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Distribution Sensitivity for Certain Classes
of Chance-Constrained Models
with Application to Power Dispatch’”
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Abstract. Using results from parametric optimization, we derive for
chance-constrained stochastic programs quantitative stability properties
for locally optimal values and sets of local minimizers when the underly-
ing probability distribution is subjected to perturbations in a metric
space of probability measures. Emphasis is placed on verifiable sufficient
conditions for the constraint-set mapping to fulfill a Lipschitz property
which is essential for the stability results. Both convex and nonconvex
problems are investigated. For a chance-constrained model of power
dispatch, where the power demand enters as a random vector with
incompletely known probability distribution, we discuss consequences
of our general results for the stability of optimal generation costs and
optimal generation policies.
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1. Introduction

To ensure a certain level of reliability for the solutions to optimization
problems containing random data, it has become an accepted approach to
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introduce probabilistic (or chance) constraints into the model. This leads to
the following type of optimization problems;

min{f(x): xeR", u({zeR*: xeX(2)}) =po}, )]

where f 18 a real-valued function defined on R™, X is a set-valued mapping
from R into R™, poe(0, 1) is a prescribed probability level, and p is a
probability distribution on R*. For basic results on chance-constrained prob-
lems, consult Refs. 1 and 2 and the references therein.

We are going to study the behavior of (1) with respect to small perturba-
tions of the probability distribution . This is motivated by the fact that, in
practice, one is often faced with incomplete information on the underlying
probability distributions. Therefore, applicable models should at least enjoy
some kind of stability with respect to variations of the distributions.

Our approach relies on stability results for parametric optimization
problems with parameters in metric spaces (see Ref. 3 for quantitative
aspects and Refs. 4 and 5 for qualitative aspects). As the parameter space,
we consider the space #(R®) of all Borel probability measures on R*
equipped with a suitable metric. We are aiming at quantitative continuity
properties for the mappings assigning to each parameter the local optimal
value and the set of local minimizers, respectively.

Because of its central place in the convergence theory for probability
measures, it seems appropriate to study stability with respect to the topology
of weak convergence on 2(R*). This has been done in Ref. 6, using the
results of Ref. 5, and in Ref. 7. An example in Ref. 8 indicates that stability
of (1) with respect to the topology of weak convergence cannot be expected
in general without additional smoothness assumptions on the measure y. It
turned out in Refs. 8-10 that the so called #-discrepancy (this notion is
made precise in Section 2) is a suitable metric on 2(R") for the sensitivity
analysis of (1). Compared to Refs. 8-10, the present paper deals with more
practicable models, and it gives sufficient conditions for the also quantitative
stability of optimal values and optimal solutions which are easier to verify.
For quite a large class of distributions, we obtain in Section 2 the upper
semicontinuity of the optimal-set mapping and the Lipschitz continuity of
the optimal value function. We show that, under more restrictive
assumptions, it is possible to quantify also the upper semicontinuity of the
optimal-set mapping.

For probability distributions which depend on Euclidean parameters,
the sensitivity of optimal solutions to chance-constrained problems has been
studied in Ref. 11 using an approach via the implicit function theorem (Ref.
12). Stability in chance-constrained programming is studied also in Refs. 13
and 14. Whereas the results of Ref. 13 are relevant for approximation
schemes, Ref. 14 deals with a statistical approach.
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The general results that we obtain in Section 2 are specified in two
directions: First, at the end of Section 2, we briefly outline potential applica-
tions in the situation where the distribution y is completely unknown and,
therefore, estimated via empirical measures. The second specification, which
is the topic dealt with in Section 3, concerns an optimal power-dispatch
model.

The investigations in Section 3 serve to illustrate our general results and
to discuss the aspect of stability when incorporating chance constraints into
power-dispatch models. For more details about power dispatch, we have to
refer to the literature (Refs. 15-23).

Next, we introduce some basic concepts and notations which are used
throughout. For ve#(R”), we denote by F, the distribution function of v
and set, for pe[0, 1],

Co(v):={xeR™: v(X " (x)) =p}.
Hence, problem (1) becomes

min{f(x): x€ Cp(n)}.
Given VER™ and veZ(R"), we denote

P(v):=inf{f(x): xe C,)(v) ncl V},
Yiv) ={xeCu(v) ncl V. f(x)= 0 {V)},

where we employ the abbreviation cl for closure. Following Refs. 5 and 3,
we call a nonempty subset M of R” a complete local minimizing (CLM) set
for (1) with respect to Q if Q is an open subset of R” such that > M and
M=y (u). Later on, we will briefly say that y,(u) is a CLM set for (1),
which means that the set in question is a CLM set for (1) with respect to Q.
Examples of CLM sets are the set of global minimizers [which we shall
denote by w(u) and, accordingly, the global optimal value by @{u)] or strict
local minimizing points. We call a multifunction I" from a metric space (7, d)
to R™ closed at toe T if 1, — to, Xz — X0, xe€ (), keN, imply xoel'(t); T
is said to be upper semicontinuous (usc) at toe T'if, for any open set G=>T(4y),
there exists a neighborhood U of 1, such that I'(f) = G whenever 7€ U; and
T’ is said to be pseudo-Lipschitzian at (xo, f)eT(#) X T (cf, Ref. 24) if there
are neighborhoods U and ¥ of #, and xg, respectively, and a constant L>0
such that

() nvel(f)+Ld(t,7)B,,  whenevert, icl,
where B,, is the closed unit ball in R™, For x,cR”™ and € >0, we denote
B(xo, €):={xeR™: |x—xo|| < €}.

Thus, B,,=B(0, 1}. Here, || - | is the Euclidean norm on R™.
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2. Sensitivity Analysis

To complete the prerequisites for our sensitivity analysis, we specify the
metric in the parameter space Z(R") as follows: Consider the #-discrepancy

a4, v)'=sup{lu(B)~v(B)|: BB},  p,veZ(R),

where 4 is a proper subclass of Borel sets in R”, in the sense that it is chosen
such that @, forms a metric (i.e., 4 is a determining class, Ref. 25) and that
it contains all the preimages X ~(x):={zeR*: xeX(2)}, xeR™; cf. (1).
Qur first theorem asserts in a fairly general frame sensitivity properties
for solutions of a parametric chance-constrained problem. The proof, which
relies on stability results for abstract parametric programming problems
obtained by Klatte in Ref. 3, can be found in Ref. 10 (Theorem 5.4).

Theorem 2.1. Letin (1)
pe?®R’),  poe(0,1), {X (x):xeR"}<=A.

Let further X be a closed multifunction; and let f be Lipschitzian on bounded
sets. Assume that there exists a bounded open set V< R™ such that y{u)
is a CLM set for (1). Let the multifunction p— C,(u) be pseudo-Lipschitzian
at each (xo, po)ewi{u) x {po}. Then, ¥y is usc at pu with respect to the
metric @, on P(R%), and there exist constants L>0 and J >0 such that

wi{v) is a CLM set for (1)
and

lor() — (V)i <Laa(y, v),
whenever ag(u, v) <9, veZ(R?).

As in Ref. 3, it is possible to quantify the upper semicontinuity of the
solution-set mapping when imposing more restrictive assumptions. So, the
following result was inspired by the material in Ref. 3, although there is the
difference that the result also covers the situation when the solution set of
the unperturbed problem is not a singleton.

Theorem 2.2. Let i1, po, X, #, and f be as in Theorem 2.1. Additionally
to the assumptions of Theorem 2.1, let there exist xo€ C,, (1) and constants
¢>0, g1 such that, for all xe C,(1) ncl V, we have

S(x)=f(x0) +cllx — xol%,
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where | - |, is a nontrivial seminorm on R”™. Then, there exist L>0 and
& >0 such that

vi{v) is a CLM set for (1)
and
Ix—xoi <Lag(u, v), forall xey,{v),
whenever ag{u, v) <8, veZ(R").
Proof. By assumption, y{u) is compact. Since p+— C,(1) is pseudo-
Lipschitzian at each (xo, po)e ¥ {ut) X { po}, this together with Proposition
5.3 in Ref. 10 and a corresponding construction in Ref. 3 implies that there

are open neighborhoods V; of (1), U, of i, and a constant Ly>0 such
that

vip)= Vs Vand

Coo(V) 0 Vos Gpo(tt) + Loas(pt, V) B,

Co{t) 0 Vo= Cpp(v) + Loa u(u, v)B,,, whenever ve . (2)
Now, select an open set V; and a constant p> 0 such that

v, Vi+B(0, p)sVs.

By Theorem 2.1, the mapping y is usc at p; hence, there exists a constant
89> 0 such that

wi{v)c Vi, whenever ye P(R7), aaly, v)<ds.

We choose 6>0 such that & <min{l, &y, p/Lo, 6,} and {veR(R'):
ag(y, v)<8}<U,; 8, denotes the bound on ag4(u, v) arising in the
Lipschitz property for ¢, which holds due to Theorem 2.1.

Let ve?(R") such that agz{(y, v)<3§ and xewp(v). Then, we have
x€ Cy(v) N Vo; and by (2), there exists Xe C,(p) such that

llx— %[l < Loaa(y, v). (3)
This yields

lx—x| <Le6 <p,
implying that

XeCuuyn Vo= Culu) ncl V.
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Hence,
J(x)2f(%) = La|x = %l 2 f (x0) + ¢| X = xol — LeLoaa(pt, v),
where L, is a Lipschitz constant for f on cl V. This yields
1% = xol% < (1/(f(x) —f(x0)) + LLoa (i, v)]
<(1/9ller(p) = oAV) | + Lloaa(p, v)).
In view of the Lipschitz property for @y (cf. Theorem 2.1) and the inequality
ll26 = Xol s < flx = X + 1 X — Xl

it suffices to estimate ||x— x|, to prove the assertion. As a general property
for the seminorm | - |,,, we have that there exists a constant ¢; >0 such that,

I¥ls<allyl,  for all yeR™.
Therefore, by (3),
lx =%l <crllx~x[| <1 Loata(, v),
which completes the proof. O
Remark 2.1. The above results may also be viewed as stability results
with respect to perturbations of u in the space Z(R’) equipped with the
topology of weak convergence if & is a y-uniformity class of Borel sets in

R*. Recall that # is a g-uniformity class if au(u,, 4) -0 holds for every
sequence (u,) converging weakly to p (Ref. 26). If # is a subclass of

ABc={B<=R’: B is convex and Borel},

the following result is known (Theorem 2.11 in Ref. 26): £ is a y-uniformity
class iff u(0B)=0 for all Be#; here, 0B denotes the topological boundary
of B. Hence, the class

Br={, (—w, z]: zeR"}

is a p-uniformity class if the distribution function F,, of y is continuous on
R?, and % is a y~uniformity class if u has a density with respect to Lebesgue
measure on R*. We note that

A, V)= aai(pt, v) = SUp|F,(2) = Fu(2)]

is the so-called Kolmogorov distance on 2(R*).
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We now reveal conditions on the measure u and on the multifunction
X to have the mapping p+> C,(u) pseudo-Lipschitzian at some point
(%0, poyeR™ x [0, 1], thus arriving at stability results which are specifications
of Theorems 2.1 and 2.2. The first part of our analysis concerns the special
case where the sets C,(u), p€[0, 1], are convex. ,

We say that g e2(R®) belongs to the class .#,, re[—co, +0), if for all
A€[0, 1] and all Borel sets B;, B, =R’ such that AB; + (1 —A)B; is Borel,

U(ABy+ (1= )By) = {Alu(B)] + (1 = )[BT} 4)
Here,
AB,+(1=A)By:={Ab; + (1= A)b,: beB;, i=1,2}.

In the cases r=0 and r=—o0, the right-hand side of (4) is interpreted by
continuity as

BIVu(B)) ™" and min{u(By), u(B2)},

respectively. The classes .#, have been introduced and studied in Refs. 27-
29. Clearly, we have

M2 My, — 0 LTS <+ 0.

Measures belonging to .#, {# - ..} are called logarithmic concave (quasicon-
cave). .#, was first and extensively studied by Prékopa in Refs. 28 and 30.
Itis known (cf., e.g., Theorem 1 in Ref. 29) that i belongs to .#,, re[—o0, 0],
if 4 has a density f, and /" ™" is convex, —o0 <r<0, logf, is concave
(r=0).

It is well known that the nondegenerate multivariate normal, the multi-
variate beta, Dirichlet and Wishart, a special multivariate gamma, and the
multivariate Pareto ¢ and F distributions (cf. Ref. 31} belong to .#, for some
r<0 (see Refs. 27-30),

For convex chance constraints, we now have the following corollary to
Theorem 2.1.

Corollary 2.1. Assume that in (1) pe.#, for some re(—o0,0],
poe(0, 1), X has a closed convex graph, and fis Lipschitzian on bounded
sets. Let {X (x): xeR"} =@ <%c and | J.ews X(2) be bounded. Assume
that there exists XeR™ such that p(X ™ (%)) > p, (Slater condition). Then, v
is usc at y with respect to ¢, on #(R”) and there exist constants L>0 and
>0 such that w(W#@ and |ou)—e(v)|<Las(u, v), whenever
ax(y, v) <8, veP(R).
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Proof. Since #,< .4, for each re(—co, 0), we assume w.l.o.g. that
re(—oo, 0) and write (1) in the equivalent form

min{f(x): xeR™, [p(X ™ (x)]"<po}. ()

Since the constraint set of (5) is closed (see Ref. 10) and bounded (according
to the assumptions), we have that the set of global minimizers w(u) to (5)
is nonempty and that the assumptions in Theorem 2.1 concerning the CLM
set may be fulfilled with a bounded open set V= ( J.ce X(2); hence, the
mappings v and Yy, @ and ¢y coincide.

We define the function g(x):=[u(X ~(x))]" from R™ to (—o0, 0] and
have, for all x;, x,eR"™ and A€{0, 1], that

gUx1+ (1 - Dx)=[p(X ~(Ax; + (1= )x2))]
S[pAX () +(1-DX " (x2)))
SAMpX ™ )T+ A= DX (2]

Here, we used in the first inequality that X has convex graph, and in the
second that (4) is valid.
Hence, g is convex and the multifunction T (from R to R™) defined by

I(t):={xeR™: g(x) <1}, teR,

has a closed convex graph. Due to Theorem 2 in Ref. 32, T" is pseudo-
Lipschitzian at each (xy, fo) with xoeT'(#,) and ¢, belonging to the interior
of {teR:T()#F}. Since g(X)<pp, po is an interior point of
{teR:T(r)# J}. Therefore, I" is pseudo-Lipschitzian at (xo, pp) for each
x0€T'(po). In view of C,(u)=T(p"), this means that there exist positive
constants L, § and a neighborhood V of xoe C,(pt) such that

C) NV Cy(u) + Lip"~F'|Bn,

whenever p’, § e B(p;, § ). Since the function &— & is locally Lipschitzian
for positive £, we obtain that the multifunction pr— C,(11) is pseudo-Lipsch-
itzian at each (xo, po)€C,(¢t) X {po}. The assertion now follows from
Theorem 2.1. 1

The above corollary extends results obtained by Salinetti (Corollary
3.2.2 in Ref. 13) and Wang (Theorem 6 in Ref. 7).

We remark that the Lipschitz modutus L in Corollary 2.1 can be estima-
ted above, povided that & [which restricts az(u, v)] is sufficiently small.
According to Ref. 3, such a bound for L is given by L/(Lc+1), where Lyis
the Lipschitz modulus for f on cl V (cf. the above proof) and L. is the
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modulus that we have for p— C,{(u), since it is pseudo-Lipschitzian (cf. the
proofs of Proposition 5.3 and Theorem 5.4 in Ref. 10). Starting from results
of, for example, Robinson (Theorem 2 in Ref. 32) or Pshenichny (Ref. 33,
Theorem 1.2, p. 100), a further estimation of L is possible. This exploits
the uniform compactness of the sets C,(u), pe(0, 1), and the explicit know-
ledge of the Slater point X.

Remark 2.2. Let, additionally to the assumptions of Corollary 2.1,
there exist xo€ C,(¢t) and ¢>0 such that

fx)zf(x0) +elix—xol%,  for all xe Gy (p), (6)

where || - |, is a nontrivial seminorm on R™. Then, using Theorem 2.2, we
arrive at the following quantitative stability result for the global minimizers:

There exist constants L>0 and 6 >0 such that
Nx_xﬂli SLaﬂ(u: V)a for all xe W(V)a
whenever ag(u, v) <8, ve Z(R’).

We proceed with the nonconvex case. Here, we assume that the multi-
function X is given by

X(z)={xeXo: Ax2z}, zeR’, Q)

where Xo < R™ is a nonempty closed set and Ae L(R™, R?). Again, sufficient
conditions are essential under which the multifunction p— C,(u) is pseudo-
Lipschitzian at certain points (xo, po). From the literature, it is known that
constraint qualifications are such sufficient conditions (cf. Refs. 24, 34). As
an example of results that can be derived in this way, we present the following
proposition.

Proposition 2.1.  Let the distribution function F,, of u € 2(R") be locally
Lipschitzian, poe(0, 1); let Xy be a closed set; and let xoeX, be such that
Fu(Axo) =po. In the case F,(Axo)=po, let further 0F,(Axo) N Ny (x0) = &,
where ¢ denotes the Clarke generalized gradient of F,(A4 - ) and Ny,(xo) is
the Clarke normal cone to X, at x, (see Ref. 35). Then, the multifunction
p—> {xeXo: F,(Ax) > p} is pseudo-Lipschitzian at (xo, pg).

Proof. Define

[(p):={x:p—F(4x) <0, (p, x)eR x Xo}.
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According to Theorem 3.2 in Ref. 24, the multifunction I is pseudo-Lipsch-
itzian at (xo, po) if the following holds:

if there are y, ze R such that

y=0, y(po— Fu(Ax,)) =0, and

(0, z)e{y(x, 1)+ (%, 0): —xe0F,(Axo), € Nx,(xo0)},
then y=z=0,

Now, assume that, in our situation, the above does not hold. Then, there
are y>0, x€dF,(Axy), and ¥eNyx(x) such that —yx+xX=0. The last
identity, however, implies XeNx,(x,), which contradicts 0F,(4xo) N
Nx(x0)= . O

Of course, making use of Proposition 2.1 hinges upon whether one is
able to check the constraint qualification

OF,(Axo) N Nxo(xo) = .

In applications, this may be a formidable task, especially when exploiting
the result in its fullest generality.

Therefore, in the following, we establish by an alternative way sufficient
conditions which are easier to verify. These conditions are similar to that
given in Ref. 9 and are essentially based on a local growth property for
the distribution function of the probability distribution in the unperturbed
problem [see (8) below].

Corollary 2.2, In (1), let ue#?(R*) have a continuous distribution
function F,; further, let poe(0, 1), and let the multifunction X be given by
(7), where the set X, is convex and closed. Suppose that there exists a
bounded open set V< R™ such that y{u) is a CLM set for (1). For each
xo€wp(pt) with F,(Axo) =po, let there exist reals €,>0 and ¢> 0 such that,
for any xeXon B(xy, €;), there exists XX, with the property

F,(Ax+tA(X—x)) 2z F.{Ax) +ct, for all ¢[00, 11. (8)

Then, vy is upper semicontinuous at u with respect to the metric dx on
#(R"), and there exist constants L >0, § >0 such that y{v) is a CLM set
for (1) and

lpn(p) — eV < Ldlt, v),
whenever di(u, v) <8, ve P(R").
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Proof. Once more, we apply Theorem 2.1. We merely have to check
whether the mapping p+— C,(u) is pseudo-Lipschitzian at each (xo, po)e
Y ilp) X {po}.

Let xoe w{u), and consider at first the case where #,(Ax,} > py. Then,
there exists §,>0 such that F,(4x,) > po+ dy; and, due to the continuity of
F,, we have €,>0 such that

F,(Ax) = po+ &, for all xe B(xy, €0).
Hence,
Cp(1) N B(x0, €0) S Cpr5(u),  for each pe(po— o, pol,

and each §e(0, dy). Therefore, the multifunction p— C,(1) is pseudo-Lip-
schitzian at (xg, po). Now, let F,(4x,)=p,. Take €,>0 and ¢> 0 according
to the assumption, and define o:=c and L:=c¢"'. We will show that

Co(1) N B(xg, €0) S Cpr s(ut) + LB,

for each pe(po— 84, po} and each & (0, §,), which yields the desired pseudo-
Lipschitzian property.

Let pe(po— 380, po), 6€(0, 86), be chosen arbitrarily, and consider
xeCy(u) N B(xo, €0). Due to the assumption, there exists XeX, such that
{8) holds. In view of the convexity of X,, without loss of generality, it is
possible to select this x in such a way that we additionally have || x— x| <1.
Consider

y=x+8c (x—x)eX,.

Now,
lx=yll<Lé
and
F(Ay)=F(Ax+8c ' A(X—x)) = F,(Ax) +cS¢ ™ '=p+36.
Hence,
veCyis{u) and xeC, s{u)+L3B,,.
The assertion finally follows from Theorem 2.1. U

Remark 2.3. If F, is continuously differentiable at Ax,, then (8)
implies the constraint qualification used in Proposition 2.1.

Remark 2.4. Corollary 2.2 is a generalization of Corollary 2.1 when
X is given as in (7).
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To see this, suppose that ue.#,, for some re{—o0, 0}, and assume
that there exists XeX, such that F,(A4X)>p, (Slater condition). Then, the
distribution function F, is continuous, since y is absolutely continuous with
respect to the Lebesgue measure on R* (Ref. 27). Now, let xo&X, such that
F.(Axo)=po. There exist €,>0 and §,>0 such that

0 <po— (SoSF”(AX) <pet+ 60 <Fu(A)E), for all XEB(XQ, 60).

We are going to show that, with a suitable ¢ >0, condition (8) is fulfilled for
any xeXo N B(xo, €o).
For this, let without loss of generality r <0, and define

a=po—00>0 and b:=[F(4X)] —(po+ o) <0.
We obtain, for arbitrary €0, 1],
F,(Ax+tA(X—x)) <tF (A%) + (1= t)F,(Ax)’
<d +HF,(AX) — (pot+8o))=d +1b;
therefore,
F(Ax+tA(x—x)) = (d +th)""
>a+tr"'bd' ™7,  for all te[0, —a'b7'].

1/r

The last inequality holds, since the function g(#):=(a"+tb)"" is convex for

te[0, —a’b~']; consequently,
2(0)=g(0)+g'(0)t, for te0, —a'b™'].

Taking finally into account that —a’b ™' > 1, we obtain (8) with ¢:=r"'ba' ~".

The following lemma is very useful when verifying the growth condition
(8). Its proof is essentially based on an idea that has already been developed
in Ref. 9, Lemma 4.9,

Lemma 2.1. Let pe2(R"), let X, be a closed convex set, and fix some
xp€Xo. Assume that u has a density f, and that there exist >0, p>0 such
that

fu(2)=4d, for all ze B(Axy, p).

Furthermore, assume that there exists ¥eX, such that Ax>Ax, and
A% +# Ax,. Then, there exist €,>0 and ¢>0 such that (8) holds for each
xeXon B(XO, Eo).

Proof. First, one confirms that, without loss of generality, it is possible
to suppose AXeB(Axo, p1) and [Ax];>[Axo]:, where pii=p/4 and [z];
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denotes the ith component of zeR*. Now, we choose €;>0 such that, on
the one hand, there exists £&R such that

[A.i']] > 5 = [AX]l . for all JCE.B(X(), EQ),
and on the other hand

igxlaxsl{Ax}i— fAx < p, for all xeB(xo, €).

Denote
a2=[Ai]1 _§>O
Then, we have, for arbitrary x€X, N B(x,, €;) and t€[0, 1],

F{Ax+1tA(x~x))— F,{4x)

[Ax}yy +ea plAxh [Ax],
2[ j' Sulzi, oo,z dzg e - dzy
f

Ax]y -0 ]
[dxh+ta (lAxel~p1 [Axo)ls— p1

zf J J Julzy, oo, 25) dag - - - dzy
[Axh [Axolz—2p4 [4x0ls—2p1

>tapi”\d.

Hence, the desired result follows with
ci=([Ax],— E)d(p/4y " 0

We remark that Corollaries 2.1 and 2.2 also represent qualitative
stability results with respect to weak convergence of probability measures.
This is mainly due to the smoothness assumptions imposed on the measures
which led to p-uniformity classes (cf. Remark 2.1). On the other hand, also
withiout such smoothness assumptions, conclusions from Theorem 2.1 may
be drawn, as can be seen by the following remark where we deal with discrete
distributions.

Remark 2.5. Let ue#(R°) be a discrete measure with countable sup-
port; consider (1) with X given by (7). Let poe(0, 1) be such that
inf|F,(z) — po| > 0.
ze R’
Then, there exists a neighborhood U of p, such that

Colt)=Cy(r),  for all peU;

consequently, the mapping p+ C,{11) is pseudo-Lipschitzian at each {xo, po)
with xp€ Cye(pt).
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If the objective in (1) is Lipschitzian on bounded sets and if there exists
a bounded open set V= R™ such that y{u) is a CLM set for (1), we now
obtain the stability assertions of Theorem 2.1 with respect to the Kolmogo-
rov metric dg.

In what follows, we indicate the potential of our general results for the
situation of unknown distribution u. Let &, &,, . . . be independent random
variables on a probability space (Q, <7, P) with values in R” and common
distribution u. Consider the empirical measure p, which is given by

U @y:=n""Y Sy @R, neN,
i=1
where §,€2(R") denotes the measure with unit mass at zeR". Then, it is
known that (see, e.g., Ref. 25 and the references therein)

d(pn(®), p)=0((loglogn/n)"/?),  P-almost surely, 9
P({o: di(ua(®), p)> €}) < Cy exp(— Co€’n), (10)

where C;>0 and 0<C,<2 are some constants. Inequality (10) is often
referred to as the Dvoretzky-Kiefer-Wolfowitz inequality.

Our quantitative stability results together with relation (9) now give
rise to rates for the almost-sure convergence of optimal values and optimal
solutions if the unknown distribution u is estimated by empirical
distributions.

Let us finally illustrate how to combine our Lipschitz (or Hoélder)
stability results with Ineq. (10). Suppose for instance that we have a result
of the type

loHp) — @AV)| < Ldlp, v),  whenever de(ft, v)<6;
see Corollary 2.2, Remark 2.5. Then, we obtain

P({o: lpun®)) — pu(p)| > €})

<P({w: €<Ldx(pn(0), u)})+P({@: d(un(®), p)>6});
in view of (10), we can continue,

<2C; exp(—Ca(min{e/L, 5})n).

Following the above way, in principle, it is possible to derive corresponding
estimates for optimal solutions or feasible sets. In the latter case, one then
arrives at results which are in the spirit of Theorem 3 and Proposition 1 in
Ref. 14.
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3. Application to Power Dispatch

The problem of the optimal power dispatch consists of allocating
amounts of electric power to generation units such that the total generation
costs are minimal, while an electric power demand is met and certain addi-
tional constraints are satisfied. The generation units in our model are thermal
power stations, pumped storage plants, and an energy contract. The genera-
tion process is considered for a time horizon up to one day with a discretiza-
tion into hourly or half-hourly intervals. Unit commitment and network
questions are excluded.

The special feature of our model is that randomness of electrical power
demand is taken into account by formulating the equilibrium between total
generation and demand as a chance constraint, The typical situation in
practice, however, is that the probability distribution of the power demand
is not completely available. In the present section, therefore, we apply the
theory developed in Section 2 to derive sufficient conditions for the model
to be stable under perturbations of the distribution of power demand. Before
doing that, we introduce our model and give a few comments on possible
model refinements.

Let K and M denote the number of thermal power stations and pumped
storage plants. Let N be the number of subintervals in the discretization of
the time period. The unknown levels of production in the thermal power
stations and the pumped storage plants are y},i=1,...,Kandr=1,..., N,
si,j=1,...,Mand r=1,..., N (generation mode), and w}, j=1,..., M
and r=1,..., N (pumping mode). By z., r=1,..., N, we denote the
unknown amounts of energy purchased or sold according to the contract.

The total generation costs are given by the fuel costs of the thermal
power stations (which are assumed to be a strictly convex guadratic function
of the generated power, cf. Refs. 21 and 22) plus the costs (respectively,
takings) according to the energy contract (which are a linear function of the
power). Concerning pumped storage plants, we remark that sometimes
(Refs. 16 and 17) the stock in the upper dam is evaluated by a certain
function such that another term enters the objective, which reflects the costs
and takings, respectively, according to the change of stock caused by the
operation of the plant. In our model, however, we do not pursue this; hence,
the objective becomes

Yy Hy+hy+g"z, (1D

where yeR™", zeR", He L(R®, R*") is positive definite and diagonal,
heR*™, and geR".
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According to the discretization of the time period, we have a demand
vector d of dimension N, which is understood as a random vector with
distribution pe#?(R"). Claiming that a generation (y, s, w, z) fulfills the
demand with probability poe(0, 1) then means that

K M
u({deﬂ@”: .Z W+ Y (sj-wh+z=d,r=1,... ,N})Zpo.

i=1 Jj=1

In addition to this probabilistic constraint, we take into account condi-
tions which characterize the operation of the different plants:

a<y<a, 0<s<@, O0<w<d, au<z<ds; (12)

SP-8'< S (sf—nwh<SP,  j=l,....M,t=1,...,N; (13)
r=1

N . N

(s3— nwi)y=by, j=1,..., M, Y z,=b,. (14)

1

F= r=1

Restrictions for the power output are modeled in (12). Inequalities (13)
reflect the balance between generation and pumping (measured in energy)
in the pumped storage plants; S7° and S; denote, respectively, the initial
and maximal stocks in energy in the upper dam. For each pumped storage
plant, we assume that the maximal stock in water of the upper dam equals
that of the lower dam and that no additional inflow or outflow occurs. We
then put the pumping efficiency, denoted 7;, as the quotient of the energy
that is gained when letting the full content of the upper dam go down and
the energy that is needed when pumping the full content of the lower dam
upward. A further refinement of the model is possible if the pumping effi-
ciency is not put as a constant, but as a function of the actual stock in the
upper dam (Ref. 36). Equations (14) are balances over the whole time
period for the pumped storage plants and according to the energy contract,
respectively. The model can be supplemented by further linear, nonproba-
bilistic constraints, for instance those reflecting fuel quotas in the thermal
power stations.

Since we have different variables for generation and pumping in the
pumped storage plants, our model does not exclude a priori the impracticable
situation of simultaneous generation and pumping. However, it is possible
to show that a generation ( y, s, w, z) which has, for some je{1,..., M} and
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some re{l,..., N}, both 5/>0 and w’,>0 cannot be optimal. Altogether,
our model can formally be expressed as

min{ f(x): xeXo, u({deR": Ax>d})=p,},

where x=(y,s,w,z)eR”, m=N(K+2M+1), f(x) is defined by (11),
Xo=R™ is the bounded convex polyhedron given by (12)-(14),
AeL(R™ R"™) is a suitable matrix, and y is the probability distribution of
random demand.

The results of Section 2 now provide the following conclusions. If we
assume that we have approached the true distribution of the demand
sufficiently accurately, then the optimal production policies behave upper
semicontinuously and the optimal costs are Lipschitz continuous if either
(i), (ii), (iii) hold:

(i)  we know that the true distribution has a certain convexity prop-
erty [cf. (4)] and there exists a Slater point (Coroliary 2.1);

(ii) the true distribution is a discrete one (Remark 2.5);

(iii) the true distribution has a density which is uniformly bounded
below by a positive number on some neighborhood related to the
set of optimal solutions and, among the optimal policies (with
respect to the true distribution), there is no one which exhausts
the full generation capacity; see the constraint (12), Corollary
2.2, Lemma 2.1. In practice, the latter requirement on the optimal
generation policy is always fulfilled, since, due to lower demand
during the night, there is usually at least one power station which,
during at least one hour, does not work with maximum capacity.

An examination of the objective in the optimal power-dispatch model
shows that it is possible to fulfill condition (6} with ¢=2 and |x],:= |yl2;
here, | - |, is the Euclidean norm on R™*. Hence, in the presence of the
assumptions made in Corollary 2.1, Remark 2.2 applies, and we have Hoélder
continuity (with exponent 1/2) of the optimal generation policies in the
thermal plants.

When the original distribution is estimated by empirical ones, then the
presented stability results together with the considerations at the end of
Section 2 yield rates of convergence for optimal values and optimal solutions.

Finally, let us point out that the material developed in Section 2 also
applies to a number of practical models which are known from the literature
(the STABIL model in Ref. 20, a flood control mode] in Ref. 37, and a
model for water resources system planning in Ref. 38).
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