications:

Let we P(R*; p, K) and & be a discrete approximation of u via conditional
expectations (for details see [8,31]). Jensen’s inequality then implies that also
we PR p, K). Or let u, u, € P(R°) (neN) be Gaussian measures such that the
w, converge weakly to u. Then for any p =1 there exists K = K(p, u)> 0 such that
W, iy € P(RY; p, K) for all neN (cf. [10]).

The exponent 1—1/p arising on the right-hand side of the estimate in Theorem
3.1 is the best possible (cf. [49]). If in Theorem 3.1 the integrand h is bounded on
Z or if the supports of the measures u and » belong to some bounded set then the
estimate holds with exponent 1 on the right-hand side.

Next, we introduce stochastic programs with linear and quadratic recourse,
respectively, which we study in the present section. Consider

min{ch+J filz, x)u(dz): x € C} (3.3)
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where C =<R”™ is a nonempty convex polyhedron and ceR",

fi(z, x):=min{q"v: Wo=a— Tx, v=0},

z=(q,a, 1),
Zi={(q,a,T): qeR’, aecR’, Te LR™,R"),{ucR": Wu<gq}#0},

W e L(R', R") such that for all y e R’, {veR': Wo =y, v=>0} is nonempty, u € P(Z,).

In the literature the above problem is called a stochastic linear program with
complete fixed (linear) recourse. According to the assumptions on Z, and W the
function f; is well defined and real-valued on Z; X R™. For details we refer to [28, 55].
Furthermore, we are going to study linear stochastic programs with quadratic
recourse which are given as follows:

mxin{ch+J flz, x)u(dz): xe C} (3.4)

where C = R™ is a nonempty convex polyhedron and ceR",

fo(z, x) =max{—2v"Hv+(a— Tx)"v: Av<b, v=0},

z=(baT),
Z,={(b,a,T): beR’,acR, Te L(R™,R'), {veR': Av<b, v=0}#0},

H e L(R', R") symmetric and positive definite, u € $(Z,).

The assumptions on Z, and H guarantee f, to be a well defined real-valued
function on Z, xR™.

For more details on stochastic programs with quadratic recourse we refer to the
paper [48] which has inspired our work on this topic. Denote

Fi(x, u)= CTHJ filz, x)p(dz) (i=1,2).

Z;

Proposition 3.2. For i=1 (linear recourse) as well as for i =2 (quadratic recourse)
the following holds:

Let B<R™ nonempty, compact. Let pe(1,+x) and K €(0,+c0). Fix some
meP(Z;; p, K). Then there exists Ly, >0 such that

[ ) = Fi(3 2)|= La(llx =y + B3 )" 77)
forall x,y< B and all ve ?(Z;; p, K).

Proof. We have fori=1, 2,

|Fi(x, u) = F(y, v)|<|Fi(x, p)— Fi(y, )| +|F(y, n) — E(y, »)|.
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To see that there exist I:,- >0 (i=1, 2) such that the first term on the right-hand side
is bounded above on B by I.|x—y| recall from parametric programming the
well-known fact that the functions f; (i = 1, 2) are convex with respect to x. Therefore
F.(-, ) (i=1,2) are Lipschitzian on compact sets.

Concerning the second term we have for the linear recourse case by Theorem 3.3
in [49] that there exists L,>0 (independent of y) such that

[Fi(y, )= Fu(y, v)|< LB (v, w)' ™7

for all ye B and all ve #(Z,; p, K). This completes the proof for i =1.
We continue the proof for quadratic recourse. To this end let

é(b, d)=sup{—3v"Hv+d v: Av< b, v=0}

and denote
dom ¢:={(b,d)eR™: (b, d)eR}.

In view of the Theorems 5.5.1, 5.5.2 and Note 5.5.5in [4] we have that ¢ is continuous
on dom ¢ and that there exist a positive integer N, 4 <R™, D,e LR, R™")
(j=1,..., N) such that {#(;: j=1,..., N} is a partition of dom ¢ and

@(b,d)=(D;(b,d))"(b,d) if (b,d)e M.

and let 7> 0. Then, for all j=1,..., N, ¢ is Lipschitzian with modulus | D;| - 7 on
Ay {(B, d) R b))+ ]| < 7).

Using [26, Theorem 2.1] one shows analogously to [13, Theorem 2.2] that ¢ is
Lipschitzian with modulus K- 7 on

dom ¢ n{(b,d)eR"™": ||b||+|d| <7}

The remainder of the proof parallels the proof of Theorem 3.3 in [49].
For arbitrary ye B, z=(b,a, T), Z=(b, a4, T) we have

|5z ) = £(5, )
=|¢(b,a—Ty)—¢(b,a—Ty)|
< K max{[[b]+||a~ Ty, | Bli+ | d— Tyl}(|b - bl +la—a+(T-Tyl)
< K max{]|z|, ||}z -£| (3.5)

with a suitable constant K > 0. (Note that B is bounded.) Hence, for each y € B,
2= f(+,¥): Z,~>R fulfils the Lipschitz condition (3.1) with L(t):=Lgy-t, teR"
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and L,= K. Now, we obtain from Theorem 3.1 that there exists ﬁz > ( (independent
of y) such that

< LBy, p)"V?

L Sz, y)u(dz) - L Sz, y)v(dz)

for all ye B and all ve P(Z,; p, K). Putting Lg, = max{L,, fz} we complete the
proof. [

We end this section by studying the consequences of Proposition 3.2 and Theorem
2.5 for distribution sensitivity of stochastic programs with linear and quadratic
recourse, respectively.

Let pe(1,+00) and K €(0, +c0). The sets P(Z;; p, K) (i=1,2) equipped with
the metric B serve as parameter spaces. Since for any fixed parameter u the programs
(3.3) and (3.4) are convex (recall the convexity argument given in the preceding
proof), there is no distinction between locally and globally optimal values (and
local and global minimizers, respectively). Hence let us denote by ¢; and ¢; (i=1,2)
the mappings assigning to each parameter the optimal value and the set of optimal
solutions, respectively (of (3.3) and (3.4), respectively).

Theorem 3.3. For i =1 (linear recourse) as well as for i =2 (quadratic recourse) the
Jollowing holds:

Consider (3.3) and (3.4) with the same general assumptions as above. Fix some
n € P(Z;; p, K) and assume that ,(u) is nonempty and bounded. Then we have that
¥; is w.s.c. at pu with respect to the metric space (P(Z;; p, K), B) and there exist
constants 6,,> 0 and L, > 0 such that

Pi(v)#0 and |o(v)—eip)|<L,B(v,u) """

whenever ve P(Z;; p, K) and B(v, u)<$,,.

Proof. We check the hypotheses of Theorem 2.5. The metric space (7T, d) is given
by (P(Z;; p, K), B) (i=1, 2). As (nonempty) sets of global solutions ¢;(u) (i=1, 2)
are CLM sets, boundedness of ¢;(u) implies hypothesis (i) of Theorem 2.5.
Hypotheses (ii) and (iii) of Theorem 2.5 trivially hold and (iv) is just the assertion
of Proposition 3.2. [

If we restrict the parameter space to a tight subset of #(Z,; p, K) then, for the
SLP-case, qualitative stability with respect to weak convergence of probability
measures (i.e. continuity of ¢, and upper semicontinuity of ¢,) is already implied
by Theorems 2.2 and 3.2 in [46].

We continue with applying Theorem 3.3 in the situation where w is incompletely
known and estimated by empirical measures, thus giving an idea of how to derive
asymptotic statistical properties for optimal values of stochastic programs.



208 W. Romisch, R. Schultz / Distribution sensitivity in stochastic programming

Let u € P(Z;) (i =1, 2) and (z;);en be a sequence of independent random variables
on a probability space ({2, s/, P) with values in Z, and common distribution u. Then
the empirical measures are given by

pr(@)=n""Y 8, (0w, neN).
ji=1
(Here 8, denotes the measure with unit mass at z.)

Corollary 3.4. Assume the hypotheses of Theorem 3.3, and let C be bounded. Then
for i=1,2 there exists a constant K;> 0 such that

Ellei(p) = @i (nloN1< K(E[B (1, pa(@)]D)'™" (neN).

(Here E[ -] denotes the mean value with respect to P.)

Proof. Let ic{l,2}. Then we have from Theorem 3.3 that there exist constants
8;>0, L;>0 such that

loi(p) ~ @i(v)| < LB, v)' 77

whenever v € P(Z;; p, K) and B(u, v) <8;. Note that the Holder modulus L; of ¢;
has the special structure

e oo ([ peoan)”]

with some constant K,> 0 (Remark 2.7., Theorems 3.1 and 3.3). Hence, for fixed
neN, there holds for all we A;'={we 2: B(u, w.(w)) <8},

n 1/p
|@i(p) = @i ()| < K [H(n_l p IIZJ(w)Ilz”) :]B(P«, pn(@))' 72

and we obtain applying Hilder’s and Chebyshev’s inequalities

Elle:(p) = @:i(pa(o)]

= J'A_ lo:(1) — i(pa(w))] AP+ J . lo:i(1) — o pn(w))| dP

2\A;

n i/p
<K{1+<"“ .§1E[||z,-<w>l|2"]) ](E[B(u,un(w))])l_””

+P(N\A)'" VP (Elledp) = el pu(@))PDV?

<{ef([ ) ]

+§(siE_[l'cp,-,(m—cp,-mn(w))l”])“"}(E[ﬁ(u, pa(@)D V.
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Since C is bounded, we have for each v e ?(Z;) that

lo:(v)] sgleaé({lchH Jz. |fiz, x)[v(dz)},

and in view of (3.5),

1/p
lq;,-(z/)|p$le,~ [1+(J’z‘ HZHZ”v(dz)) ]

with some constant K,>0. Therefore, Ellei(p) = @i(pn(@))[F] is bounded with
respect to n €N and the assertion is proved. O

Note that there exist (sharp) bounds for E[B(u, u.(w))] of the type cn™"* with
constants ¢>0 and k> 2 [14]. Concerning k we remark that it is bounded below
by the dimension of the (smallest) Euclidean space including the support of u and
that it depends on the existence of certain moments of w (see [14] for details).

4. Stability of solutions to recourse problems

Now we study consequences of Theorem 2.6 with respect to quantitative stability
of optimal solutions to recourse problems. Having in mind Proposition 3.2, an
inspection of Theorem 2.6 indicates the central role of the concept of a strict local
minimizer of some order g €[1, +o) for quantifying upper semicontinuity of the
optimal set-mapping ¢. In what follows we emphasize the case when g =2.

It is well known (cf., e.g., [44, Theorem 2.2]) that for the standard nonlinear
programming problem with inequality and equality constraints each point satisfying
the Kuhn-Tucker necessary optimality conditions as well as the sufficient second
order condition [44, Definition 2.1] is a strict local minimizer of order 2. Of course,
this argumentation needs twice differentiability of the problem data, although there
exist generalizations to the locally Lipschitzian case (e.g. [3]). In the sensitivity
analysis that follows, however, we restrict ourselves to the case where the original
problem is twice differentiable. In view of the convexity of the problem and the
polyhedrality of its constraint set, the above sufficient condition for the existence
of a strict local (therefore global) minimizer of order 2 reduces considerably. It
already holds if there exists an optimal solution where the Hessian of the objective
is non-singular. In the sequel, this will be the key assumption to be verified.

Let us consider the following program with linear recourse

myin{cTy-FJ' O, 2u(dz): ye C} (4.1)

where C <R™ is a nonempty convex polyhedron and ceR™,

S, z) =min{q"v: [D,-D]v=z—y, v=0}, (4.2)
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Z=R", De L(R™,R™) nonsingular and u € ?(Z). For convenience we denote the
objective in (4.1) by F(y, u) and split the vector g€ R*” into g* € R™ and g~ ¢ R™
consisting of the first and the last m components of g, respectively.

We remark that the above class of problems was brought to our attention by the
paper [9] of Birge and Wets, where such problems serve as approximations to more
general recourse problems.

Proposition 4.1. Consider (4.1) with the above assumptions, let q* + q~ > 0 and suppose
that for the one-dimensional marginal distributions &; of G:=u°D (i=1,...,m)
there exist densities 6, which are on int supp w; both continuous and strictly positive.
Then V, F(y, u) exists and is nonsingular for each y € int supp u. (“supp v’ denotes
the support of the measure v.)

Proof. The function f(y, z) given by (4.2) is finite everywhere, since one always
finds a feasible v and since by g+ g~ >0 the constraint set of the dual to the
problem defining f is nonempty.

Following [9] we have the expression

f0,2= X £ 2)

where
fp )= {q_l—'—)(i)(Dii)i-(z_y) ?f (D:)i-(z —-y)=0,
gdo(D)u(y—z) if (D )u(z—y)<0,
g =min{g"v: [D, -D]Jv = D(i), v=0}, (4.3)
4w =min{g"v: [D, —D]v=-DC(i), v=0}. (4.4)

(D7), denotes the ith row of D™, D(i) the ith column of D. By inspection of the
dual problems to (4.3) and (4.4) one confirms

anm=49:; and gpun=4q; .
Now

F(y,u)=c'y+ _i F(y,p)=c'y+ gl J‘Zf:(y, Z)p(dz).

Using the transformation Z = D'z the last expression becomes
¢'y+ ¥ J fi(y, D?)|det D|pa(dZ).
i=1Jz

Observe that

(g G—(D My i 5=(D ),
iy, D2) = {q:«D‘l)i.y ~%) i 5<(D )y
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Therefore

Fi(y, u)=|det D| - {qi* J t6,(t) dt — g7 (D™").y
R

(D™Y,y

—(q?+q?)J

—o0

(t=(D7).y)8(1) dr},

and we have
(D™, y

V,Fi(y, p)=|det D] - (—q?+(qi++ q:) J 6.(1) dt)(D‘l),-T.-

Hence
Vv, Fi(y, w)=|det D|(g7 +¢7)6.((D™),y)(DHXD™)...

(Note that the existence of V, Fi(y, u) is ensured for yeintsupp p since ye
int supp u implies (D™').y € int supp f;.) Our suppositions now imply

ldetD|(47+qi_)(5i((D_l)f-y)>0 fori=1,...,m.
Hence
EV, F(yp)é=0 (i=1,...,m)

where equality holds only for those & which satisfy (D™").£ =0. Since the rows of
D™ are independent we obtain

£V F(y, u)é>0
for all £€R™, ¢ #0 and the assertion is verified. O

Remark 4.2. If supp u =R™ then the restriction on y in the assertion of the above
proposition can be dropped. In general, however this is not possible as is illustrated
by the function F(-, uo) in Example 2.1. This function does not possess a Hessian
at the boundary of the support and has the Hessian 0 outside the support.

Now we are going to apply Theorem 2.6 to problem (4.1) understood as a
parametric programming problem with respect to the underlying probability
measure. As in the previous section, let p € (1, +00) and K € (0, +0) to fix a parameter
set P(Z; p, K).

Theorem 4.3. Consider problem (4.1) with general assumptions as above, letq*+q~ >0
and assume that for some fixed u € P(Z; p, K) (representing the unperturbed problem)
the set y(u) is nonempty and belongs to int supp u. Suppose further that for the
one-dimensional marginal distributions g; of u=m° D (i=1,..., m) there exist
densities 6, which are both continuous and strictly positive on int supp @;. Then ¢(u)
is a singleton (say y(u)={7}) and there exist L},>0 and 7),>0 such that we have
for any ve P(Z; p, K) for which B(p, v) <), that

y(v)#0 and |§—y|<LyB(u, )"V forallyey(v).



212 W. Romisch, R. Schultz / Distribution sensitivity in stochastic programming

Proof. In view of Proposition 4.1 and the argumentation at the beginning of this
section the unperturbed problem has a strict local minimizer of order 2. Hence ()
is a singleton and hypothesis (i) of Theorem 2.6 holds. Hypothesis (iv) is implied
by Proposition 3.2 whereas the remaining hypotheses of Theorem 2.6 trivially hold.
Theorem 2.6 now completes the proof. [

Next, we extend the above stability result to the more general class of problems
given by

min{ch+J f(x, z)u(dz): xe C} (4.5)
* z

where C < R™ is a nonempty convex polyhedron and ceR™,

f(x, z)=min{q"v: [D,~D]v=z—Tx, v=0},

Z=R", De L(R",R") nonsingular, Te L(R™ R") with full rank and u € #(Z). As
in (4.1) we split g into ¢° and q~. Unless m=r, a solution to (4.5), if it exists,
cannot always be ensured to be uniquely determined. Hence, in general there is not
much hope of identifying strict local minimizers of any order, and Theorem 2.6
cannot be applied directly. However, under an additional assumption on the linear
part of the objective in (4.5) we can show the assertion of Theorem 4.3 to hold with
little modification.

Theorem 4.4. Consider (4.5) with general assumptions as above and let the vector
ceR™ admit a representation ¢" = ' T with some ¢ €R’. Suppose further ¢*+q >0
and that for the one-dimensional marginal distributions ji; of @:=pe D (i=1,...,7r)
there exist densities 6; which are both continuous and strictly positive on int supp ;.
Assume that for some fixed € P(Z; p, K) the set () is nonempty and that we
have Tx cint supp u for any x € y(w). Then there exist L3,>0 and n},> 0 such that
we have for any ve P(Z; p, K) for which B(u, v) <n7, that

Y(v)#0 and duy(P(v), Y())< LB (y, u) /P2

where dy denotes the Hausdorff distance.
Proof, Denote T(C):={yeR": y=Tx, xe€ C} and consider
min{ETy—i—J. f(y, 2)v(dz): ye T(C)}, (4.6)
Y z

where

fy.2)= min{q"v: [D, -D]v=z~y, =0}
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Since T(C) is again a nonempty convex polyhedron (4.6) fits into (4.1). Let P (v)
denote the solution set of (4.6) and put

C,={xeR™: y=Tx,xeC}.
Using the representation of ¢” one then confirms

p(v)= U C,. (4.7)

yep(v)
Theorem 4.3 now y~ields that there exists 7;>0 ~such that ve #(Z; p, K) and
B(v, u)<mj imply ¢(v)#@. Note that for any y € (») we have C, # § and hence
by (4.7),
Y(v)#0.
Now observe that by Theorem 4.3, /(1) is a singleton (let ¢r(x) = {7}); (4.7) implies
¢(u) = C;. Furthermore, we have by (4.7),

dH(d’(/'L)a lll(V))S Sl}P dH(Cia Cy)

yed(v)
By Hoffman’s theorem (cf. [43, p. 760]) there exists Ly >0 which is independent
of y such that
du(Cy, C)< Ly |7yl
Hence
du(p(p), () < Ly - sup. 7=y
yey(v

and in view of Theorem 4.3 the right-hand side of the last inequality can be estimated
above by

Ly LBGnw) 72 O

Remark 4.5. In Theorems 4.3 and 4.4, the estimates on the distance of the solution
sets hold with exponent 3 on the right-hand side, if there exists a compact set
containing all the supports of the involved probability measures.

To show that the exponent on the right-hand sides in the estimates in the Theorems
4.3 and 4.4 is the best possible we give the following example.

Example 4.6. Let F(x, ) and u, be as in Example 2.1, let w, (neN) be given by
the distribution function

0, s<—1,

s+, —iss<-1/vn,

D,(s) =13, ~1/Vn<s5<1/Vn,

s+3, 1/vVn<s<3,

1, 1<y,
Let P(w)=min{F(x, u): xeR}. Then ¢(uo)=1{0}, ¥(u,)=[-1/Vn,1/v/n] and
B, o) <4/n. Now, we have dy(#(u,), ¥(uo)) =1/Vn, i.e. the exponent § which
is obtained from Theorem 4.3 in view of Remark 4.5 cannot be increased.
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Now we turn our attention to stochastic programs with quadratic recourse. We
will study quantitative stability of optimal solutions when the recourse problem has
box-diagonal structure.

Consider

myin{cTy+J f, 2)u(dz): ye C} (4.8)

where C <R™ is a nonempty convex polyhedron and ceR™,

fly,z)= max{—iv"Dv+(z -y)'v:a<v=<b},

Z=R" a,beR™ (a<b), De L(R™ R™) diagonal with positive elements d; (i=
1,...,m), ueP(Z). We denote the objective in (4.8) by F(y, u).

Proposition 4.7. Suppose in (4.8) that for the one-dimensional marginal distributions
wi of w (i=1,...,m) there exist densities 0; which are both continuous and strictly
positive on int supp ;. Then V ,F(y, u) exists and is nonsingular for all y e R™ such
that

{selR{'":5a+ysssl§b+y}Cintsupp,u. (4.9)

Proof. We find that f(y, z) is separable, namely
fz)= ;fi(yi, z;)

where
(1/Q2d:)(z _yi)z’ if z;—y,€[ad,, bd;],
[, z) =4 alzi—y.) —3dia’, if z;—y <ad,,
bi(z;—y))—3db?, if z;—y,> bd,,

fori=1,..., m Denote
Fi(y;)= Jﬁ(Yi, z;) pi(dz;)

where “u;(dz;)” indicates that the integral is taken with respect to the marginal
distribution. If the second derivatives (d*/dy?)Fi(y;) exist for i=1,..., m, then
V,,F(y, n) is a diagonal matrix with elements (d°/dy?) F,(y;) on the main diagonal.
Hence it remains to show that these derivatives exist and that they are positive. We
have

bd+y,

1
F.(y: =J — (t—y)°6,(x) dt
i) . 2d,»( y:)"6:(

ad,+y,
+'[ [ai(t‘)’i)_%dia?]ei(t) dt

+J'OO [bi(t_yi)_%dib?]oi(t) dz.

bid;+y;
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In view of condition (4.9) now (d/dy;) F;(y;) exists and we obtain by direct compu-
tation

d 1 bd,+y, 1 bd;+y;

— Fi(y)=—— t0;(t) dt+— .-J 0,(t) d¢

dyi (y) di Jﬂidi+yi ( ) di g aid;+y; ( )
ad;+y, ©

_aij ai(t)dt—b,-J’ 6;(1) d¢,
—co bid;+y;
and finally

d2 1 Jbidi+yi

— F(y)=— 0:(¢) de.

(1_)112 (y di aid;+y;

These expressions are positive for i=1, ..., m, and the proof is complete. [

In analogy to Remark 4.2 we note that, in case supp u =R"™, condition (4.9) in
the above theorem is not a restriction. Let us now view problem (4.8) as a parametric
program with respect to the underlying probability measure. With p € (1, +0) and
K €(0,+) we fix the parameter space #(Z; p, K) and obtain the following con-
sequence of Theorem 2.6.

Theorem 4.8. Consider (4.8) with general assumptions as above and suppose that for
some fixed u € P(Z; p, K) the set y() is nonempty and (4.9) holds for all y € ().
Further, assume that for the one-dimensional marginal distributions w; of u (i=
1,...,m) there exist densities which are both continuous and strictly positive on
int supp ;. Then ¢(u) is a singleton (say ¢(u)={y}) and there exist L,,>0 and
n3,>0 such that we have for any ve P(Z; p, K) for which B(p, v) <n, that

y(v)#0 and |j-y|<LyB(u,v)" V" forallyey(v). O

The proof is a repetition of the proof of Theorem 4.3 using Proposition 4.7 instead
of Proposition 4.1.

It is possible to generalize Theorem 4.8 in exactly the same way as this has been
done for linear recourse in Theorem 4.4. As can be seen from the proofs, the stability
results of the present section remain unchanged if one has strict positivity of the
densities only on a neighbourhood around some point determined by the optimal
solution set of the unperturbed problem.

5. Stability in chance constrained programming

In this section we present stability results for (locally) optimal sets and optimal
values of chance constrained stochastic programs. The problem we shall consider is

min{f(x): xeR™, u{{zeR": xe X(2)}) = po}, (5.1)
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where f is a function from R™ into R, X is a measurable multifunction from R’
into R™, p,e[0, 1] and u is a Borel probability measure on R". (X is measurable
iff {zeR’: X(z)nA#0}e B(R®) for each closed AcR™)

Since X is measurable, the preimages X (x):={zeR®: xe X(z)} are Borel for
each xeR™.

Our approach to stability in the chance constrained case is based on Theorem
2.5. The results we obtain extend those of [49, Section 4], since we consider more
general problems (5.1) and we also deal with the stability of local solutions. In
order to apply the parametric programming framework (of Section 2), we first have
to choose a suitable distance on ?(R*). Of course, it again appears to be useful to
choose a distance metrizing the topology 7, of weak convergence on ?(R°). But,
unfortunately, as turned out in [30], it seems to be difficult to establish general
verifiable sufficient conditions to ensure lower semicontinuity of the multifunction

v-> C(v)={xeR™: »(X (x))=p} (5.2)

considered as a map from (2?(R?), 7,,) to R™. Recall that a multifunction I" from a
topological space (T, 7) to R™ is lower semicontinuous (l.s.c.) at some e T if, for
each x e I'(t,) and each £ >0, there exists a 7-neighbourhood U of ¢, such that for
each te U, I'(t)n B(x, g)#0.

In our first result (which is close to [50, Corollary 3.2.1]) we show that such a
verifiable condition can be established if the subset %B,:={X (x): xeR™} of B(R")
forms a w-uniformity class. Recall that %, is a w-uniformity class if sup{|u(B)—
wa(B)|: Be Bo}—0 as n>oo holds for every sequence {u,) in P(R°) converging
weakly to u (see e.g. [5,7]).

Proposition 5.1. Let uc P(R*), poc(0,1). Assume that By,={X (x): xeR™} is a
w-uniformity class and that the multifunction p—> C,(n) (from R to R™) is Ls.c. at
Po- Then v C, (v) (from (P(R°), 7,,) to R™) is Ls.c. at .

Proof. Let xe C,(u) and &> 0. Then there is a § >0 such that, for each peR with
|p — pol < 8, C,(u) n B(x, £) # 0. Now we choose a 7,-neighbourhood U of u such
that sup{|u(B)— v(B)|: B € B,} < holds for each ve U.

Let ve U and put p= py+supf{|u(B)—»(B)|: Be B,}. Then we have for each
ye C,(w) that

(X~ = u(X~ () = w (X~ ) —v(X )= po.

Hence y € C,(v)and C, (v) " B(x, &) 2 C,(n) N B(x, £) # . Thus v+ C, (v) is Ls.c.
at w. O

Remark 5.2. Proposition 5.1 shows that the multifunction v+ C, (») is Ls.c. at those
measures u € P(R’) which are “smooth” in some sense. The “smoothness” condi-
tions on u are connected with the multifunction X (describing the constraints) and
with the properties of the mapping p— C,(u) at the prescribed probability level
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Do- It is known from [7] that a class %, of Borel subsets of R* is a w-uniformity
classiflim, o sup{u ({8 B)*): B€ B} =0. (Here 3B denotes the topological boundary
of B and A° denotes the ¢-enlargement of A< R"))

Let us consider two special classes %, of Borel sets:

(i) Br={(—00,z]1=X;_, (-2, z]: z=(z,..., z) €R’}is a u-uniformity class
for those u € ?(R’) whose probability distribution function F,, is continuous.

(ii) B.={B<R": Bisconvex and Borel} is a g-uniformity class if u is absolutely
continuous w.r.t. Lebesgue measure on R* ([5, Theorem 2.11, pp. 22-23]).

Hence, at least, if u is absolutely continuous and all preimages X (x) (xeR™)
are convex, Proposition 5.1 appears to be useful (e.g. for qualitative stability results
for chance constrained problems). Simple examples show that the lower semicon-
tinuity of p— C,(u) at p, cannot be dispensed with in Proposition 5.1 (cf. also [50,
Theorem 3.2]). However, since we are interested in quantitative stability results, we
do not pursue this line of research here. Proposition 5.1 indicates that the so-called
“variational (or uniform) distance” (which is sometimes also called “%-
discrepancy” e.g. in [22]) ag(u, v) (u, v€ P(R")) (see (1.2)) might be a suitable
(pseudo-) metric on P(R*) for our purposes. Note that ag, is the well-known
“Kolmogorov distance” on P(R®). Indeed, it turns out in the following that vari-
ational distances ag, where 9B contains the set { X (x): x € R™}, are suitable for the
application of the concepts of Section 2.

As a quantitative analogue to Proposition 5.1 our next result asserts a Lipschitz
property of the multifunction v~ C, (v) at u e ?(R") which is needed for the
application of Theorem 2.5. To state the result we need the following Lipschitz
property of multifunctions which was introduced in [2] (see also [47]).

A multifunction I" from R? into R™ is called “pseudo-Lipschitzian™ at (x, p),
where peR? xe'(p), if there exist neighbourhoods U of p and V of x, and a
constant L=0 such that

(I'(p))n V)= T(p,)+L|p,—ps|B. forallp,,p,el.

Proposition 5.3. Let ue P(R’), poc(0,1), xo€ C, (i) and By:={X (x): xeR™}
< B(R*). Assume that the multifunction I'(p)=C,(n) (peR) is pseudo-
Lipschitzian at (x,, py). Then there are a neighbourhood V of x, and constants L >0
and 8,> 0 such that for every v e P(R*) with ag (u, v) <5,

(Cpn(“‘) M V) < Cpo( V) + La%o(/-“a Z/)Bm,

(5.3)
(Cpo(v) M V) < Cpg(#’) + La%o(#’a V)Bm-

Proof. Since the multifunction I' is pseudo-Lipschitzian at (x,, py), there are a
neighbourhood V of x, and positive constants L and §, such that for all p;, p,€ R,
with p;<p, and |p; —po| < &, (i=1,2),

(Cp,(m)n V)= Cp () + Lipy — po| Bon- (5.4)
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(We may assume w.l.o.g. that p, < p,, since C,,(u) = C, (u) trivially holds if p, > p,.)
Let v € 2(R®) be such that ag (u, ¥) <8, and xe C, (u) N V. We put 8 := ag (u, v),
P1:=Ppoand p, = p,+ 8. By (5.4) there exists y € C, . 5(u) such that ||x — y|| < L8. Since

L,(y)=pl{zeR’ ye X(2)})=po+35,
we obtain
t.(¥) = pot |6, (9) = .| = pot 1,.(¥) — 1.().
Thus y e C, (v), and we have shown that there exists y € C, (v) with
%~ vl < L8 = Lag,(u, ).
Now, let x€ C,(v)n V and put 6= ag (u, ¥), p1=po— 8, p,*= po. It follows that
1,(x) = £,(x) = |6, (x) — ,(x)|= t,(x) 6= po— 6 = p; .

(5.4) now implies that there exists y € C, () with |x—y|/=< L8. Hence, (5.3) is
shown and the proof is complete. []

In the following, let 9B, be a class of Borel sets in R having the property that
ag,(-, ) is a metric on ?(R’).

We are now in the position to state the main result of this section, which is an
immediate consequence of Theorem 2.5.

Theorem 5.4. Let f:R™ >R be Lipschitzian on bounded sets, pc P(R"), poe(0,1),
and let the multifunction X be closed and {X (x): xeR™} < B, B(R*). Assume
that there exists a bounded open set V in R™ such that (1) is a CLM set for f on
C, (). Suppose I'(p) = C,() (p<R) is pseudo-Lipschitzian at each pair (x,, po)
with xo€ yry(u). Then the multifunction ¢y (from (P(R°), ag) to R™) is upper
semicontinuous at ., and there exist constants L>0 and 6 >0 such that ¢ (v) is a
CLM set for fon C,(v) and

lov(p) —ev(v)|< Lag,(u, v)

holds whenever ag (p, v) < 8.

Proof. In order to apply Theorem 2.5, we put (7, d)}:=(P(R"), ag,) and M(v)=
G, (v) for each v € (R®). First we show that the multifunction v+~ C, (v) is closed
at u. Let (u,) and (x,) be sequences such that u, € Z(R*), x,, € C, (), forall neN,
X, > x€R™ and ag (u,, u) >0 forsome u € P(R*). We have to show that x € C, (u).
Since the multifunction X is closed, the same holds for x> X ~(x) and, hence, we
have

X‘(x)=ﬂcl< U X_(y)>-

5>0 yeB(x,8)
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This implies

#(X™(x))= inf p (Cl< U X_(J’))>-

yeB(x, 8)

Now, let £ >0 be arbitrary, but fixed. Then there exists §,> 0 such that

p(X(x)+3e>p <Cl UJ X_(y)> :

yeB(x,80)

Furthermore, there exists no€N such that ag (4, #,) <3¢ and ||Jx — x,|| < 8, for each
n=n,. Then we have that

(X (x)) = p(XT(x)) = (X 7(x,)) = [ (X7(%0)) = (X (x)))|
+ 1 (X7 (x,))

= u(X (%)) = w (X (x0)) — g, (4, fn) + Po

> —je—3e+po=po—¢.
Since & >0 was arbitrary, this yields xe C, (u). Using the same arguments, it also
follows that C, () is a closed subset of R™, for every » € ?(R’). Hence hypothesis
(ii) of Theorem 2.5 holds. From Proposition 5.3 we obtain that the multifunction
v C,(v) (from P(R°) to R™) is pseudo-Lipschitzian® at each pair (x,, )€
Yv(w) x{u} (see Definition 2.4). Furthermore, condition (iv) of Theorem 2.5 is
satisfied with p =1. Hence, Theorem 2.5 yields the desired result. [

Theorem 5.4 may also be viewed as a qualitative stability result with respect to
(small) perturbations of w in the metric space (P(R’), ag,) (and in the metrizable
space (P(R%), 7,,) if B, is a p-uniformity class (cf. Remark 5.2)). Of course, the
topology on #(R®) generated by ay, becomes coarse if %, (and, hence, the set of
all preimages X (x) (xeR™)) is rich.

Next we show how to verify that the multifunction I'(p) = C,(u) (from R to R™)
is pseudo-Lipschitzian at some pair (X, po), where xy€ C, (1 ). The following result
provides a corresponding criterion for the multifunction

p—=T'(p)={xeR": g(x, p)<0}, (5.5)

where g is a real-valued function defined on R™ x R. This result is, in fact, a special
case of much more general results by Rockafellar [47].

Lemma 5.5. Let g:R™XR->R be locally Lipschitzian and (x,, p;) be such thai
g(xq, po)<0. If g(x,, ps) =0 then assume that for every pair (x, p)€dg(x,, po) we
have x #0. Then I' (defined by (5.5)) is pseudo-Lipschitzian at (x,, po). (9g2(x, Po)
denotes the Clarke generalized gradient of g at (x,, po).)

Proof. Use Corollary 3.5 in [47] with d:=1, C={xeR: x<0}and Fi=g. [

In the following, we want to consider two particular models of chance constrained
programs and show how to apply Theorem 5.4 to these cases. The first model (with
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random right-hand sides) is given by
X(z)={xeR™: h(x)=z} (zeR"), (5.6)

where h:R™>R* is continuous. Clearly, the multifunction X is measurable and
even closed, and we have that

X (x)=(—0, h(x)]€ By for every xeR™
and
Co(p) ={xeR™: F,(h(x))=p},

where F, is the distribution function of u € 2(R°).
For (5.1) with X given by (5.6) we have the following:

Corollary 5.6. Let f be Lipschitzian on bounded sets, p,€(0,1) and uc P(R*) with
locally Lipschitz continuous distribution function F,,. Assume that there exists a bounded
open set Vin R™ such that ¢(n) is a CLM set for f on C,(w). Let h:R™>R* be
continuously differentiable and suppose for its Fréchet derivative h' that im(h'(x,)) =R’
and

0£9F,(h(x,)) hold for every xo€ () with F,(h(x,))=p,. Then,  is upper
semicontinuous (u.s.c.) at u (as a multifunction from (P(R°), ag,) into R™) and there
are constants L>0, 8 >0 such that s, (v) is a CLM set for f on C,(v), and

|¢v(,U~) - ‘PV(V)‘ < Lag,(u, v)

holds whenever ag, (1, v) <8.

Proof. In order to apply Theorem 5.4 we put %,:= By and have to show that the
multifunction I" from R to R™ defined by

I'(p)={xeR™: g(x,p)=p—1t.(x)<0},

where t,(x):= F,(h(x)) (xeR™), is pseudo-Lipschitzian at each pair (x,, po) with
Xo€ ry(p). Let xo€ Yy ()< I'( po). g is locally Lipschitzian (from R™ xR into R),
since t, has this property, and it holds that 9g(x,, po) =1{(x, 1): x e R™, —x €9, (x0)}
(see the calculus rules for the Clarke generalized gradient [11, pp. 38-39]). From
Theorem 2.3.10 in [11] we obtain at,,(xo) = h'(x0) "9 F,. (h(x,)). Now, let g(x,, po) =
Po— F,(h(x0))=0. Since 0£dF, (h(x,)) holds and h'(x,) maps R™ onto R, we get
0¢9t,(x,). Hence, the assumptions of Lemma 5.5 are fulfilled and I" is pseudo-
Lipschitzian at (x,, py). O

Remark 5.7. Let F, be continuously differentiable on R* and VF,, denote its gradient.
Then 0€4F,(z)={VF,(z)} holds for every zeR® if u has a density which is
continuous and strictly positive on R®. This fact can be proved similarly as Lemma
4.9 in [49]. For the special case of linear chance constrained problems, i.e., f(x) =
c™x, h(x)=Ax (xeR™), where ceR™ and Ae L(R™ R®), Corollary 5.6 applies
under a set of conditions which are similar to those of Corollary 4.7 in [49]. Using
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a special approach it was shown there that the (globally) optimal values are
Lipschitzian at p (with respect to the Lévy-Prokhorov metric on #(R*), cf. Remark
5.10). Itis well-known that C, (u) = {x € R™: u((—00, h(x)]) = po} is convex for every
po€ [0, 1]if the components of h are concave and the probability measure u € P(R*)
is quasi-concave. For an extensive study of quasi-concave measures we refer to
Prekopa’s work (e.g. [40, 41]).

Secondly we consider a special linear chance constrained model (with random
matrix), which was first studied by Van de Panne and Popp [42]. This model is
given by

X(z)={xeR™ z"x=b} (zeR™), beR,

and u € 2(R™) is the multivariate normal distribution N(a, X), where a € R™ and
2 e L(R™) is nonsingular. Clearly, we have that the multifunction X is closed and
X7 (x)e B¢, for every x € R™. Furthermore, as shown in [42], it holds that

Co(w) =[x €R™: p({zeR™: 2Tx = b}) = po)
={xeR™: & py)o(x)+b—a"x=<0}

where

" 1/2
o(x)=(3x, x>1/2:< y (r,-jxpcj) (xeR™)

i,j=1

and & denotes the standard normal distribution function, py,e (0, 1). Given ce R™
we now consider the problem

min{c"x: x€ C,(u)}. (5.7)

Lemma 5.8. C, (u) is a convex subset of R™ if poe[3,1). If poe(3,1), b>0 and
(5.7) has a global minimizer, then this minimizer is unique.

Proof. The first assertion was shown in [42, pp. 421-422]. Let py€ (3, 1), b>0 and
assume that (5.7) has two global minimizers x,ye C,(u), x#y. Hence, {ax+
(1-a)y: @€[0, 1]} is contained in the solution set of (5.7) and it holds that

D (po)o(ax+(1—a)y)+b—a(ax+(1 —a)y)=0
for each a €[0, 1]. This implies that for each a €[0, 1],
olax+(1—a)y)=ac(x)+(1—a)o(y)

holds. Since X is nonsingular, o(-) is a norm on R™, Hence, the latter equality can
only be true if there is a constant K €R such that x = Ky. From @~ '(p,)o(Ky)+b=
Kay, we obtain that K >0. Hence it follows that K& '( p,)a(y)+b=Ka"y and,
thus, b = Kb. This contradicts x#y. O
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Corollary 5.9. Let b>0, p,c(3,1) and assume that (5.7) has a global minimizer
x*e C,(u). Let V:=B(x* r) for some r>0. Then  is u.s.c. at u (from (P(R™),
ag.) to R™) and there exist L>0 and 8>0 such that r,(v) is a CLM set for ¢'x
on C,(v) and

lov(u) —v(¥)| < Lag(u, v)
holds whenever ag_(u, v)< 8. (Note that ¢y () = c'x*, gy () ={x*}.)

Proof. For the application of Theorem 5.4 we put %B,= B, f(x)=c'x and note
that () ={x*} is a CLM set for (5.7). It remains to show that the multifunction

p—{xeR™: &7 (p)o(x)+b—a'x<0}=C,(pn)

is pseudo-Lipschitzian at (x*, py). To prove this we define a function g:R™ XR->R
by
b—a'x, p<0.5,
g(x,p)={ ® (p)o(x)+b—a"x, pe[0.5,1-¢], (xeR™),
P '(1-e)o(x)+b—a"x, p>1-—c¢,

where £>0 is chosen such that p,<1-—¢, and we consider the multifunction
I'(p)={xeR™: g(x, p)<0} (peR). Noting that I'( p) = C,(u) for every p belonging
to a certain neighbourhood of py, it suffices to show that I" is pseudo-Lipschitzian
at (x*, py). To this end we use Lemma 5.5 and note first that the function g is locally
Lipschitzian. Since g is continuously differentiable at (x*, p,), it remains to show
that V,g(x*, po) # 0. One has that

V.g(x*, po)= P (po)V,o(x*)—a,

V. o(x*)= Ix*,

o(x¥)
and, hence, V,g(x*, po) "x* = @ '(po)o-(x*) — a"x* = — b # 0. Therefore we can apply
Lemma 5.5 and the proof is complete. []

Note that Corollaries 5.6 and 5.9 are qualitative stability results with respect to
the topology of weak convergence, since the hypotheses on p-uniformity classes
(cf. Remark 5.2) are fulfilled.

Remark 5.10. Let B,< B(RY), n € P(R°) and assume that there exists a constant
M >0 such that
sup u((0B)°)<M:e forall e>0 (5.8)

BeRBy

(where 0B denotes the topological boundary of B and (3B)® its open £-enlargement).
Then

p?BO(“‘) V) = a%g(“” V) = (M+ l)p%‘o(,“va V)
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holds for every ve P(R*) (Lemma 4.1 in [49]), where pg, denotes the Lévy-
Prokhorov type metric (w.r.t. %), i.e.,

pa, (i, ) =inf{e > 0: u(B)< v(B°)+ ¢, v(B)< u(B®)+e¢,forall Be B,}.

A discussion of (5.8) for B,= B and B,:= B can be found in [49, Remark 4.2].
From the literature it is further known that p = pg@sy (called Prokhorov metric on
P(R*)) can be estimated in terms of the metric 8 [16] and that 8 is majorized by
so-called Wasserstein metrics [25]. Hence the results of the present section are
available for a variety of probability metrics. For Gaussian measures the results
even can be related to the parameters of the distributions since explicit formulae
for Wasserstein distances are available [25].

Remark 5.11. Assume that u is estimated by empirical measures. Then it is possible
to bring together the results of Section 5 with theorems on the speed of Glivenko-
Cantelli convergence or with Dvoretzky-Kiefer-Wolfowitz type inequalities (cf.
[22]) and one obtains also for chance constrained problems convergence rates in
the spirit of those developed at the end of Section 3 (Corollary 3.4).

6. Conclusions

The approach to distribution sensitivity of stochastic programs followed in the
present paper is based on the assumption that the underlying distribution itself as
an element of a suitably metrized space of probability measures is considered as a
parameter. We showed how to apply recent achievements in parametric programming
(cf. Klatte [35, 36]) to obtain quantitative information on stability of optimal values
and optimal solutions. For optimal values of stochastic programs with linear and
with quadratic recourse we established Holder continuity (with exponent 1—1/p)
with respect to the metric B on sets of probability measures with bounded 2pth
moment (Theorem 3.3). In two directions this extends earlier results: also quadratic
recourse is considered and for linear recourse more general models than in [49] are
covered. The approach also yields upper semicontinuity of optimal solutions
(Theorem 3.3). In a more general frame, this property and the continuity of optimal
values have been obtained by Robinson and Wets [46] and Kall [30]. The original
contributions in Sections 4 and 5 concern:

- quantitative stability results (w.r.t. weak convergence) for optimal solutions of
recourse problems,

- qualitative and quantitative stability results for chance constrained problems.

In Theorems 4.3, 4.4 and 4.8 we derived (in terms of the Hausdorff distance)
Holder continuity of optimal solution sets for recourse models with special structure.
The exponent of Hélder continuity is (1 —1/p) on sets of probability measures with
bounded 2pth moment. In Example 4.6 this exponent has been shown to be best
possible.
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The crucial point in Section 5 is to investigate stability with respect to the metrics
ag. This permits the proof of results (upper semicontinuity of optimal solutions,
Lipschitz continuity of optimal values — Theorem 5.4) which in this generality do
not hold with respect to weak convergence (cf. the discussion in [30]). However,
under additional hypotheses discussed in Remark 5.2 conclusions on qualitative
stability w.r.t. weak convergence may be drawn. For particular models with one
joint chance constraint (a nonlinear model with random right-hand side, a linear
model with random technology matrix [42]) we established quantitative stability
under verifiable conditions (Corollaries 5.6 and 5.9).

Concerning possible applications for our general results we discussed the situation
where an incompletely known original distribution is estimated by empirical ones
(Corollary 3.4, Remark 5.11). In this context it is important to mention that, in
probability theory, theorems on the speed of Glivenko-Cantelli convergence,
Dvoretzky-Kiefer-Wolfowitz type inequalities and rates of convergence in a number
of limit theorems are formulated in terms of probability metrics [5, 14, 15, 22]. In
Corollary 3.4 we demonstrated how to combine such a result with the material
developed in the present paper. In this way we obtained an asymptotic statistical
property for optimal values of recourse problems.
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