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1. Riemann-Roch with punctures

As in the previous lecture, let D denote a linear Cauchy-Riemann type operator
on an asymptotically Hermitian vector bundle E of complex rankm over a punctured
Riemann surface (Σ̇ = Σ \ (Γ+ ∪ Γ−), j), and assume that D is asymptotic at each
puncture z ∈ Γ to a nondegenerate asymptotic operator Az on the asymptotic
bundle (Ez, Jz, ωz) over S

1. Writing

F := HomC(T Σ̇, E)

for the bundle of complex-antilinear homomorphisms T Σ̇ → E, the main result of
the previous lecture was that

D : W k,p(E) → W k−1,p(F )

is Fredholm for any k ∈ N and p ∈ (1,∞), and its kernel and index do not depend
on k or p. The main goal of this lecture is to compute ind(D) ∈ Z.

The index will depend on the Conley-Zehnder indices µτ
CZ(Az) ∈ Z introduced

in Lecture 3, but since these depend on arbitrary choices of unitary trivializations τ ,
we need a way of selecting preferred trivializations. The most natural condition is to
require that every (Ez, Jz, ωz) be endowed with a unitary trivialization such that the
corresponding asymptotic trivializations of (E, J) extend to a global trivialization1;

1Note that (E, J) is always globally trivializable unless Γ = ∅, as a punctured surface can be
retracted to its 1-skeleton.
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if there is only one puncture z, for instance, then this condition determines µτ
CZ(Az)

uniquely. This convention has been used to state the formula for ind(D) in several
of the standard references, e.g. in [HWZ99]. We would prefer however to state a
formula which is also valid when Γ = ∅ and E → Σ is nontrivial. One way to do
this is by allowing completely arbitrary asymptotic trivializations, but introducing
a topological invariant to measure their failure to extend globally over E.

Definition 5.1. Fix a compact oriented surface S with boundary. The relative
first Chern number associates to every complex vector bundle (E, J) over S and
trivialization τ of E|∂S an integer

cτ1(E) ∈ Z

satisfying the following properties:

(1) If (E, J) → S is a line bundle, then cτ1(E) is the signed count of zeroes for
a generic smooth section η ∈ Γ(E) that appears as a nonzero constant at
∂S with respect to τ .

(2) For any two bundles (E1, J1) and (E2, J2) with trivializations τ1 and τ2
respectively over ∂S,

cτ1⊕τ2
1 (E1 ⊕E2) = cτ11 (E1) + cτ21 (E2).

These two conditions uniquely determine cτ1(E) for all complex vector bundles
since bundles of higher rank can always be split into direct sums of line bundles.
The definition clearly matches the usual first Chern number c1(E) when ∂S = ∅,
and it extends in an obvious way to the category of asymptotically Hermitian vector
bundles with asymptotic trivializations.

Exercise 5.2. Given two distinct choices of asymptotic trivializations τ1 and τ2
for an asymptotically Hermitian bundle E of rank m, show that

cτ21 (E) = cτ11 (E)− deg(τ2 ◦ τ−1
1 ),

where deg(τ2 ◦ τ−1
1 ) ∈ Z denotes the sum over all punctures of the winding numbers

of the determinants of the transition maps S1 → U(m).2

Exercise 5.3. Combining Exercise 5.2 above with Exercise 3.36 from Lecture 3,
show that for our asymptotically Hermitian vector bundle E with Cauchy-Riemann
type operator D and asymptotic operators Az, the number

2cτ1(E) +
∑

z∈Γ+

µτ
CZ(Az)−

∑

z∈Γ−

µτ
CZ(Az)

is independent of the choice of asymptotic trivializations τ .

The above exercise shows that the right hand side of the following index formula
is independent of all choices.

2Caution: to compute this winding number at a negative puncture using cylindrical coordinates
(s, t) ∈ (−∞, 0] × S1, one must traverse {−s} × S1 for s ≫ 1 in the wrong direction, as this is
consistent with the orientation induced on {−s}×S1 as a boundary component of a large compact

subdomain of Σ̇.
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Theorem 5.4. The Fredholm index of D is given by

indD = mχ(Σ̇) + 2cτ1(E) +
∑

z∈Γ+

µτ
CZ
(Az)−

∑

z∈Γ−

µτ
CZ
(Az),

where m = rankC E and τ is an arbitrary choice of asymptotic trivializations.

Notation. Throughout this lecture, we shall denote the integer on the right
hand side in Theorem 5.4 by

I(D) := mχ(Σ̇) + 2cτ1(E) +
∑

z∈Γ+

µτ
CZ(Az)−

∑

z∈Γ−

µτ
CZ(Az) ∈ Z.

Our goal is thus to prove that ind(D) = I(D).

When Γ = ∅, Theorem 5.4 is equivalent to the classical Riemann-Roch formula,
which is more often stated for holomorphic vector bundles over a closed Riemann
surface (Σ, j) with genus g as

(5.1) indC(D0) = m(1− g) + c1(E).

This formula assumes that the Cauchy-Riemann type operator D0 is complex linear,
but an arbitrary real-linear Cauchy-Riemann operator is then of the form D = D0+
B, where the zeroth-order term B ∈ Γ(HomR(E, F )) defines a compact perturbation
since the inclusion W k,p(Σ) →֒ W k−1,p(Σ) is compact. It follows thatD has the same
real Fredholm index asD0, namely twice the complex index shown on the right hand
side of (5.1), which matches what we see in Theorem 5.4.

Remark 5.5. Now seems a good moment to clarify explicitly that all dimensions
(and therefore also Fredholm indices) in this lecture are real dimensions, not complex
dimensions, unless otherwise stated.

Reduction to the complex-linear case does not work in general if there are punc-
tures: it remains true that arbitrary Cauchy-Riemann type operators can be written
as D = D0 + B where D0 is complex linear, but the perturbation introduced by
the zeroth-order term B is not compact since W k,p(Σ̇) →֒ W k−1,p(Σ̇) is not compact
when Γ 6= ∅. Another indication that this idea cannot work is the fact that while
the formula in Theorem 5.4 always gives an even integer when Γ = ∅, it can be odd
when there are punctures, in which case D clearly cannot have the same index is
any complex-linear operator. Our proof will therefore have to deal with more than
just the complex category.

The punctured version of Theorem 5.4 was first proved by Schwarz in his the-
sis [Sch95], its main purpose at the time being to help define algebraic operations
(notably the pair-of-pants product) in Hamiltonian Floer homology. Schwarz’s proof
used a “linear gluing” construction that gives a relation between indices of opera-
tors on bundles over surfaces obtained by gluing together constituent surfaces along
matching cylindrical ends. Since any surface with ends can be “capped off” to form
a closed surface, one obtains the general index formula if one already knows how to
compute it for closed surfaces and for planes (i.e. caps). For the latter, it is simple
enough to write down model Cauchy-Riemann operators on planes and compute
their kernels and cokernels explicitly, so in this way the general case is reduced to
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the classical Riemann-Roch formula. An analogous linear gluing argument for com-
pact surfaces with boundary is used in [MS04, Appendix C] to reduce the general
Riemann-Roch formula to an explicit computation for Cauchy-Riemann operators
on the disk with a totally real boundary condition.

In this lecture, we will follow a different path and use an argument that was
first sketched by Taubes for the closed case in [Tau96a, §7], with an additional
argument for the punctured case suggested by Chris Gerig [Ger]. The argument is
(in my opinion) analytically somewhat easier than the more standard approaches,
and in addition to proving the formula we need for punctured surfaces, it produces a
new proof in the closed case without assuming the classical Riemann-Roch formula.
It also provides a gentle preview of two analytical phenomena that will later assume
prominent roles in our discussion of SFT: bubbling and gluing.

To see the idea behind Taubes’s argument, we can start by noticing an apparent
numerical coincidence in the closed case. Assume (E, J) is a complex line bundle over
a closed Riemann surface (Σ, j), and D : Γ(E) → Γ(F ) = Ω0,1(Σ, E) is a Cauchy-
Riemann type operator. We know that ind(D) = ind(D + B) for any zeroth-order
term B ∈ Γ(HomR(E, F )). But E and F are both complex vector bundles, so B
can always be split uniquely into its complex-linear and complex-antilinear parts,
i.e. there is a natural splitting of HomR(E, F ) into a direct sum of complex line
bundles3

HomR(E, F ) = HomC(E, F )⊕ HomC(E, F ).

Out of curiosity, let’s compute the first Chern number of the second factor; this will
be the signed count of zeroes of a generic complex-antilinear zeroth-order perturba-
tion. To start with, note that

HomC(E, F ) = HomC(E,C)⊗ F,

and then observe that HomC(E,C) and E are isomorphic: indeed, any Hermitian
bundle metric 〈 , 〉E on E gives rise to a bundle isomorphism4

E → HomC(E,C) : η 7→ 〈·, η〉E.
We thus have HomC(E, F ) ∼= E ⊗ F , so c1(HomC(E, F )) = c1(E) + c1(F ). We can
compute c1(F ) by the same trick since

F = HomC(TΣ, E) = HomC(TΣ,C)⊗ E ∼= TΣ⊗ E,

so c1(F ) = c1(TΣ) + c1(E) = χ(Σ) + c1(E), and thus

c1(HomC(E, F )) = χ(Σ) + 2c1(E).

Since we’re looking at a line bundle over a surface without punctures, this number
is the same as I(D). This coincidence is too improbable to ignore, and indeed, it
turns out not to be coincidental. Here is an informal statement of a result that we
will later prove a more precise version of in order to deduce Theorem 5.4.

3Here the complex structure on HomR(E,F ) and its subbundles is defined in terms of the
complex structure of F , i.e. it sends B ∈ HomR(E,F ) to J ◦B ∈ HomR(E,F ).

4We are assuming as usual that Hermitian inner products are complex antilinear in the first
argument and linear in the second.
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“Theorem”. Given a Cauchy-Riemann type operator D : H1(E) → L2(F ) on a
line bundle (E, J) over a closed Riemann surface (Σ, j), choose a complex-antilinear
zeroth-order perturbation B ∈ Γ(HomC(E, F )) whose zeroes are all nondegenerate.
Then for sufficiently large σ > 0, ker(D + σB) is approximately spanned by 1-
dimensional spaces of sections with support localized near the positive zeroes of B.
In particular, dimker(D+ σB) equals the number of positive zeroes of B.

To deduce ind(D) = I(D) from this, we need to apply the same trick to the
formal adjoint D∗. As we will review in §2, −D∗ can be regarded under certain
natural assumptions as a Cauchy-Riemann type operator on the bundle F̄ conjugate
to F , and the formal adjoint of D + σB then gives rise to a Cauchy-Riemann type
operator of the form

−D∗ + σB′ : Γ(F̄ ) → Γ(Ē) = Ω0,1(Σ, F̄ ),

where B′ : F̄ → Ē is also complex antilinear and has the same zeroes as B, but with
opposite signs. Applying the above “theorem” to −D∗ thus identifies ker(D+ σB)∗

for sufficiently large σ > 0 with a space whose dimension equals the number of
negative zeroes of B. This gives

ind(D) = ind(D+ σB) = dim ker(D+ σB)− dimker(D+ σB)∗

= c1(HomC(E, F )) = I(D).

It’s worth mentioning that the “large perturbation” argument we’ve just sketched
is only one simple example of an idea with a long and illustrious history: another
simple example is the observation by Witten [Wit82] that after choosing a Morse
function on a Riemannian manifold, certain large deformations of the de Rham
complex lead to an approximation of the Morse complex, with generators of the de
Rham complex having support concentrated near the critical points of the Morse
function—this yields a somewhat novel proof of de Rham’s theorem. A much deeper
example is Taubes’s isomorphism [Tau96b] between the Seiberg-Witten invariants
of symplectic 4-manifolds and certain holomorphic curve invariants: here also, the
idea is to consider a large compact perturbation of the Seiberg-Witten equations and
show that, in the limit where the perturbation becomes infinitely large, solutions of
the Seiberg-Witten equations localize near J-holomorphic curves. For a more recent
exploration of this idea in the context of Dirac operators, see [Mar].

Before proceeding with the details, let us fix two simplifying assumptions that
can be imposed without loss of generality:

Assumption 1. (E, J) has complex rank 1.

Indeed, an asymptotically Hermitian bundle E of complex rankm ∈ N always ad-
mits a decomposition into asymptotically Hermitian line bundles E = E1⊕ . . .⊕Em,
producing a corresponding splitting of the target bundle F = F1 ⊕ . . . ⊕ Fm. The
operator D need not respect these splittings, but it is always homotopic through
Fredholm operators to one that does: we saw in Theorem 3.33 of Lecture 3 that the
asymptotic operators Az are homotopic through nondegenerate asymptotic opera-
tors to any other operators A′

z that have the same Conley-Zehnder indices, so one
can chooseA′

z to respect the splitting. Any homotopy of Cauchy-Riemann operators
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following such a homotopy of nondegenerate asymptotic operators then produces a
continuous family of Fredholm operators by the main result of Lecture 4, implying
that their indices do not change. The general index formula then follows from the
line bundle case since any two Cauchy-Riemann type Fredholm operators D1 and
D2 over the same Riemann surface satisfy

ind(D1 ⊕D2) = ind(D1) + ind(D2) and I(D1 ⊕D2) = I(D1) + I(D2).

Assumption 2. k = 1 and p = 2.

This means we will concretely be considering the operator

D : H1(E) → L2(F ),

where H1 as usual is an abbreviation for W 1,2. This assumption is clearly harmless
since we know that indD does not depend on the choice of k and p.

2. Some remarks on the formal adjoint

For the beginning of this section we can drop the assumption that (E, J) is a
line bundle and assume rankC E = m ∈ N, though later we will again set m = 1.

Recall from the end of Lecture 4 that if we fix global Hermitian structures 〈 , 〉E
and 〈 , 〉F on (E, J) and (F, J) respectively and an area form d vol on Σ̇ that matches
ds ∧ dt on the cylindrical ends, then D has a formal adjoint

D∗ : Γ(F ) → Γ(E)

satisfying

〈λ,Dη〉L2(F ) = 〈D∗λ, η〉L2(E) for all η ∈ H1(E), λ ∈ H1(F ).

Here the real-valued L2 pairings are defined by

〈η, ξ〉L2(E) := Re

∫

Σ̇

〈η, ξ〉E d vol for η, ξ ∈ Γ(E),

and similarly for sections of F . The essential features of the formal adjoint are
that kerD∗ ∼= cokerD and cokerD∗ ∼= kerD, hence ind(D∗) = − ind(D). Recall

moreover that d vol induces a natural Hermitian bundle metric on Σ̇ by

〈·, ·〉Σ = d vol(·, j·) + i d vol(·, ·),
which determines a bundle isomorphism

T Σ̇ → Λ0,1T ∗Σ̇ : X 7→ X0,1 := 〈·, X〉Σ,
as well as a complex-antilinear isomorphism

T Σ̇ → Λ1,0T ∗Σ̇ : X 7→ X1,0 := 〈X, ·〉Σ.
If 〈 , 〉F is then chosen to be the tensor product metric determined via the natural
isomorphism

F = HomC(T Σ̇, E) = Λ0,1T ∗Σ̇⊗ E = T Σ̇⊗ E,

then E admits a natural isomorphism to Λ1,0T ∗Σ̇⊗ F such that

−D∗ : Γ(F ) → Γ(E) = Ω1,0(Σ̇, F )
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becomes an anti-Cauchy-Riemann type operator, i.e. it satisfies the Leibniz rule

−D∗(fλ) = (∂f)λ + f(−D∗λ)

for all f ∈ C∞(Σ̇,R), with ∂f := df − i df ◦ j ∈ Ω1,0(Σ̇). Equivalently, −D∗ defines
a Cauchy-Riemann type operator on the conjugate bundle F̄ → Σ̇, defined as the
real bundle F → Σ̇ but with the sign of its complex structure reversed; we shall
distinguish this Cauchy-Riemann operator from −D∗ by writing it as

−D
∗
: Γ(F̄ ) → Ω0,1(Σ̇, F̄ ),

though it is technically the same operator. Recall that the identity map defines a
natural complex-antilinear isomorphism between any complex vector bundle and its
conjugate bundle; we shall denote this isomorphism generally by

E → Ē : v 7→ v̄,

so in particular it satisfies cv = c̄v̄ for all scalars c ∈ C, and similarly

D
∗
λ̄ = D∗λ

for λ ∈ Γ(F ). The asymptotic operators for −D
∗
are

Az = −Az : Γ(Ēz) → Γ(Ēz).

Lemma 5.6. If τ is a choice of asymptotic trivialization on E and τ̄ denotes the
conjugate asymptotic trivialization5, then

cτ̄1(Ē) = −cτ1(E), and µτ̄
CZ
(Az) = −µτ

CZ
(Az) for all z ∈ Γ.

Proof. Assuming E is a line bundle, suppose η is a generic section of E that
matches a nonzero constant with respect to τ on the cylindrical ends, so cτ1(E) is
the signed count of zeroes of η. Then η̄ ∈ Γ(Ē) is similarly a nonzero constant on
the ends with respect to τ̄ , but the signs of its zeroes are opposite those of η because
they are defined as winding numbers with respect to conjugate local trivializations.
This proves cτ̄1(Ē) = −cτ1(E).

The Conley-Zehnder indices can be computed from the formula

µτ
CZ(Az) = ατ

+(Az) + ατ
−(Az),

see Theorem 3.35 in Lecture 3. Here ατ
−(Az) is the largest possible winding number

relative to τ of an eigenfunction for Az with negative eigenvalue, and ατ
+(Az) is the

smallest possible winding number with positive eigenvalue. The eigenfunctions of
Az = −Az are the same, but the signs of their eigenvalues are reversed, and the
signs of their winding numbers are also reversed because they must be measured
relative to the conjugate trivialization, thus

ατ̄
±(Az) = −ατ

∓(Az),

implying

µτ̄
CZ(Az) = ατ̄

+(Az) + ατ̄
−(Az) = −ατ

−(Az)− ατ
+(Az) = −µτ

CZ(Az).

5If τ : E|U → U×Cm is a local trivialization of E with τ(v) = (z, w), the conjugate trivialization
τ̄ : Ē|U → U × Cm is defined by τ̄ (v̄) = (z, w̄).
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The above calculations are all valid for line bundles, but the general case follows
by taking direct sums. �

We are now able to show that Theorem 5.4 is consistent with what we already
know about the formal adjoint.

Proposition 5.7. I(−D
∗
) = −I(D).

Proof. Under the isomorphism F = Λ0,1T ∗Σ̇ ⊗ E = T Σ̇ ⊗ E, an asymptotic
trivialization τ on E induces an asymptotic trivialization ∂s ⊗ τ on F , where ∂s
denotes the asymptotic trivialization of T Σ̇ defined via an outward pointing vector
field on the cylindrical ends. Counting zeroes of vector fields then proves c∂s1 (T Σ̇) =
χ(Σ̇), so

c∂s⊗τ
1 (F ) = c∂s⊗τ

1 (T Σ̇⊗ E) = mc∂s1 (T Σ̇) + cτ1(E) = mχ(Σ̇) + cτ1(E).

Applying Lemma 5.6 to the conjugate bundle then gives

c∂s⊗τ
1 (F̄ ) = −mχ(Σ̇)− cτ1(E).

The unitary trivializations of the asymptotic bundles Ēz corresponding to ∂s ⊗ τ
are simply τ̄ , thus using Lemma 5.6 again for the Conley-Zehnder terms,

I(−D
∗
) = mχ(Σ̇) + 2c∂s⊗τ

1 (F̄ ) +
∑

z∈Γ+

µτ̄
CZ(Az)−

∑

z∈Γ−

µτ̄
CZ(Az)

= −mχ(Σ̇)− 2cτ1(E)−
∑

z∈Γ+

µτ
CZ(Az) +

∑

z∈Γ−

µτ
CZ(Az)

= −I(D).

�

We next consider the effect of an antilinear zeroth-order perturbation on the
formal adjoint. By “antilinear zeroth-order perturbation,” we generally mean a
smooth section

B ∈ Γ(HomC(E, F )).

It is perhaps easier to understand B in terms of the conjugate bundle Ē: indeed,
there exists a unique

β ∈ Γ(HomC(Ē, F ))

such that
Bη = βη̄,

and this correspondence defines a bundle isomorphism HomC(E, F ) = HomC(Ē, F ).

Exercise 5.8. Assume X and Y are complex vector bundles over the same base.

(a) Show that X̄ ⊗ Ȳ is canonically isomorphic to the conjugate bundle of
X ⊗ Y .

(b) Show that HomC(X̄, Ȳ ) is canonically isomorphic to the conjugate bundle of
HomC(X, Y ), and HomC(X̄, Ȳ ) is canonically isomorphic to the conjugate
bundle of HomC(X, Y ).

(c) Show that Λ0,1X := HomC(X,C) is canonically isomorphic to the conjugate
bundle of Λ1,0X := HomC(X,C).
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Define the Cauchy-Riemann type operator

DB := D+B : Γ(E) → Γ(F ) = Ω0,1(Σ̇, E),

so DBη = Dη+βη̄. To write down D∗
B, observe that since β : Ē → F is a complex-

linear bundle map between Hermitian bundles, it has a complex-linear adjoint

β† : F → Ē such that 〈β†λ, η̄〉Ē = 〈λ, βη̄〉F for λ ∈ F , η̄ ∈ Ē.

Here the bundle metric on Ē is defined by 〈η̄, ξ̄〉Ē := 〈ξ, η〉E. We then have

Re〈λ,Bη〉F = Re〈λ, βη̄〉F = Re〈β†λ, η̄〉Ē = Re〈η, β†λ〉E = Re〈β†λ, η〉E
= Re〈β†λ̄, η〉E,

where β† ∈ Γ(HomC(F̄ , E)) denotes the image of β† ∈ Γ(HomC(F, Ē)) under the
complex-antilinear identity map from HomC(F, Ē) to its conjugate bundle (see Ex-
ercise 5.8). The formal adjoint of DB is thus

D∗
B = D∗ +B∗ : Γ(F ) → Γ(E),

where B∗ : F → E is defined by

B∗λ := β†λ̄.

To write down the resulting Cauchy-Riemann type operator on F̄ , we replace B∗ :
F → E with B

∗
: F̄ → Ē, defined by

B
∗
λ̄ := B∗λ = β†λ,

giving a Cauchy-Riemann operator

−D
∗
B = −D

∗
+ (−B

∗
) : Γ(F̄ ) → Γ(Ē) = Ω0,1(Σ̇, F̄ ).

The point of writing down this formula is to make the following observations:

Lemma 5.9. The zeroth-order perturbation −B
∗
: F̄ → Ē appearing in −D

∗
B has

the following properties:

(1) −B
∗
: F̄ → Ē is complex antilinear;

(2) There is a natural complex bundle isomorphism HomC(F̄ , Ē) = HomC(F, Ē)

that identifies −B
∗
with −β†;

(3) If m = 1 and B ∈ Γ(HomC(E, F )) has only nondegenerate zeroes, then

−B
∗ ∈ Γ(HomC(F̄ , Ē)) has the same zeroes but with opposite signs.

Proof. The first two statements follow immediately from the fact that −B
∗

is the composition of the canonical conjugation map F̄ → F with the complex-
linear bundle map −β† : F → Ē. For the third, it suffices to compare what β ∈
Γ(HomC(Ē, F )) and −β† : Γ(HomC(F, Ē)) look like in local trivializations near a
zero: one is minus the complex conjugate of the other, hence their zeroes count with
opposite signs. �
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3. The index zero case on a torus

As a warmup for the general case, we now fill in the details of Taubes’s proof of
Theorem 5.4 in the case

Σ̇ = T
2 := C \ (Z⊕ iZ)

and E = T
2 × C, i.e. a trivial line bundle. In this case I(D) = χ(T2) + 2c1(E) = 0,

so our aim is to prove ind(D) = 0. What we will show in fact is that D is homotopic
through a continuous family of Fredholm operators to one that is an isomorphism.
Since E and F are now both trivial, it will suffice to consider the operator

D := ∂̄ = ∂s + i∂t : H
1(T2,C) → L2(T2,C),

whose formal adjoint is D∗ := −∂ = −∂s + i∂t. An antilinear zeroth-order pertur-
bation is then equivalent to a choice of function β : T2 → C, giving rise to a family
of operators

Dση := ∂̄η + σβη̄

for σ ∈ R, where η̄ : T2 → C now denotes the straightforward complex conjugate
of η. Let us assume that β : T2 → C is nowhere zero; note that this would not be
possible in more general situations, but is possible here because HomC(Ē, F ) is a
trivial bundle.

Lemma 5.10. Dσ is injective for all σ > 0 sufficiently large.

Proof. Elliptic regularity implies any η ∈ kerDσ is smooth, so we shall restrict
our attention to smooth functions η : T2 → C. We start by comparing the two
second-order differential operators

D∗D and D∗
σDσ : C∞(T2,C) → C∞(T2,C).

Both are nonnegative L2-symmetric operators, and in fact the first is simply the
Laplacian

D∗D = −∂∂̄ = (−∂s + i∂t)(∂s + i∂t) = −∂2
s − ∂2

t = −∆.

The formal adjoint of Dσ takes the form

D∗
ση = D∗η + σB∗η = D∗η + σβη̄,

thus for any η ∈ C∞(T2,C),

D∗
σDση = (D∗ + σB∗)(D+ σB)η

= D∗Dη + σ
(

β∂̄η − ∂(βη̄)
)

+ σ2B∗Bη

= D∗Dη + σ (β∂η̄ − (∂β)η̄ − β∂η̄) + σ2B∗Bη

= D∗Dη + σ2B∗Bη − σ(∂β)η̄.

(5.2)

This is a Weitzenböck formula: its main message is that the Laplacian D∗D and
the related operator D∗

σDσ differ from each other only by a zeroth-order term that
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will be positive definite if σ is sufficiently large. Indeed, since β is nowhere zero, we
have |Bη| ≥ c|η| for some constant c > 0, thus

‖Dση‖2L2 = 〈η,D∗
σDση〉L2 = 〈η,D∗Dη〉L2 + σ2〈η, B∗Bη〉L2 − σ〈η, (∂β)η̄〉L2

= ‖Dη‖2L2 + σ2‖Bη‖2L2 − σ〈η, (∂β)η̄〉L2

≥
(

σ2c2 − σ‖∂β‖C0

)

‖η‖2L2.

We conclude that as soon as σ > 0 is large enough to make the quantity in paren-
theses positive, Dση cannot vanish unless ‖η‖L2 = 0. �

Proof of Theorem 5.4 for E = T2 × C. The lemma above shows that one
can add a large antilinear perturbation to D = ∂̄ making the deformed operator
Dσ injective. By Lemma 5.9, the same argument applies to the formal adjoint
D∗, implying that for sufficiently large σ > 0, D∗

σ is injective and thus Dσ is also
surjective, and therefore an isomorphism. This proves ind(D) = ind(Dσ) = 0. �

Let’s consider which particular details of the setup made the proof above possible.
First, the zeroth-order perturbation is complex antilinear. We used this, if only

implicitly, in deriving the Weitzenböck formula (5.2): the key step is in the third
line, where the two terms involving ∂η̄ cancel each other out and leave nothing but
zeroth-order terms remaining. This would not have happened if e.g. B : E → F
had been complex linear—we would then have seen terms depending on the first
derivative of η in D∗

σDση −D∗Dη, and this would have killed the whole argument.
The fact that this cancellation happens when the perturbation is antilinear probably
looks like magic at this point, but there is a principle behind it; we will discuss it
further in §4 below, see Remark 5.15.

The second crucial fact we used was that β : T2 → C is nowhere zero, in
order to obtain the lower bound on ‖Bη‖L2 in terms of ‖η‖L2. This cannot always
be achieved—it is possible in this special case only because E and F are both
trivial bundles and thus so is HomC(Ē, F ). On more general bundles, the best we
could hope for would be to pick β ∈ Γ(HomC(Ē, F )) with finitely many zeroes, all
nondegenerate. In this case the above argument fails, but it still tells us something.
Suppose Σǫ ⊂ T2 is a region disjoint from the isolated zeroes of β. Then there exists
a constant cǫ > 0, dependent on the region Σǫ, such that

‖βη̄‖2L2(T2) ≥ ‖βη̄‖2L2(Σǫ)
≥ cǫ‖η‖2L2(Σǫ)

,

so instead of the estimate at the end of the proof above implying Dσ is injective, we
obtain one of the form

‖Dση‖2L2(T2) ≥ cǫσ
2‖η‖L2(Σǫ) − cσ‖η‖2L2(T2).

To see what this means, imagine we have sequences σν → ∞ and ην ∈ kerDσν ,
normalized so that ‖ην‖L2 = 1 for all ν. The estimate above then implies

‖ην‖2L2(Σǫ)
≤ c

cǫσν

→ 0 as ν → ∞,

so while all sections ην have the same amount of “energy” (as measured via their L2-
norms), the energy is escaping from Σǫ as σν increases. This is true for any domain
Σǫ disjoint from the zeroes, so we conclude that in the limit as σ → ∞, sections in
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kerDσ have their energy concentrated in infinitesimally small neighborhoods of the
zeroes of β. We will see in the following how to extract useful information from this
concentration of energy.

4. A Weitzenböck formula for Cauchy-Riemann operators

The Weitzenböck formula (5.2) can be generalized to a useful relation between
any two Cauchy-Riemann type operators that differ by an antilinear zeroth-order
term. To see this, we start with a short digression on holomorphic and antiholomor-
phic vector bundles.

A smooth function f : C ⊃ U → C is called antiholomorphic if it satisfies
(∂s−i∂t)f = 0, which means its differential anticommutes with the complex structure
on C. The class of antiholomorphic functions is not closed under composition, but
it is closed under products, hence one can define an antiholomorphic structure

on a complex vector bundle to be a system of local trivializations for which all
transition maps are antiholomorphic. Given the standard correspondence between
holomorphic structures and Cauchy-Riemann type operators, it is easy to establish
a similar correspondence between aniholomorphic structures and (complex-linear)
anti-Cauchy-Riemann type operators, i.e. those which satisfy

D(fη) = (∂f)η + fDη

for all f ∈ C∞(Σ̇,C), where ∂f := df − i df ◦ j ∈ Ω1,0(Σ̇). We’ve seen one important
example of such an operator already: if D : Γ(E) → Γ(F ) is complex linear, then
−D∗ is a complex-linear anti-Cauchy-Riemann operator on F and thus endows F
with an antiholomorphic structure. Another natural example occurs naturally on
conjugate bundles: if E has a holomorphic structure, then Ē inherits from this an
antiholomorphic structure. This is immediate from the fact that f : C ⊃ U → C is
holomorphic if and only if f̄ : U → C is antiholomorphic. If D : Γ(E) → Γ(F ) =
Ω0,1(Σ̇, E) is the corresponding complex-linear Cauchy-Riemann type operator on
E, we shall denote the resulting anti-Cauchy-Riemann operator by

D : Γ(Ē) → Γ(F̄ ) = Ω1,0(Σ̇, Ē),

where by definition Dη̄ = Dη.

Exercise 5.11. Show that if X and Y are antiholomorphic vector bundles over
the same base, then X⊗Y and HomC(X, Y ) both naturally inherit antiholomorphic
bundle structures such that the obvious Leibniz rules are satisfied. Remark: the

proof of this is exactly the same as for holomorphic bundles, one only needs to

change some signs.

Exercise 5.12. Suppose X and Y are complex vector bundles over the same
base, carrying real-linear anti-Cauchy-Riemann operators ∂X and ∂Y respectively.
Show that H := HomR(X, Y ) then admits a real-linear anti-Cauchy-Riemann oper-
ator ∂H such that for all Φ ∈ Γ(H) and η ∈ Γ(X),

∂Y (Φη) = (∂HΦ)η + Φ(∂Xη).
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Hint: write ∂X and ∂Y as complex-linear operators with real-linear zeroth-order

perturbations, and apply Exercise 5.11. Show moreover that any Ck-bounds satisfied

by the zeroth-order terms in ∂X and ∂Y are inherited by the zeroth-order term in ∂H .

The setup for the next result is as follows. We assume again m = 1, so E and F
are line bundles. Fix β ∈ Γ(HomC(Ē, F )), define B ∈ Γ(HomC(E, F )) by Bη := βη̄,
and use this to define the perturbed Cauchy-Riemann type operator

DB := D+B : Γ(E) → Γ(F ),

whose formal adjoint is D∗
B = D∗ +B∗ with B∗λ := β†λ̄.

Proposition 5.13. The second-order differential operators D∗D and D∗
BDB on

E are related by
D∗

BDBη = D∗D∗η +B∗Bη − (∂Hβ)η̄,

where ∂H is a real-linear anti-Cauchy-Riemann type operator on HomC(Ē, F ). More-
over, if β is C1-bounded on Σ̇, then ∂Hβ is C0-bounded.

Proof. We have real-linear anti-Cauchy-Riemann operators D and −D∗ on Ē
and F respectively, so Exercise 5.12 produces an operator ∂H on HomC(Ē, F ) for
which the Leibniz rule is satisfied. We can then write

D∗
BDBη = (D∗ +B∗)(D+B)η

= D∗Dη + β†Dη − (−D∗)(βη̄) +B∗Bη

= D∗Dη + β†Dη̄ − (∂Hβ)η̄ − βDη̄ +B∗Bη

= D∗Dη +B∗Bη − (∂Hβ)η̄ +
(

β† − β
)

Dη̄.

Here β and β† are both viewed as complex-linear bundle maps F̄ → E, the latter in
the obvious way, and the former acting as 1 ⊗ β on F̄ = Λ1,0T ∗Σ̇ ⊗ Ē with target
Λ1,0T ∗Σ̇⊗ F = Λ1,0T ∗Σ̇⊗Λ0,1T ∗Σ̇⊗E = E. Choosing unitary local trivializations,
β and β† are represented by the same complex-valued function: indeed, the latter
is the transpose of the former as m-by-m complex matrices, but since m = 1, this
means they are identical.

Finally, we observe that the asymptotic convergence conditions satisfied by D

on the cylindrical ends imply similar conditions for all other Cauchy-Riemann and
anti-Cauchy-Riemann operators in this picture, yielding an estimate of the form
‖∂Hβ‖C0 ≤ c‖β‖C1 globally on Σ̇. �

Remark 5.14. The above proof used the assumption m = 1 in order to conclude
β† − β ≡ 0. For higher rank bundles, this imposes a nontrivial condition that must
be satisfied in order for the Weitzenböck formula to hold, cf. [GW].

Remark 5.15. We can now pick out a geometric reason for the miraculous can-
cellation in the Weitzenböck formula: the perturbation B is described by a complex
bundle map Ē → F , where Ē and F both have natural antiholomorphic bun-
dle structures defined via the complex-linear parts of D and −D∗ respectively. A
complex-linear perturbation B : E → F would not work because E is holomorphic
rather than antiholomorphic: while D can be fit into the same Leibniz rule with
−D∗, the same is not true of D.
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5. Large antilinear perturbations and energy concentration

We continue in the setting of Proposition 5.13 and set

Dσ := D+ σB : Γ(E) → Γ(F )

for σ > 0. After a compact perturbation of D, we can without loss of generality
also impose the following assumptions on D, β ∈ Γ(HomC(Ē, F )) and the area
form d vol:

(i) All zeroes of β are nondegenerate.

(ii) Both |β| and 1/|β| are bounded outside of a compact subset of Σ̇.
(iii) Near each point ζ ∈ Σ̇ with β(ζ) = 0, there exists a neighborhood D(ζ) ⊂ Σ̇

of ζ , a holomorphic coordinate chart identifying (D(ζ), j, ζ) with the unit
disk (D, i, 0), and a local trivialization of E over D(ζ) that identifies D with
∂̄ = ∂s + i∂t : C

∞(D,C) → C∞(D,C) and β with one of the functions

β(z) = z or β(z) = z̄,

the former if ζ is a positive zero and the latter if it is negative.
(iv) In the holomorphic coordinate on D(ζ) described above, d vol is the stan-

dard Lebesgue measure.

As in the torus case discussed in §3, we will see that the Weitzenböck formula
implies a concentration of energy near the zeroes of β for sections η ∈ kerDσ as
σ → ∞. To understand what really happens in this limit, we will use a rescaling
trick. Denote the zero set of β by

Z(β) = Z+(β) ∪ Z−(β) ⊂ Σ̇,

partitioned into the positive and negative zeroes. For any η ∈ Γ(E), ζ ∈ Z±(β) and
σ > 0, we then define a rescaled function

η(ζ,σ) : D√
σ → C : z 7→ 1√

σ
η(z/

√
σ),

where the right hand side denotes the local representation of η on D(ζ) in the chosen
coordinate and trivialization. Notice that the equation Dση = 0 appears in this local
representation as either ∂̄η + σzη̄ = 0 or ∂̄η + σz̄η̄ = 0 depending on the sign of ζ ,
and the function f := η(ζ,σ) then satisfies

∂̄f + zf̄ = 0 or ∂̄f + z̄f̄ = 0 on D√
σ.

We will take a closer look at these two PDEs in §6 below. But first, observe that
by change of variables,

∥

∥η(ζ,σ)
∥

∥

L2(D√
σ)

= ‖η‖L2(D(ζ)).

Lemma 5.16. Assume σν → ∞, and ην ∈ kerDσν is a sequence satisfying a
uniform L2-bound. Then after passing to a subsequence, the rescaled functions ηζν :=

η
(ζ,σν)
ν : D√

σν → C for each ζ ∈ Z±(β) converge in C∞
loc(C) to smooth functions
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ηζ∞ ∈ L2(C) satisfying

∂̄ηζ∞ + zηζ∞ = 0 if ζ ∈ Z+(β),

∂̄ηζ∞ + z̄ηζ∞ = 0 if ζ ∈ Z−(β).

Moreover, if ξν ∈ kerDσν is another sequence with these same properties and con-
vergence ξζν → ξζ∞, then

lim
ν→∞

〈ην , ξν〉L2(E) =
∑

ζ∈Z(β)

〈ηζ∞, ξζ∞〉L2(C).

Proof. The uniform L2-bound implies uniform bounds on ‖ηζν‖L2(DR) for every
R > 0, where ν here is assumed sufficiently large so that R <

√
σν . Since η

ζ
ν satisfies

a Cauchy-Riemann type equation on DR, the usual elliptic estimates (see Lecture 2)
then imply uniform Hk-bounds for every k ∈ N on every compact subset in the
interior of DR, hence ηζν has a C∞

loc-convergent subsequence on C, and the limit ηζ∞
clearly satisfies the stated PDE. The uniform L2-bound also implies a uniform bound
on ‖ηζν‖L2(D√

σν )
and thus an R-independent uniform bound on ‖ηζν‖L2(DR) as ν → ∞,

implying that ηζ∞ is in L2(C).
The limit of 〈ην , ξν〉L2(E) is now proved using the Weitzenböck formula. Let

Σ̇ǫ := Σ̇ \
⋃

ζ∈Z(β)

D(ζ),

so there exists a constant c > 0 such that β satisfies |β(z)v̄| ≥ c|v| for all v ∈ Ez,

z ∈ Σ̇ǫ. (Note that this depends on the assumption of 1/|β| being bounded outside
of a compact subset.) Now by Proposition 5.13,

0 = ‖Dσνην‖2L2(Σ̇)
= 〈ην ,D∗

σν
Dσνην〉L2(Σ̇)

= 〈ην ,D∗Dην〉L2(Σ̇) + σ2
ν〈ην , B∗Bην〉L2(Σ̇) − σν〈ην , (∂Hβ)η̄ν〉L2(Σ̇)

≥ ‖Dην‖2L2(Σ̇)
+ σ2

νc
2‖ην‖2L2(Σ̇ǫ)

− σνc
′‖ην‖2L2(Σ̇)

≥ σ2
νc

2‖ην‖2L2(Σ̇ǫ)
− σνc

′‖ην‖2L2(Σ̇)

for some constant c′ > 0 independent of ν. This implies

‖ην‖2L2(Σ̇ǫ)
≤ c′

c2σν
‖ην‖2L2(Σ̇)

→ 0 as ν → ∞

since ‖ην‖L2(Σ̇) is uniformly bounded. The same estimate applies to ξν , so that

〈ην , ξν〉L2(Σ̇ǫ)
→ 0 and thus by change of variables,

lim
ν→∞

〈ην , ξν〉L2(Σ̇) = lim
ν→∞

∑

ζ∈Z(β)

〈ην , ξν〉L2(D(ζ)) = lim
ν→∞

∑

ζ∈Z(β)

〈ηζν , ξζν〉L2(D√
σν )

=
∑

ζ∈Z(β)

〈ηζ∞, ξζ∞〉L2(C).

�
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6. Two Cauchy-Riemann type problems on the plane

The rescaling trick in the previous section produced smooth solutions f : C → C

of class L2(C) to the two equations

∂̄f + zf̄ = 0, ∂̄f + z̄f̄ = 0.

It turns out that we can say precisely what all such solutions are. WriteD+f := ∂̄f+
zf̄ and D−f := ∂̄f + z̄f̄ . Both operators differ from ∂̄ by antilinear perturbations,
so they satisfy Weitzenböck formulas relating D∗

±D± to the Laplacian −∆ = ∂̄∗∂̄ =
−∂2

s − ∂2
t . Indeed, repeating Proposition 5.13 in these special cases gives

D∗
+D+f = −∆f + |z|2f − 2f̄ and D∗

−D−f = −∆f + |z|2f.
To make use of this, recall that a smooth function u : U → R on an open subset
U ⊂ C is called subharmonic if it satisfies

−∆u ≤ 0.

Subharmonic functions satisfy a mean value property:

−∆u ≤ 0 on U ⇒ u(z0) ≤
1

πr2

∫

Dr(z0)

u(z) dµ(z) for all Dr(z0) ⊂ U ,

where Dr(z0) ⊂ C denotes the disk of radius r > 0 about a point z0 ∈ U , and dµ(z)
is the Lebesgue measure on C; see e.g. [Eva98, p. 85].

Exercise 5.17. Show that for any smooth complex-valued function f on an
open subset of C,

∆|f |2 = 2Re〈f,∆f〉+ 2|∇f |2,
where 〈 , 〉 denotes the standard Hermitian inner product on C and |∇f |2 :=
|∂sf |2 + |∂tf |2.

Proposition 5.18. The equation ∂̄f + z̄f̄ = 0 does not admit any nontrivial
smooth solutions f ∈ L2(C,C).

Proof. If f : C → C is smooth with D−f = 0, then the Weitzenböck formula
for D− implies ∆f = |z|2f . Then by Exercise 5.17,

∆|f |2 = 2Re〈f, |z|2f〉+ 2|∇f |2 = 2|z|2|f |2 + 2|∇f |2,
implying that |f |2 : C → R is subharmonic. Now if f(z0) 6= 0 for some z0 ∈ C, the
mean value property implies

∫

Dr(z0)

|f(z)|2 dµ(z) ≥ πr2|f(z0)|2 → ∞ as r → ∞,

so f 6∈ L2(C). �

Proposition 5.19. Every smooth solution f ∈ L2(C,C) to the equation ∂̄f +

zf̄ = 0 is a constant real multiple of f0(z) := e−
1

2
|z|2.
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Proof. We claim first that every smooth solution in L2(C,C) of D+f = 0 is
purely real valued. The Weitzenböck formula for this case gives ∆f = |z|2f−2f̄ , and
taking the difference between this equation and its complex conjugate then implies
that u := Im f : C → R satisfies

∆u = (|z|2 + 2)u.

Now by Exercise 5.17,

∆(u2) = 2|∇u|2 + 2(|z|2 + 2)u2 ≥ 0,

so u2 : C → R is subharmonic, and the mean value property implies as in the proof
of Prop. 5.18 that u 6∈ L2(C) and hence f 6∈ L2(C) unless u ≡ 0. This proves the
claim.

It is easy to check however that f0 is a solution and is in L2(C). Since it is also
nowhere zero, every other solution f must then take the form f(z) = v(z)f0(z) for
some real-valued function v : C → R. Since D+ is a Cauchy-Riemann type operator,
the Leibniz rule then implies ∂̄v ≡ 0. But the only globally holomorphic functions
with trivial imaginary parts are constant. �

7. A linear gluing argument

Now we’re getting somewhere.

Lemma 5.20. Suppose the assumptions of §5 hold and β ∈ Γ(HomC(Ē, F )) has
I+ ≥ 0 positive and I− ≥ 0 negative zeroes. Then for all σ > 0 sufficiently large,

dimkerDσ ≤ I+ and dim cokerDσ ≤ I−.

In particular, for sufficiently large σ, Dσ is injective if all zeroes of β are negative
and surjective if all zeroes are positive.

Proof. Arguing by contradiction, suppose there exists a sequence σν → ∞ such
that dim kerDσν > I+, and pick (I++1) sequences of sections η1ν , . . . , η

I++1
ν ∈ kerDσν

which form L2-orthonormal sets for each ν. By Lemma 5.16, we can then extract
a subsequence such that rescaling near the zeroes of β produces C∞

loc-convergent
sequences whose limits form an (I+ + 1)-dimensional orthonormal set in

⊕

ζ∈Z(β)

L2(C,C),

where the component functions f ∈ L2(C,C) for ζ ∈ Z+(ζ) satisfy ∂̄f + zf̄ = 0,
while those for ζ ∈ Z−(ζ) satisfy ∂̄f + z̄f̄ = 0. Proposition 5.18 now implies that
the component functions for ζ ∈ Z−(ζ) are all trivial, and by Proposition 5.19,
the components for ζ ∈ Z+(ζ) belong to 1-dimensional subspaces kerD+ ⊂ L2(C)

generated by the function e−
1

2
|z|2. We conclude that the limiting orthonormal set

lives in a precisely I+-dimensional subspace
⊕

ζ∈Z+(β)

kerD+ ⊂
⊕

ζ∈Z(β)

L2(C,C),

and this is a contradiction since there are I+ + 1 elements in the set.
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Applying the same argument to the formal adjoint implies similarly dim kerD∗
σ ≤

I− for σ sufficiently large. �

We would next like to turn the two inequalities in the above lemma into equal-
ities, which means showing that the I+-dimensional subspace of

⊕

ζ∈Z+(β) L
2(C,C)

generated by solutions of ∂̄f+zf̄ = 0 is isomorphic to kerDσ for σ sufficiently large.
This requires a simple example of a linear gluing argument, the point of which is
to reverse the “convergence after rescaling” process that we saw in Lemma 5.16.
The first step is a pregluing construction which turns elements of

⊕

ζ∈Z+(β) kerD+

into approximate solutions to Dση = 0 for large σ. To this end, fix a smooth bump
function

ρ ∈ C∞
0 (D̊, [0, 1]), ρ|D1/2

≡ 1

and define for each ζ ∈ Z+(β) and σ > 0 a linear map

Φζ
σ : kerD+ → Γ(E)

such that Φζ
σ(f) is a section with support in D(ζ) whose expression in our fixed

coordinate and trivialization on that neighborhood is the function

f ζ
σ(z) = ρ(z)

√
σf(

√
σz).

Adding up the Φζ
σ for all ζ ∈ Z+(β) then produces a linear map

Φσ :
⊕

ζ∈Z+(β)

kerD+ → Γ(E)

whose image consists of sections supported near Z+(β), each a linear combination
of cut-off Gaussians with energy concentrated in smaller neighborhoods of Z+(β)
for larger σ. These sections are manifestly not in kerDσ since they vanish on open
subsets and thus violate unique continuation, but they are close, in a quantitative
sense:

Lemma 5.21. For each σ > 0, there exists a constant cσ > 0 such that

‖DσΦσ(f)‖L2 ≤ cσ‖f‖L2 for all f ∈
⊕

ζ∈Z+(β)

kerD+,

and cσ → 0 as σ → ∞. Moreover, for every pair f, g ∈ ⊕

ζ∈Z+(β) kerD+,

〈Φσ(f),Φσ(g)〉L2 → 〈f, g〉L2

as σ → ∞.

Proof. First, observe that any f ∈ ⊕

ζ∈Z+(β) kerD+ is described by a collection

of functions {fζ ∈ L2(C)}ζ∈β+(Z) which take the form

fζ(z) = Kζe
− 1

2
|z|2,
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for some constants Kζ ∈ R. Since each fζ is in kerD+, we find

Dσ

(

Φσ(f)|D(ζ)

)

(z) = ∂ρ(z)
√
σfζ(

√
σz) + ρ(z)σ∂fζ(

√
σz)

+ σzρ(z)
√
σfζ(

√
σz)

= ∂ρ(z)
√
σfζ(

√
σz) + ρ(z)σ(D+fζ)(

√
σz)

= ∂ρ(z)
√
σKζe

− 1

2
σ|z|2 .

(5.3)

Now since ∂ρ = 0 in D1/2, we obtain

‖DσΦσ(f)‖2L2 =
∑

ζ∈Z+(β)

∫

D(ζ)

|DσΦσ(f)(z)|2 dµ(z)

=
∑

ζ∈Z+(β)

∫

D\D1/2

|∂ρ(z)|2σK2
ζ e

−σ|z|2 dµ(z)

≤ Iσe−σ/4
∑

ζ∈Z+(β)

K2
ζ ,

where we abbreviate I :=
∫

D\D1/2

∣

∣∂̄ρ(z)
∣

∣

2
dµ(z). The norm of f is given by

‖f‖2L2 =
∑

ζ∈Z+(β)

∫

C

K2
ζ e

−|z|2 dµ(z) =

(
∫

C

e−|z|2 dµ(z)

)

∑

ζ∈Z+(β)

K2
ζ .

We conclude that there is a bound of the form

‖DσΦσ(f)‖L2 ≤ C
√
σe−σ/2‖f‖L2,

which proves the first statement since
√
σe−σ/2 → 0 as σ → ∞.

The second statement follows by a change of variable, since

〈Φσ(f),Φσ(g)〉L2 =
∑

ζ∈Z+(β)

〈Φσ(f)|D(ζ),Φσ(g)|D(ζ)〉L2(D(ζ))

=
∑

ζ∈Z+(β)

∫

D

ρ2(z)σfζ(
√
σz)gζ(

√
σz) dµ(z)

=
∑

ζ∈Z+(β)

∫

D√
σ

ρ2
(

z√
σ

)

fζ(z)gζ(z) dµ(z)

The functions fζ and gζ are both real multiples of e−
1

2
|z|2, so this last integral for each

ζ ∈ Z+(β) is bounded between
∫

D√
σ/2

fζ(z)gζ(z) dµ(z) and
∫

D√
σ
fζ(z)gζ(z) dµ(z),

both of which converge to
∫

C
fζ(z)gζ(z) dµ(z) as σ → ∞, thus

lim
σ→∞

〈Φσ(f),Φσ(g)〉L2 = 〈f, g〉L2.

�

To turn approximate solutions into actual solutions, let

Πσ : L2(E) → kerDσ

denote the orthogonal projection. We will prove:
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Proposition 5.22. If all zeroes of β are positive, then the linear map

Πσ ◦ Φσ :
⊕

ζ∈Z+(β)

kerD+ → kerDσ

is injective for all σ > 0 sufficiently large.

This statement says in effect that whenever σ > 0 is large enough and η :=
Φσ(f) ∈ Γ(E) is in the image of the pregluing map, with f normalized by ‖f‖L2 = 1,
we can find a “correction” ξ ∈ (kerDσ)

⊥ such that

η + ξ 6= 0 but Dσ(η + ξ) = 0.

An element ξ ∈ (kerDσ)
⊥ with the second property certainly exists, and in fact

it’s unique: indeed, the assumption Z−(β) = ∅ implies via Lemma 5.20 that Dσ is
surjective and thus restricts to an isomorphism from (kerD)⊥ ∩ H1(E) to L2(F ),
with a bounded right inverse

Qσ : L2(F ) → H1(E) ∩ (kerD)⊥,

hence ξ := −Qσ(Dση). We know moreover from Lemma 5.21 that ‖η‖L2 is close
to ‖f‖L2 = 1, so to prove η + ξ 6= 0, it would suffice to show ‖ξ‖L2 is small, which
sounds likely since we also know ‖Dση‖L2 is small and Qσ is a bounded operator. To
make this reasoning precise, we just need to have some control over ‖Qσ‖ as σ → ∞,
or equivalently, a quantitative measure of the injectivity of Dσ|(kerDσ)⊥∩H1(E). This
requires one last appeal to the Weitzenböck formula.

Lemma 5.23. Assume all zeroes of β are positive. Then there exist constants
c > 0 and σ0 such that for all σ > σ0,

‖η‖L2 ≤ c‖Dση‖L2 for all η ∈ H1(E) ∩ (kerDσ)
⊥.

Proof. Let us instead prove that if zeroes of β are all negative, then the same
bound holds for all η ∈ H1(E). The stated result follows from this by considering
the formal adjoint and using Exercise 5.24 below. Note that by density, it suffices
to prove the estimate holds for all η ∈ C∞

0 (E).
Assume therefore that Z+(β) = ∅ and, arguing by contradiction, suppose there

exist sequences σν → ∞ and ην ∈ C∞
0 (E) with ‖ην‖L2 = 1 and

‖Dσνην‖L2 → 0.

The usual rescaling trick and application of the Weitzenböck formula then produces

for each ζ ∈ Z−(β) a sequence of functions ηζν := η
(ζ,σν)
ν : D√

σν → C which satisfy
∑

ζ∈Z−(β)

‖ηζν‖2L2(D√
σν )

→ 1 and ‖D−η
ζ
ν‖L2(D√

σν )
→ 0

as ν → ∞. Indeed, defining Σ̇ǫ as in the proof of Lemma 5.16, a similar application
of the Weitzenböck formula yields

‖Dσνην‖2L2(Σ̇)
≥ σ2

νc
2‖ην‖2L2(Σ̇ǫ)

− σνc
′‖ην‖2L2(Σ̇)

= σ2
νc

2‖ην‖2L2(Σ̇ǫ)
− σνc

′,
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for some c′ > 0. Thus we obtain

‖ην‖2L2(Σ̇ǫ)
≤

‖Dσνην‖2L2(Σ̇)

c2σ2
ν

+
c′

σνc2
→ 0 as ν → ∞,

so there is again concentration of energy near the zeroes of the antilinear perturba-
tion: in particular,

1 = lim
ν→∞

‖ην‖2L2(Σ̇)

= lim
ν→∞

‖ην‖2L2(Σ̇ǫ)
+ lim

ν→∞

∑

ζ∈Z−(β)

‖ην‖2L2(D(ζ))

= lim
ν→∞

∑

ζ∈Z−(β)

‖ηζν‖2L2(D√
σν )

.

Moreover, we have

D−η
ζ
ν(z) =

1

σν
∂ην

(

z√
σν

)

+
z̄√
σν

η̄ν

(

z√
σν

)

=
1

σν
Dσνην

(

z√
σν

)

.

Taking the square of the norms on each side, we may integrate and use change of
variables to obtain

‖D−η
ζ
ν‖L2(D√

σν )
=

1√
σν

‖Dσνην‖L2(D(ζ)) → 0 as ν → ∞.

The elliptic estimates from Lecture 2 now provide uniformHk-bounds for each ηζν
on compact subsets of C for every k ∈ N, so that a subsequence converges in C∞

loc(C)
to a smooth map ηζ∞ ∈ L2(C,C) satisfying D−η

ζ
∞ = 0. But

∑

ζ∈Z−(β) ‖ηζ∞‖2L2(C) = 1,

so at least one of these solutions is nontrivial and thus contradicts Proposition 5.18.
�

Exercise 5.24. Show that for any Fredholm Cauchy-Riemann type operator D
on E, the following two estimates are equivalent, with the same constant c > 0 in
both:

(i) ‖η‖L2(E) ≤ c‖Dη‖L2(F ) for all η ∈ H1(E) ∩ (kerD)⊥;
(ii) ‖λ‖L2(F ) ≤ c‖D∗λ‖L2(E) for all λ ∈ H1(F ) ∩ (kerD∗)⊥.

Hint: elliptic regularity implies that for D and D∗ as bounded linear operators

H1 → L2, (kerD)⊥ = imD∗ and (kerD∗)⊥ = imD.

Proof of Proposition 5.22. If the statement is not true, then there exist
sequences σν → ∞ and

fν ∈
⊕

ζ∈Z+(β)

kerD+

such that ‖fν‖L2 = 1 and ην := Φσν (fν) ∈ (kerDσν)
⊥ for all ν. Lemmas 5.21

and 5.23 then provide estimates of the form

• ‖ην‖L2 → 1,
• ‖Dσνην‖L2 → 0, and
• ‖ην‖L2 ≤ c‖Dσνην‖L2



110 Chris Wendl

as ν → ∞, with c > 0 independent of ν. These imply:

1 = lim
ν→∞

‖ην‖L2 ≤ lim
ν→∞

c‖Dσνην‖L2 = 0.

�

We’ve proved:

Proposition 5.25. Suppose the assumptions of §5 hold and that the section
β ∈ Γ(HomC(Ē, F )) has I+ ≥ 0 positive and I− ≥ 0 negative zeroes. If I− = 0, then
Dσ is surjective with dimkerDσ = I+ for all σ > 0 sufficiently large. If I+ = 0,
then Dσ is injective with dim cokerDσ = I− for all σ > 0 sufficiently large. In either
case,

ind(Dσ) = I+ − I−

for all σ > 0 sufficiently large. �

8. Antilinear deformations of asymptotic operators

Proposition 5.25 suffices to prove the index formula in the closed case, but there
is an additional snag if Γ 6= ∅: since H1(Σ̇) →֒ L2(Σ̇) is not a compact inclusion,
we have no guarantee that D and Dσ := D + σB will have the same index, and
generally they will not. A solution to this problem has been pointed out by Chris
Gerig [Ger], using a special class of asymptotic operators that also originate in the
work of Taubes (see [Tau10, Lemma 2.3]).

In general, the only obvious way to guarantee ind(D) = ind(Dσ) for large σ > 0
is if we can arrange for every operator in the family {Dσ}σ≥0 to be Fredholm, which
is not automatic since the zeroth-order perturbation B : E → F is required to be
bounded away from zero near∞ and must therefore change the asymptotic operators
at the punctures. We are therefore led to ask:

Question. For what nondegenerate asymptotic operators A : H1(E) → L2(E)
on a Hermitian line bundle (E, J, ω) → S1 can one find complex-antilinear bundle
maps B : E → E such that

Aσ := A− σB : H1(E) → L2(E)

is an isomorphism for every σ ≥ 0?

It turns out that it will suffice to find, for each unitary trivialization σ and every
k ∈ Z, a particular pair (Ak, Bk) such that Ak −σBk is nondegenerate for all σ ≥ 0
and µτ

CZ(Ak) = k. To see why, let us proceed under the assumption that such pairs
can be found, and use them to compute the index:

Lemma 5.26. Given D as in Theorem 5.4, fix asymptotic trivializations τ and
suppose that for each puncture z ∈ Γ there exists an asymptotic operator A′

z on
(Ez, Jz, ωz) with µτ

CZ
(A′

z) = µτ
CZ
(Az), such that if A′

z is written with respect to τ as
−J0∂t − Sz(t), then the deformed asymptotic operator

(5.4) C∞(S1,R2) → C∞(S1,R2) : η 7→ −J0∂tη − Sz(t)η − σβz(t)η̄
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is nondegenerate for some loop βz : S
1 → C \ {0} and every σ ≥ 0. Then

ind(D) = χ(Σ̇) + 2cτ1(E) +
∑

z∈Γ+

wind(βz)−
∑

z∈Γ−

wind(βz).

Proof. Since µτ
CZ(Az) = µτ

CZ(A
′
z), we can deform Az to A′

z continuously
through a family of nondegenerate asymptotic operators. It follows that we can
deform D through a continuous family of Fredholm Cauchy-Riemann type oper-
ators to a new operator D′ whose asymptotic operators are A′

z for z ∈ Γ, and
ind(D′) = ind(D). We are free to assume in fact that D′ is written with respect to
the trivialization τ on the cylindrical end near z ∈ Γ± as

∂s + J0∂t + Sz(t).

Now choose β ∈ Γ(HomC(Ē, F )) with nondegenerate zeroes such that the deformed
operators Dση := D′η + σβη̄ appear in trivialized form on the cylindrical end near
z ∈ Γ± as

Dση = ∂sη + J0∂tη + Sz(t)η + σβz(t)η̄.

This means Dσ is asymptotic at z to (5.4), which is nondegenerate for every σ ≥ 0,
implying Dσ is Fredholm for every σ ≥ 0 and thus

ind(D) = ind(Dσ).

The trivializations τ induce trivializations over the cylindrical ends for Ē and
F = Λ0,1T ∗Σ̇⊗E, and the expression for β in the resulting asymptotic trivialization
of HomC(Ē, F ) near z ∈ Γ is βz(t). It follows that the signed count of zeroes of β is

i(D) := cτ1(HomC(Ē, F )) +
∑

z∈Γ+

wind(βz)−
∑

z∈Γ−

wind(βz)

= χ(Σ̇) + 2cτ1(E) +
∑

z∈Γ+

wind(βz)−
∑

z∈Γ−

wind(βz),

where the computation cτ1(HomC(Ē, F )) = χ(Σ̇) + 2cτ1(E) follows from the natural
isomorphism

HomC(Ē, F ) = Ē∗ ⊗ F = E ⊗ F = E ⊗ Λ0,1T ∗Σ̇⊗ E = Λ0,1T ∗Σ̇⊗ E ⊗E

= T Σ̇⊗ E ⊗ E.

We are free to assume that all zeroes of β are either positive or negative, depending
on the sign of i(D). Proposition 5.25 then implies ind(Dσ) = i(D) for large σ. �

Notice that instead of nondegenerate familiesA−σB parametrized by σ ∈ [0,∞),
it is just as well to find such families which are nondegenerate and have the right
Conley-Zehnder index for all σ > 0, as the σ ≥ 1 portion of this family can be
rewritten as (A−B)−σB for σ ≥ 0. The following lemma thus completes the proof
of Theorem 5.4.

Lemma 5.27. For every k ∈ Z, the trivial Hermitian line bundle over S1 admits
an asymptotic operator Ak and a loop βk : S1 → C \ {0} such that the deformed
asymptotic operators

Ak,ση := Akη − σβkη̄
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are nondegenerate for every σ > 0 and satisfy

µCZ(Ak,σ) = wind(βk) = k.

Proof. We claim that the choices

Akη := −J0∂tη − πkη and βk(t) := e2πikt

do the trick. We prove this in three steps.
Step 1: k = 0. The above formula gives A0,σ = −J0∂tη − ση̄, in which the

σ = 1 case is precisely the operator that we used in Lecture 3 to normalize the
Conley-Zehnder index, hence µCZ(A0,1) = 0 by definition. More generally, all of
these operators can be expressed in the form A := −J0∂t − S where S ∈ EndR(R

2)
is a constant nonsingular 2-by-2 symmetric matrix that anticommutes with J0. We
claim that all asymptotic operators of this form are nondegenerate. Indeed, the

conditions ST = S and SJ0 = −J0S for J0 =

(

0 −1
1 0

)

imply that S takes the form
(

a b
b −a

)

with detS = −a2 − b2 6= 0, and moreover S is of this form if and only if

J0S also is. In particular, J0S is traceless, symmetric, and nonsingular. Solutions
of Aη = 0 then satisfy η̇ = J0Sη, which has no periodic solutions since J0S has one
positive and one negative eigenvalue, hence kerA = {0}.

Step 2: even k. There is a cheap trick to deduce the case k = 2m for any m ∈ N

from the k = 0 case. Recall that by Exercise 3.36 in Lecture 3, conjugating A0,σ by
a change of trivialization changes its Conley-Zehnder index by twice the degree of
that change. In particular, the operator

Ã0,ση := e2πimtA0,σ(e
−2πimtη)

is also a nondegenerate asymptotic operator, but with µCZ(Ã0,σ) = µCZ(A0,σ)+2m =
k. Explicitly, we compute

Ã0,ση = −J0∂tη − πkη − σke2πiktη̄,

so Ak,σ = Ã0,σ/k is also nondegenerate for every σ > 0.
Step 3: odd k. Another cheap trick relates eachAk,σ toA2k,σ after an adjustment

in σ. Given an arbitrary asymptotic operator A = −J0∂t − S(t) and m ∈ N, define

Am := −J0∂t −mS(mt).

Geometrically, if A is a trivialized representation for the asymptotic operator of
a Reeb orbit γ : S1 → M , then Am is the operator for the m-fold covered orbit
γm : S1 → M : t 7→ γ(mt). It is easy to check in particular that if we define
ηm(t) := η(mt) for any given loop η : S1 → R2, then

Amηm = m(Aη)m,

so this gives an embedding of kerA into kerAm, implying that whenever Am is
nondegenerate for some m ∈ N, so is A. To make use of this, observe that

A2
k,ση = −J0∂tη − π2kη − 2σe4πiktη̄ = A2k,2ση,

so A2
k,σ is nondegenerate for all σ > 0 by Step 2, and therefore so is Ak,σ. �
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The proof of Theorem 5.4 is now complete.

Exercise 5.28. Derive a Weitzenböck formula for asymptotic operators and use
it to show that for any asymptotic operator A on the trivial Hermitian line bundle
and any smooth β : S1 → C \ {0}, the deformed operators Aση := Aη − σβη̄ are
all nondegenerate for σ > 0 sufficiently large. Deduce from this that µCZ(Aσ) =
wind(β) for large σ > 0.

Acknowledgements. Taubes’s idea for proving the Riemann-Roch formula and
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