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Preface

This book is an expanded version of the lecture notes I produced for a two-
semester course taught at University College London in 2015–16, for Ph.D. students
with a background in basic symplectic geometry and interest in symplectic topology
and/or geometric analysis. For the most part, each chapter corresponds to a two-
hour lecture in the original course, though the reader will quickly notice that in this
“expanded” version, most individual chapters contain far more material than can
reasonably fit into one lecture (or even two). In reality, much of that material was
only sketched or mentioned in passing during lectures, and I ended up using the
notes to discuss everything that I would like to have explained if I’d had unlimited
time. This includes relatively detailed discussions of several important technical
points (e.g. the definition of spectral flow, generic transversality in symplectizations,
the punctured Riemann-Roch formula, finite energy and asymptotics with arbitrary
stable Hamiltonian structures) which are either incompletely covered by the existing
literature or, in my opinion, simply more difficult to learn from other sources than
they should be. For topics that are, on the other hand, well covered elsewhere, I
have usually not felt obliged to explain every detail, but have tried always to provide
adequate references.

One of the interesting features of SFT is that its foundations are—at the time of
this writing—not yet complete. When the original “propaganda paper” [EGH00]
appeared in 2000, it was widely believed that the technical details would be filled in
within a few years, and several papers introducing important applications of SFT
to contact topology were written under this assumption. Since then, a certain re-
alization has set in that the results in those papers cannot truly be regarded as
“theorems” in the sense of mathematics, and it has become less socially acceptable
to preface statements of results with caveats of the form, “this theorem is dependent
on the foundations of SFT”. At the same time, the need for a robust perturbation
scheme to achieve transversality in SFT spawned the development of a whole new
approach to infinite-dimensional differential geometry, the polyfold project [Hof06],
which is intended for much more general applications but is not yet finished. Opin-
ions vary among symplectic topologists as to how unsatisfied we should all be with
this state of affairs, and what could be done about it—among other things, one could
make an entire course out of the discussion of such issues, but I have not chosen to
do that. My approach is instead to develop the classical1 analysis of pseudoholo-
morphic curves in symplectizations and symplectic cobordisms, to explain how this
would lead to a theory of algebraic contact invariants if transversality for multiple

1For the purposes of this discussion, the word “classical” may be defined as “not involving the
words polyfold, virtual or Kuranishi”.
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covers were not an issue, and then to use the tools and insights gained from this
discussion to prove rigorous mathematical theorems about contact manifolds. Typi-
cally, such theorems can be regarded informally as consequences of computations in
a (not yet well-defined) theory called SFT, but in a rigorous sense, they are actually
consequences of the methods used in those computations. Examples covered in these
notes include distinguishing tight contact structures on the 3-torus that are homo-
topic but not isomorphic (Chapter 11), and the nonexistence of symplectic fillings
or symplectic cobordisms between certain pairs of contact manifolds (Chapter 17).
The choice of applications is of course biased somewhat toward my own research
interests.

Prerequisites. The stated target audience for the original lecture course was
“advanced Masters and Ph.D. students in differential geometry or related fields who
are not afraid of analysis”. More precisely, the notes assume some knowledge of the
following topics:

‚ Differential geometry: manifolds and vector bundles, differential forms and
Stokes’ theorem, connections, basic familiarity with symplectic manifolds;

‚ Functional analysis: linear operators on Banach spaces, basics of Sobolev
spaces, Fredholm operators;

‚ Differential topology: smooth mapping degree, intersection numbers, Sard’s
theorem;

‚ Algebraic topology: fundamental group, homology and cohomology of man-
ifolds, Poincaré duality, first Chern class, homological intersection numbers.

The following topics are not considered formal prerequisites, but some knowledge of
them is likely in any case to be helpful to the reader, who may want to have a good
reference for them (as suggested below) within arm’s reach:

‚ Contact manifolds (e.g. Geiges [Gei08]);
‚ Differential calculus on Banach spaces and Banach manifolds (e.g. these
two books by Lang: [Lan93] and [Lan99]);

‚ Closed pseudoholomorphic curves (e.g. McDuff-Salamon [MS12] or my
other book in preparation [Wenb]);

‚ Floer homology (e.g. Salamon [Sal99] or Audin-Damian [AD14]).

Acknowledgements. I would like to thank the students who have sat through
various iterations of the course that gave rise to this book, notably Alexandru Cioba
and Agust́ın Moreno for their assistance in editing the first several lectures, as well
as Adrian Dawid, Milica D̄ukić, Shah Faisal, Solveig Hepp, Catalina Jurja, and
Michael Rothgang for useful comments. My understanding of Taubes’s approach to
the Riemann-Roch formula (explained in Chapter 5) and its generalization to the
punctured case emerged in part from discussions with Chris Gerig, and I am grateful
also to Tim Perutz for helpful hints about Weitzenböck formulas, and Patrick Massot
for patient discussions of singular integral operators and elliptic regularity. Thanks
also to Michael Hutchings and Janko Latschev for helping me understand the com-
binatorial factors in Chapter 13, to Jo Nelson for helpful comments on coefficients
and orbifold singularities, and to Sam Lisi and Barney Bramham for advice on the
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Floer Cǫ space. And also to Klaus Niederkrüger and Helmut Hofer for enlightening
discussions on all manner of things.





About the current version

The version you see in front of you is being revised and updated regularly to
accompany a Masters-level special topics course on symplectic field theory at the
Humboldt-Universität zu Berlin in the 2026 summer semester.

I have tried to produce a manuscript that is relatively well polished, but I have
not tried quite as diligently for that as I do with most of my research papers. As
of the beginning of the 2026 summer semester, some of the later chapters that have
been in planning for over a decade are not yet complete, and one or two additional
chapters exist only as vague plans in my head, so if those chapters exist by the end
of the semester, they are unlikely to be error-free. I apologize for any sloppiness that
I may have failed so far to expunge. All comments and corrections are welcome,2

and may be sent to wendl@math.hu-berlin.de. Updates on the publication of the
book will be posted periodically on my website at

https://www.mathematik.hu-berlin.de/~wendl/publications.html#notes

Most recent update: April 20, 2026

2especially if those corrections are received before the book goes to press
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Introduction
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Symplectic field theory is a general framework for defining invariants of contact
manifolds and symplectic cobordisms between them via counts of “asymptotically
cylindrical” pseudoholomorphic curves. In this first chapter, we’ll summarize some
of the historical background of the subject, and then sketch the basic algebraic
formalism of SFT.

1.1. In the beginning, Gromov wrote a paper

Pseudoholomorphic curves first appeared in symplectic geometry in a 1985 paper
of Gromov [Gro85]. The development was revolutionary for the field of symplectic
topology, but it was not unprecedented: a few years before this, Donaldson had
demonstrated the power of using elliptic PDEs in geometric contexts to define in-
variants of smooth 4-manifolds (see [DK90]). The PDE that Gromov used was a
slight generalization of one that was already familiar from complex geometry.

Recall that if M is a smooth 2n-dimensional manifold, an almost complex
structure on M is a smooth linear bundle map J : TM Ñ TM such that J2 “ ´1.
This makes the tangent spaces of M into complex vector spaces and thus induces an
orientation on M ; the pair pM,Jq is called an almost complex manifold. In this
context, a Riemann surface is an almost complex manifold of real dimension 2
(hence complex dimension 1), and a pseudoholomorphic curve (also called J-
holomorphic) is a smooth map

u : ΣÑM

satisfying the nonlinear Cauchy-Riemann equation

(1.1) Tu ˝ j “ J ˝ Tu,
1
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where pΣ, jq is a Riemann surface and pM,Jq is an almost complex manifold (of
arbitrary dimension). The almost complex structure J is called integrable if M
admits the structure of a complex manifold such that J is multiplication by i in
holomorphic coordinate charts. By a basic theorem due to Gauss, every almost
complex structure in real dimension two is integrable, hence one can always find
local coordinates ps, tq on neighorhoods in Σ such that

jBs “ Bt, jBt “ ´Bs.
In these coordinates, (1.1) takes the form

Bsu` JpuqBtu “ 0.

The fundamental insight of [Gro85] was that solutions to the equation (1.1)
capture information about symplectic structures on M whenever they are related to
J in the following way.

Definition 1.1.1. Suppose pM,ωq is a symplectic manifold. An almost complex
structure J on M is said to be tamed by ω if

ωpX, JXq ą 0 for all X P TM with X ‰ 0.

Additionally, J is compatible with ω if the pairing

gpX, Y q :“ ωpX, JY q
defines a Riemannian metric on M .

Exercise 1.1.2. Show that an almost complex structure J is compatible with
a symplectic form ω if and only if it is tame and ω is J-invariant.

We shall denote by J pMq the space of all smooth almost complex structures on
M , with the C8

loc-topology, and if ω is a symplectic form on M , let

JτpM,ωq,J pM,ωq Ă J pMq
denote the subsets consisting of almost complex structures that are tamed by or
compatible with ω respectively. Notice that JτpM,ωq is an open subset of J pMq,
but J pM,ωq is not. Proofs of the following may be found in [MS17, §2.5] or
[Wenb, §2.2], among other places.

Proposition 1.1.3. On any symplectic manifold pM,ωq, the spaces JτpM,ωq
and J pM,ωq are each nonempty and contractible. �

Tameness implies that the energy of a J-holomorphic curve u : ΣÑM ,

Epuq :“
ż
Σ

u˚ω,

is always nonnegative, and it is strictly positive unless u is constant. Notice moreover
that if the domain Σ is closed, then Epuq depends only on the cohomology class
rωs P H2

dRpMq and the homology class

rus :“ u˚rΣs P H2pMq,
so in particular, any family of J-holomorphic curves in a fixed homology class sat-
isfies a uniform energy bound. This basic observation is one of the key facts behind
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Gromov’s compactness theorem, which states that moduli spaces of closed curves in
a fixed homology class are compact up to “nodal” degenerations.

The most famous application of pseudoholomorphic curves presented in [Gro85]
is Gromov’s nonsqueezing theorem, which was the first known example of an obstruc-
tion for embedding symplectic domains that is subtler than the obvious obstruction
defined by volume. The technology introduced in [Gro85] also led directly to the
development of the Gromov-Witten invariants (see [MS12,RT95,RT97]), which
follow the same pattern as Donaldson’s earlier smooth 4-manifold invariants: they
use counts of J-holomorphic curves to define invariants of symplectic manifolds up
to symplectic deformation equivalence.

Here is another sample application from [Gro85]. We denote by

A ¨B P Z

the intersection number between two homology classes A,B P H2pMq in a closed
oriented 4-manifold M .

Theorem 1.1.4. Suppose pM,ωq is a closed and connected symplectic 4-manifold
with the following properties:

(i) pM,ωq does not contain any symplectic submanifold S Ă M that is diffeo-
morphic to S2 and satisfies rSs ¨ rSs “ ´1.

(ii) pM,ωq contains two symplectic submanifolds S1, S2 Ă M which are both
diffeomorphic to S2, satisfy

rS1s ¨ rS1s “ rS2s ¨ rS2s “ 0,

and have exactly one intersection point with each other, which is transverse
and positive.

Then pM,ωq is symplectomorphic to pS2 ˆ S2, σ1 ‘ σ2q, where for i “ 1, 2, the σi

are area forms on S2 satisfying ż
S2

σi “ xrωs, rSisy.
Sketch of the proof. Since S1 and S2 are both symplectic submanifolds,

one can choose a compatible almost complex structure J on M for which both of
them are the images of embedded J-holomorphic curves. One then considers the
moduli spaces M1pJq and M2pJq of equivalence classes of J-holomorphic spheres
homologous to S1 and S2 respectively, where any two such curves are considered
equivalent if one is a reparametrization of the other (in the present setting this just
means they have the same image). These spaces are both manifestly nonempty,
and one can argue via Gromov’s compactness theorem for J-holomorphic curves
that both are compact. Moreover, an infinte-dimensional version of the implicit
function theorem implies that both are smooth 2-dimensional manifolds, carrying
canonical orientations, hence both are diffeomorphic to closed surfaces. Finally, one
uses positivity of intersections to show that every curve in M1pJq intersects every
curve in M2pJq exactly once, and this intersection is always transverse and positive;
moreover, any two curves in the same space M1pJq or M2pJq are either identical
or disjoint. It follows that both moduli spaces are diffeomorphic to S2, and both
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consist of smooth families of J-holomorphic spheres that foliate M , hence defining
a diffeomorphism

M1pJq ˆM2pJq ÑM

that sends pu1, u2q to the unique point in the intersection im u1Xim u2. This identifies
M with S2 ˆ S2 such that each of the submanifolds S2 ˆ t˚u and t˚u ˆ S2 are
symplectic. The latter observation can be used to determine the symplectic form
up to deformation, so that by the Moser stability theorem, ω is determined up to
isotopy by its cohomology class rωs P H2

dRpS2 ˆ S2q, which depends only on the
evaluation of ω on rS2 ˆ t˚us and rt˚u ˆ S2s P H2pS2 ˆ S2q. �

For a detailed exposition of the above proof of Theorem 1.1.4, see [Wen18,
Theorem E].

1.2. Hamiltonian Floer homology

Throughout the following, we write

S1 :“ R{Z,
so maps on S1 are the same as 1-periodic maps on R. One popular version of the
Arnol′d conjecture on symplectic fixed points can be stated as follows. Suppose
pM,ωq is a closed symplectic manifold and H : S1 ˆ M Ñ R is a smooth func-
tion. Writing Ht :“ Hpt, ¨q : M Ñ R, H determines a 1-periodic time-dependent
Hamiltonian vector field Xt via the relation1

(1.2) ωpXt, ¨q “ ´dHt.

Conjecture 1.2.1 (Arnol′d conjecture). If all 1-periodic orbits of Xt are non-
degenerate, then the number of these orbits is at least the sum of the Betti numbers
of M .

Here a 1-periodic orbit γ : S1 ÑM of Xt is called nondegenerate if, denoting
the flow of Xt by ϕt, the linearized time 1 flow

dϕ1pγp0qq : Tγp0qM Ñ Tγp0qM
does not have 1 as an eigenvalue. This can be thought of as a Morse condition for
an action functional on the loop space whose critical points are periodic orbits; like
Morse critical points, nondegenerate periodic orbits occur in isolation. To simplify
our lives, let’s restrict attention to contractible orbits and also assume that pM,ωq
is symplectically aspherical, which means

rωs|π2pMq “ 0, i.e. xrωs, rusy “ 0 for all continuous maps u : S2 ÑM.

Then if C8
contrpS1,Mq denotes the space of all smoothly contractible smooth loops

in M , the symplectic action functional can be defined by

AH : C8
contrpS1,Mq Ñ R : γ ÞÑ ´

ż
D

γ̄˚ω `
ż
S1

Htpγptqq dt,
1Elsewhere in the literature, you will sometimes see (1.2) without the minus sign on the right

hand side. If you want to know why I strongly believe that the minus sign belongs there, see
[Wena], but to some extent this is just a personal opinion.
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where γ̄ : DÑM is any smooth map on the closed unit disk D Ă C satisfying

γ̄pe2πitq “ γptq,
and the symplectic asphericity condition guarantees that AHpγq does not depend
on the choice of γ̄.

Exercise 1.2.2. The first variation of a functional such as AH : C8
contrpS1,Mq

at γ P C8
contrpS1,Mq is by definition the unique linear map dAHpγq : Γpγ˚TMq Ñ R

such that for any smooth 1-parameter family tγs P C8
contrpS1,MqusPp´ǫ,ǫq with γ0 “ γ

and Bsγs|s“0 “ η, one has

d

ds
AHpγsq

ˇ̌̌̌
s“0

“ dAHpγqη.

In other words, if we think of C8
contrpS1,Mq as an infinite-dimensional manifold2 with

tangent spaces TγC
8
contrpS1,Mq “ Γpγ˚TMq, then dAHpγq is simply the differential

of AH at γ. Prove the formula

dAHpγqη “
ż
S1

rωp 9γ, ηq ` dHtpηqs dt “
ż
S1

ωp 9γ ´Xtpγq, ηq dt.
Using the nondegeneracy of ω, this shows that the critical points of AH are precisely
the contractible 1-periodic orbits of Xt.

A few years after Gromov’s introduction of pseudoholomorphic curves, Floer
proved the most important cases of the Arnol′d conjecture by developing a novel
version of infinite-dimensional Morse theory for the functional AH. This approach
mimicked the homological approach to Morse theory which has since been popular-
ized in books such as [AD14,Sch93], but was apparently only known to experts at
the time. In Morse homology, one considers a smooth Riemannian manifold pM, gq
with a Morse function f : M Ñ R, and defines a chain complex whose generators
are the critical points of f , graded according to their Morse index. If we denote the
generator corresponding to a given critical point x P Critpfq by xxy, the boundary
map on this complex is defined by

Bxxy “ ÿ
Morsepyq“Morsepxq´1

#
`
Mpx, yqLR˘ xyy,

where Mpx, yq denotes the moduli space of negative gradient flow lines u : RÑM ,
satisfying Bsu “ ´∇fpupsqq, limsÑ´8 upsq “ x and limsÑ`8 upsq “ y. This space
admits a natural R-action by shifting the variable in the domain, and one can show
that for generic choices of f and the metric g, Mpx, yq{R is a finite set whenever
Morsepxq ´Morsepyq “ 1. The real magic, however, is contained in the following
statement about the case Morsepxq ´Morsepyq “ 2:

2At this stage, it is best not to worry so much over exactly what kind of infinite-dimensional
manifold C8

contrpS1,Mq is. It is locally modeled on open subsets of the space of smooth sections
Γpγ˚TMq, which is a Fréchet space, but the notion of a “Fréchet manifold” is not so straightforward
to define precisely, and one can easily define the term “first variation” without worrying about it.
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9

x
pp´ s ˆ ` p `qq
pr q ˆ ´ p ´qq

p q
pp´ s ˆ ` p `qq
pr q ˆ ´ p ´qq
pr 8q ˆ ` p `qq

pp´8 s ˆ ´ p ´qq
t8u ˆ

t´8u ˆ
p ` `q
p ´ ´q̀

´
´
´

ˆ `
ˆ ´

ˆ
p q
p q
p q

Figure 1.1. One-parameter families of gradient flow lines on a
Riemannian manifold degenerate to broken flow lines.

Proposition 1.2.3. For generic choices of f and g and any two critical points
x, y P Critpfq with Morsepxq´Morsepyq “ 2, Mpx, yq{R is homeomorphic to a finite
collection of circles and open intervals whose end points are canonically identified
with the finite set

BMpx, yq :“ ď
Morsepzq“Morsepxq´1

Mpx, zq ˆMpz, yq.

We say that Mpx, yq has a natural compactification Mpx, yq, which has the
topology of a compact 1-manifold with boundary, and its boundary is the set of
all broken flow lines from x to y, cf. Figure 1.1. This set of broken flow lines
is precisely what is counted if one computes the xyy coefficient of B2xxy, hence we
deduce

B2 “ 0

as a consequence of the fact that compact 1-manifolds always have zero boundary
points when counted with appropriate signs.3 The homology of the resulting chain
complex can be denoted by HM˚pM ; g, fq and is called the Morse homology
of M . The well-known Morse inequalities can then be deduced from a fundamen-
tal theorem stating that HM˚pM ; g, fq is, for generic f and g, isomorphic to the
singular homology of M .

With the above notion of Morse homology understood, Floer’s approach to the
Arnol′d conjecture can now be summarized as follows:

Step 1: Under suitable technical assumptions, construct a homology theory

HF˚pM,ω ; H, tJtuq,
depending a priori on the choices of a Hamiltonian H : S1 ˆM Ñ R with
all 1-periodic orbits nondegenerate, and a generic S1-parametrized family
of ω-compatible almost complex structures tJtutPS1 . The generators of the

3Counting with signs presumes that we have chosen suitable orientations for the moduli spaces
Mpx, yq, and this can always be done. Alternatively, one can avoid this issue by counting modulo 2,
and thus define a homology theory with Z2 coefficients.
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chain complex are the critical points of the symplectic action functional
AH , i.e. 1-periodic orbits of the Hamiltonian flow, and the boundary map
is defined by counting a suitable notion of gradient flow lines connecting
pairs of orbits (more on this below).

Step 2: Prove that HF˚pM,ωq :“ HF˚pM,ω ; H, tJtuq is a symplectic invariant,
i.e. it depends on ω, but not on the auxiliary choices H and tJtu.

Step 3: Show that if H and tJtu are chosen to be time-independent and H is
also C2-small, then the chain complex for HF˚pM,ω ; H, tJtuq is isomor-
phic (with a suitable grading shift) to the chain complex for Morse ho-
mology HM˚pM ; g,Hq with g :“ ωp¨, Jt¨q. The isomorphism between
HM˚pM ; g,Hq and singular homology thus implies that the Floer com-
plex must have at least as many generators (i.e. periodic orbits) as there
are generators of H˚pMq, proving the Arnol′d conjecture.

The implementation of Floer’s idea required a different type of analysis than
what is needed for Morse homology. The moduli space Mpx, yq in Morse homol-
ogy is simple to understand as the (generically transverse) intersection between the
unstable manifold of x and the stable manifold of y with respect to the negative
gradient flow. Conveniently, both of those are finite-dimensional manifolds, with
their dimensions determined by the Morse indices of x and y. We will see in Chap-
ter 3 that no such thing is true for the symplectic action functional: to the extent
that AH can be thought of as a Morse function on an infinite-dimensional manifold,
its Morse index and its Morse “co-index” at every critical point are both infinite,
hence the stable and unstable manifolds are not nearly as nice as finite-dimensional
manifolds, providing no reason to expect that their intersection should be. There
are additional problems since C8

contrpS1,Mq does not have a Banach space topology:
in order to view the negative gradient flow of AH as an ODE and make use of the
usual local existence/uniqueness theorems (as in [Lan99, Chapter IV]), one would
have to extend AH to a smooth function on a suitable Hilbert manifold with a Rie-
mannian metric. There is a very limited range of situations in which one can do
this and obtain a reasonable formula for ∇AH, e.g. [HZ94, §6.2] explains the case
M “ T2n, in which AH can be defined on the Sobolev space H1{2pS1,R2nq and then
studied using Fourier series. This approach is very dependent on the fact that the
torus T2n is a quotient of R2n. For general symplectic manifolds pM,ωq, one cannot
even define H1{2pS1,Mq, since functions of class H1{2 on S1 need not be continuous
(H1{2 is a “Sobolev borderline case” in dimension one).

One of the novelties in Floer’s approach was to refrain from viewing the gradient
flow as an ODE in a Banach space setting, but instead to write down a formal
version of the gradient flow equation and regard it as an elliptic PDE. To this end,
let us regard C8

contrpS1,Mq formally as a manifold with tangent spaces

TγC
8
contrpS1,Mq :“ Γpγ˚TMq,

choose a formal Riemannian metric on this manifold (i.e. a smoothly varying family
of L2-inner products on the spaces Γpγ˚TMq) and write down the resulting equation
for the negative gradient flow. A suitable Riemannian metric can be defined by
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Figure 1.2. A family of smooth Floer trajectories can degenerate
into a broken Floer trajectory.

choosing a smooth S1-parametrized family of compatible almost complex structures

tJt P J pM,ωqutPS1 ,

abbreviated in the following as tJtu, and setting

xξ, ηyL2 :“
ż
S1

ωpξptq, Jtηptqq dt
for ξ, η P Γpγ˚TMq. Exercise 1.2.2 then yields the formula

dAHpγqη “ xJtp 9γ ´Xtpγqq, ηyL2,

so that it seems reasonable to define the so-called unregularized gradient of AH by

(1.3) ∇AHpγq :“ Jtp 9γ ´Xtpγqq P Γpγ˚TMq.
Let us also think of a path u : RÑ C8

contrpS1,Mq as a map u : RˆS1 ÑM , writing
ups, tq :“ upsqptq. The negative gradient flow equation Bsu `∇AHpupsqq “ 0 then
becomes the elliptic PDE

(1.4) Bsu` Jtpuq pBtu´Xtpuqq “ 0.

This is called the Floer equation, and its solutions are often called Floer tra-
jectories. The relevance of Floer homology to our previous discussion of pseudo-
holomorphic curves should now be obvious. Indeed, the resemblance of the Floer
equation to the nonlinear Cauchy-Riemann equation is not merely superficial—we
will see in Chapter 6 that the former can always be viewed as a special case of the
latter. In any case, one can use the same set of analytical techniques for both: el-
liptic regularity theory implies that Floer trajectories are always smooth, Fredholm
theory and the implicit function theorem imply that (under appropriate assump-
tions) they form smooth finite-dimensional moduli spaces. Most importantly, the
same “bubbling off” analysis that underlies Gromov’s compactness theorem can be
used to prove that spaces of Floer trajectories are compact up to “breaking”, just as
in Morse homology (see Figure 1.2)—this is the main reason for the relation B2 “ 0
in Floer homology.

We should mention one complication that does not arise either in the study of
closed holomorphic curves or in finite-dimensional Morse theory. Since the gradient
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flow in Morse homology takes place on a closed manifold, it is obvious that every
gradient flow line asymptotically approaches critical points at both ´8 and `8.
The following example shows that in the infinite-dimensional setting of Floer theory,
this is no longer true.

Example 1.2.4. Consider the Floer equation onM :“ S2 “ CYt8u withH :“ 0
and Jt defined as the standard complex structure i for every t. Then the orbits of
Xt are all constant, and a map u : R ˆ S1 Ñ S2 satisfies the Floer equation if and
only if it is holomorphic. Identifying RˆS1 with C˚ :“ Czt0u via the biholomorphic
map ps, tq ÞÑ e2πps`itq, a solution u approaches periodic orbits as s Ñ ˘8 if and
only if the corresponding holomorphic map C˚ Ñ S2 extends continuously (and
therefore holomorphically) over 0 and 8. But this is not true for every holomorphic
map C˚ Ñ S2, e.g. take any entire function CÑ C that has an essential singularity
at 8.

Exercise 1.2.5. Show that in the above example with an essential singularity
at 8, the symplectic action AHpups, ¨qq is unbounded as sÑ8.

Exercise 1.2.6. Suppose u : R ˆ S1 Ñ M is a solution to the Floer equation
with limsÑ˘8 ups, ¨q “ γ˘ uniformly for a pair of 1-periodic orbits γ˘ P CritpAHq.
Show that
(1.5)

Apγ´q ´Apγ`q “
ż
RˆS1

ωpBsu, Btu´Xtpuqq ds dt “
ż
RˆS1

ωpBsu, JtpuqBsuq ds dt.
The right hand side of (1.5) is manifestly nonnegative since Jt is compatible

with ω, and it is strictly positive unless γ´ “ γ`. It is therefore sensible to call
this expression the energy Epuq of a Floer trajectory. The following converse of
Exercise 1.2.6 plays a crucial role in the compactness theory for Floer trajectories, as
it guarantees that all the “levels” in a broken Floer trajectory are asymptotically well
behaved. We will prove a variant of this result in the SFT context (see Prop. 1.3.12
below) in Chapter 7.

Proposition 1.2.7. If u : R ˆ S1 Ñ M is a Floer trajectory with Epuq ă 8
and all 1-periodic orbits of Xt are nondegenerate, then there exist orbits γ´, γ` P
CritpAHq such that limsÑ˘8 ups, ¨q “ γ˘ uniformly.

Remark 1.2.8. It should be emphasized again that we have assumed rωs|π2pMq “
0 throughout this discussion. Floer homology can also be defined under more general
assumptions, but several details become more complicated.

For nice comprehensive treatments of Hamiltonian Floer homology—unfortunately
not always with the same sign conventions as used here—see [Sal99,AD14]. Note
that this is only one of a few “Floer homologies” that were introduced by Floer in the
late 80’s: the others include Lagrangian intersection Floer homology [Flo88a] (which
has since evolved into the Fukaya category, see [Sei08,FOOO09]), and instanton
homology [Flo88c], an extension of Donaldson’s gauge-theoretic smooth 4-manifold
invariants to dimension three. The development of new Floer-type theories has since
become a major industry; see [AS19] for a survey.
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Figure 1.3. A star-shaped hypersurface in Euclidean space

1.3. Contact manifolds and the Weinstein conjecture

A Hamiltonian system on a symplectic manifold pW,ωq is called autonomous if
the Hamiltonian H : W Ñ R does not depend on time. In this case, the Hamiltonian
vector field XH defined by

ωpXH, ¨q “ ´dH
is time-independent and its orbits are confined to level sets of H . The images of
these orbits on a given regular level set H´1pcq depend on the geometry of H´1pcq,
but not on H itself, as they are the integral curves (also known as characteristics)
of the characteristic line field on H´1pcq, defined as the unique direction spanned
by a vector X such that ωpX, Y q “ 0 for all Y tangent to H´1pcq. In 1978, Weinstein
[Wei78] and Rabinowitz [Rab78] proved that certain kinds of regular level sets in
symplectic manifolds are guaranteed to admit closed characteristics, hence implying
the existence of periodic Hamiltonian orbits. In particular, this is true whenever
H´1pcq is a star-shaped hypersurface in the standard symplectic R2n (see Figure 1.3).

The following symplectic interpretation of the star-shaped condition provides
both an intuitive reason to believe Rabinowitz’s existence result and motivation for
the more general conjecture of Weinstein. In any symplectic manifold pW,ωq, a
Liouville vector field is a smooth vector field V that satisfies

LV ω “ ω.
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By Cartan’s formula for the Lie derivative, the 1-form λ defined by λ :“ ωpV, ¨q
satisfies dλ “ ω if and only if V is a Liouville vector field; moreover, λ then also
satisfies LV λ “ λ, and it is referred to as a Liouville form. We sometimes say
in this situation that the Liouville form λ and Liouville vector field V are ω-dual
to each other. A hypersurface M Ă pW,ωq is said to be of contact type if it is
transverse to a Liouville vector field defined on a neighborhood of M .

Example 1.3.1. Using coordinates pq1, p1, . . . , qn, pnq on R2n, the standard sym-
plectic form is written as

ωstd :“
nÿ

j“1

dpj ^ dqj,

and the Liouville form λstd :“ 1
2

řn

j“1ppj dqj ´ qj dpjq is dual to the radial Liouville
vector field

Vstd :“ 1

2

nÿ
j“1

ˆ
pj

B
Bpj ` qj

B
Bqj

˙
.

Any star-shaped hypersurface is therefore of contact type.

Exercise 1.3.2. Suppose pW,ωq is a symplectic manifold of dimension 2n, M Ă
W is a smoothly embedded and oriented hypersurface, V is a Liouville vector field
defined near M and λ :“ ωpV, ¨q is the dual Liouville form. Define a 1-form on M

by α :“ λ|TM .

(a) Show that V is positively transverse to M if and only if α satisfies

(1.6) α^ pdαqn´1 ą 0.

(b) If V is positively transverse to M , choose ǫ ą 0 sufficiently small and
consider the embedding

Φ : p´ǫ, ǫq ˆM ãÑ W : pr, xq ÞÑ ϕr
V pxq,

where ϕt
V denotes the time t flow of V . Show that

Φ˚λ “ erα,

where we are abusing notation on the right hand side by identifying α P
Ω1pMq with its pullback under the projection p´ǫ, ǫqˆM ÑM . In partic-
ular, we obtain from this the formula Φ˚ω “ dperαq.

The above exercise presents any contact-type hypersurface M Ă pW,ωq as
one member of a smooth 1-parameter family of contact-type hypersurfaces Mr :“
ϕr
V pMq Ă W , each canonically identified with M such that ω|TMr

“ er dα. In
particular, the characteristic line fields on Mr are the same for all r, thus the ex-
istence of a closed characteristic on any of these implies that there also exists one
on M . This observation has sometimes been used to prove such existence theorems,
e.g. it is used in [HZ94, Chapter 4] to reduce Rabinowitz’s result to an “almost
existence” theorem based on symplectic capacities. This discussion hopefully makes
the following conjecture seem believable.

Conjecture 1.3.3 (Weinstein conjecture, symplectic version). Any closed contact-
type hypersurface in a symplectic manifold admits a closed characteristic.
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Weinstein’s conjecture admits a natural rephrasing in the language of contact
geometry. A 1-form α on an oriented p2n ´ 1q-dimensional manifold M is called a
(positive) contact form if it satisfies (1.6), and the resulting co-oriented hyperplane
field

ξ :“ kerα Ă TM

is then called a (positive and co-oriented) contact structure.4 We call the pair
pM, ξq a contact manifold, and refer to a diffeomorphism ϕ : M Ñ M 1 as a
contactomorphism from pM, ξq to pM 1, ξ1q if ϕ˚ maps ξ to ξ1 and also preserves
the respective co-orientations. Equivalently, if ξ and ξ1 are defined via contact forms
α and α1 respectively, this means

ϕ˚α1 “ fα for some f P C8pM, p0,8qq.
Contact topology studies the category of contact manifolds pM, ξq up to con-

tactomorphism. The following basic result provides one good reason to regard ξ

rather than α as the geometrically meaningful data, as the result holds for contact
structures, but not for contact forms.

Theorem 1.3.4 (Gray’s stability theorem). If M is a closed p2n´1q-dimensional
manifold and tξtutPr0,1s is a smooth 1-parameter family of contact structures on M ,
then there exists a smooth 1-parameter family of diffeomorphisms tϕtutPr0,1s such that
ϕ0 “ Id and pϕtq˚ξ0 “ ξt.

Proof. See [Gei08, §2.2] or [Wenb, Theorem 1.6.12]. �

A corollary is that while the contact form α induced on a contact-type hyper-
surface M Ă pW,ωq via Exercise 1.3.2 is not unique, its induced contact structure is
unique up to isotopy. Indeed, the space of all Liouville vector fields transverse to M

is very large (e.g. one can add to V any sufficiently small Hamiltonian vector field),
but it is convex, hence any two choices of the induced contact form α on M are
connected by a smooth 1-parameter family of contact forms, implying an isotopy of
contact structures via Gray’s theorem.

Exercise 1.3.5. If α is a nowhere zero 1-form on M and ξ “ kerα, show that α
is contact if and only if dα|ξ defines a symplectic vector bundle structure on ξ ÑM .
Moreover, the orientation of ξ determined by this symplectic bundle structure is
compatible with the co-orientation determined by α and the orientation of M for
which α ^ pdαqn´1 ą 0.

The following definition is based on the fact that since dα|ξ is nondegenerate
when α is contact, ker dα Ă TM is always 1-dimensional and transverse to ξ.

Definition 1.3.6. Given a contact form α on M , the Reeb vector field is the
unique vector field Rα that satisfies

dαpRα, ¨q ” 0, and αpRαq ” 1.

4The adjective “positive” refers to the fact that the orientation of M agrees with the one deter-
mined by the volume form α^pdαqn´1; we call α a negative contact form if these two orientations
disagree. It is also possible in general to define contact structures without co-orientations, but
contact structures of this type will never appear in this book; for our purposes, the co-orientation
is always considered to be part of the data of a contact structure.
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Exercise 1.3.7. Show that the flow of any Reeb vector field Rα preserves both
ξ “ kerα and the symplectic vector bundle structure dα|ξ.

Conjecture 1.3.8 (Weinstein conjecture, contact version). On any closed con-
tact manifold pM, ξq with contact form α, the Reeb vector field Rα admits a periodic
orbit.

To see that this is equivalent to the symplectic version of the conjecture, ob-
serve that any contact manifold pM, ξ “ kerαq can be viewed as the contact-type
hypersurface t0u ˆM in the open symplectic manifold

pRˆM, dperαqq ,
called the symplectization of pM, ξq. Here, as in Exercise 1.3.2, we are abusing
notation and identifying α P Ω1pMq with its pullback to R ˆM via the projection
RˆM ÑM .

Exercise 1.3.9. Recall that for any smooth manifold M , the cotangent bundle
T ˚M carries a tautological 1-form λstd P Ω1pT ˚Mq that locally takes the form λstd “řn

j“1 pj dqj in any choice of local coordinates pq1, . . . , qnq on a neighbood U Ă M ,
with pp1, . . . , pnq denoting the induced coordinates on the cotangent fibers over U .
(We will discuss cotangent bundles in somewhat more detail in §3.8.) This defines a
Liouville form, with dλstd defining the canonical symplectic structure of T ˚M . Now
if ξ Ă TM is a co-oriented hyperplane field on M , consider the submanifold

SξM :“  
p P T ˚M

ˇ̌
ker p “ ξ and ppXq ą 0 @X P TM pos. transverse to ξ

(
.

Show that ξ is contact if and only if SξM is a symplectic submanifold of pT ˚M, dλstdq,
and the Liouville vector field on T ˚M dual to λstd is tangent to SξM . Moreover, if
ξ is contact, then any choice of contact form for ξ determines a diffeomorphism of
SξM to RˆM identifying the Liouville form λstd along SξM with erα.

Remark 1.3.10. Exercise 1.3.9 shows that up to symplectomorphism, our def-
inition of the symplectization of pM, ξq above actually depends only on ξ and not
on α.

In 1993, Hofer [Hof93] introduced a new approach to the Weinstein conjecture
that was based in part on ideas of Gromov and Floer. Fix a contact manifold pM, ξq
with contact form α, and let

J pαq Ă J pRˆMq
denote the nonempty and contractible space of all almost complex structures J on
RˆM satisfying the following conditions:

(1) The natural translation action on RˆM preserves J ;
(2) JBr “ Rα and JRα “ ´Br, where r denotes the canonical coordinate on the

R-factor in RˆM ;
(3) Jξ “ ξ and dαp¨, J ¨q|ξ defines a bundle metric on ξ.

It is easy to check that any J P J pαq is compatible with the symplectic structure
dperαq on R ˆM . Moreover, if γ : R Ñ M is any periodic orbit of Rα with period
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T ą 0, then for any J P J pαq, the so-called trivial cylinder

u : Rˆ S1 Ñ RˆM : ps, tq ÞÑ pTs, γpT tqq
is a J-holomorphic curve. Following Floer, one version of Hofer’s idea would be
to look for J-holomorphic cylinders that satisfy a finite energy condition as in
Prop. 1.2.7, forcing them to approach trivial cylinders asymptotically—the exis-
tence of such a cylinder would then imply the existence of a closed Reeb orbit,
and thus prove the Weinstein conjecture. The first hindrance is that the “obvious”
definition of energy in this context,ż

RˆS1

u˚dperαq,
is not very useful: this integral is infinite if u is a trivial cylinder. To circumvent
this, notice that every J P J pαq is also compatible with any symplectic structure of
the form

ωϕ :“ dpeϕprqαq,
where ϕ is a function chosen freely from the set

(1.7) T :“  
ϕ P C8pR, p´1, 1qq ˇ̌ ϕ1 ą 0

(
.

Essentially, choosing ωϕ means identifying R ˆ M with a subset of the bounded
region p´1, 1q ˆ M , in which trivial cylinders have finite symplectic area. Since
there is no preferred choice for the function ϕ, we define the Hofer energy5 of a
J-holomorphic curve u : ΣÑ RˆM by

(1.8) Epuq :“ sup
ϕPT

ż
Σ

u˚ωϕ.

This has the desired property of being finite for trivial cylinders, and it is also
nonnegative, with strict positivity whenever u is not constant.

Another useful observation from [Hof93] was that if the goal is to find periodic
orbits, then we need not restrict our attention to J-holomorphic cylinders in par-
ticular. One can more generally consider curves defined on an arbitrary punctured
Riemann surface

9Σ :“ ΣzΓ,
where pΣ, jq is a closed connected Riemann surface and Γ Ă Σ is a finite set of
punctures. For any ζ P Γ, one can find coordinates identifying some punctured
neighborhood of ζ biholomorphically with the closed punctured disk

9D :“ Dzt0u Ă C,

and then identify this with either the positive or negative half-cylinder

Z` :“ r0,8q ˆ S1, Z´ :“ p´8, 0s ˆ S1

via the biholomorphic maps

Z` Ñ 9D : ps, tq ÞÑ e´2πps`itq, Z´ Ñ 9D : ps, tq ÞÑ e2πps`itq.
5Strictly speaking, the energy defined in (1.8) is not identical to the notion introduced in

[Hof93] and used in many of Hofer’s papers, but it is equivalent to it in the sense that uniform
bounds on either notion of energy imply uniform bounds on the other.
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Figure 1.4. An asymptotically cylindrical holomorphic curve in a
symplectization, with genus 1, one positive puncture and two negative
punctures.

We will refer to such a choice as a (positive or negative) holomorphic cylindrical

coordinate system near ζ , and in this way, we can present p 9Σ, jq as a Riemann
surface with cylindrical ends, i.e. the union of some compact Riemann surface with
boundary with a finite collection of half-cylinders Z˘ on which j takes the standard
form jBs “ Bt. Note that the standard cylinder Rˆ S1 is a special case of this, as it
can be identified biholomorphically with S2zt0,8u. Another important special case
is the plane, C “ S2zt8u.

If u : p 9Σ, jq Ñ pR ˆ M,Jq is a J-holomorphic curve and ζ P Γ is one of its
punctures, we will say that u is positively/negatively asymptotic to a T -periodic
Reeb orbit γ : R Ñ M at ζ if one can choose holomorphic cylindrical coordinates
ps, tq P Z˘ near ζ such that

ups, tq “ exppTs,γpTtqq hps, tq for |s| sufficiently large,

where hps, tq is a vector field along the trivial cylinder satisfying hps, ¨q Ñ 0 uniformly
as |s| Ñ 8, and the exponential map is defined with respect to any R-invariant

choice of Riemannian metric on R ˆM . We say that u : p 9Σ, jq Ñ pR ˆM,Jq is
asymptotically cylindrical if it is (positively or negatively) asymptotic to some
closed Reeb orbit at each of its punctures. Note that this partitions the finite set of
punctures Γ Ă Σ into two subsets,

Γ “ Γ` Y Γ´,

the positive and negative punctures respectively, see Figure 1.4.

Exercise 1.3.11. Suppose u : p 9Σ, jq Ñ pRˆM,Jq is an asymptotically cylindri-
cal J-holomorphic curve, with the asymptotic orbit at each puncture ζ P Γ˘ denoted
by γζ, having period Tζ ą 0. Show thatÿ

ζPΓ`
Tζ ´

ÿ
ζPΓ´

Tζ “
ż

9Σ
u˚dα ě 0,

with equality if and only if the image of u is contained in that of a trivial cylinder.
In particular, u must have at least one positive puncture unless it is constant. Show
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also that Epuq is finite and satisfies an upper bound determined only by the periods
of the positive asymptotic orbits.

The following analogue of Prop. 1.2.7 will be proved in Chapter 7. For simplicity,
we shall state a weakened version of what Hofer proved in [Hof93], which did not
require any nondegeneracy assumption. A T -periodic Reeb orbit γ : R Ñ M is
called nondegenerate if the Reeb flow ϕt

α has the property that its linearization
along the contact bundle (cf. Exercise 1.3.7),

dϕT
αpγp0qq|ξγp0q : ξγp0q Ñ ξγp0q

does not have 1 as an eigenvalue. Note that since Rα is not time-dependent, closed
Reeb orbits are never completely isolated—they always exist in S1-parametrized
families—but these families are isolated in the nondegenerate case. A nondegen-
erate contact form is one for which every closed Reeb orbit is nondegenerate.
One can show that this condition is generic, meaning for instance that on any closed
manifold, the nondegenerate contact forms constitute a C8-dense subset of the space
of all contact forms (see Remark 1.3.13 below). The following result is the contact
analogue of Proposition 1.2.7.

Proposition 1.3.12. Suppose pM, ξq is a closed contact manifold with a non-

degenerate contact form α. If u : p 9Σ, jq Ñ pR ˆM,Jq is a J-holomorphic curve
with Epuq ă 8 on a punctured Riemann surface such that none of the punctures
are removable, then u is asymptotically cylindrical.

The main results in [Hof93] state that under certain assumptions on a closed
contact 3-manifold pM, ξq, namely if either ξ is overtwisted (as defined in [Eli89])
or π2pMq ‰ 0, one can find for any contact form α on pM, ξq and any J P J pαq a
finite-energy J-holomorphic plane. By Proposition 1.3.12, this implies the existence
of a contractible periodic Reeb orbit and thus proves the Weinstein conjecture in
these settings.

Remark 1.3.13. The standard genericity result mentioned above for nondegen-
erate contact forms can be proved in various ways, e.g. it follows from a slightly
more general result about generic regular level sets in Hamiltonian systems proved
in [Rob70]. A more direct proof via the Sard-Smale theorem that is similar in
spirit to the transversality arguments in Chapter 9 may be found in the appendix
of [ABW10].

1.4. Symplectic cobordisms and their completions

After the developments described in the previous three sections, it seemed nat-
ural that one might define invariants of contact manifolds via a Floer-type theory
generated by closed Reeb orbits and counting asymptotically cylindrical holomor-
phic curves in symplectizations. This theory is what is now called SFT, and its basic
structure was outlined in a paper by Eliashberg, Givental and Hofer [EGH00] in
2000, though some of its analytical foundations remain unfinished as of 2026. The
term “field theory” is an allusion to “topological quantum field theories,” which
associate vector spaces to certain geometric objects and morphisms to cobordisms
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between those objects. Thus in order to place SFT in its proper setting, we need to
introduce symplectic cobordisms between contact manifolds.

Recall that if M` and M´ are smooth oriented closed manifolds of the same
dimension, an oriented cobordism from M´ to M` is a compact smooth oriented
manifold W with oriented boundary

BW – ´M´
ž

M`,

where the symbol “–” in this setting means orientation-preserving diffeomorphism,
and ´M´ denotes M´ with its orientation reversed. Given positive contact struc-
tures ξ˘ on M˘, we say that a symplectic manifold pW,ωq is a symplectic cobor-
dism from pM´, ξ´q to pM`, ξ`q if W is an oriented cobordism6 from M´ to M`
such that both components of BW are contact-type hypersurfaces with induced con-
tact structures isotopic to ξ˘. Note that our chosen orientation conventions imply
that the Liouville vector field chosen near BW must point outward atM` and inward
at M´; we say in this case that M` is a symplectically convex boundary compo-
nent, while M´ is symplectically concave. As important special cases, pW,ωq is a
symplectic filling of pM`, ξ`q if M´ “ H, and it is a symplectic cap of pM´, ξ´q
if M` “ H. In the literature, fillings and caps are sometimes also referred to as
convex fillings or concave fillings respectively.

The contact-type condition implies the existence of a Liouville form λ near BW
with dλ “ ω, such that by Exercise 1.3.2, neighborhoods of M` and M´ in W can
be identified with the collars (see Figure 1.5)

p´ǫ, 0s ˆM` or r0, ǫq ˆM´
respectively for sufficiently small ǫ ą 0, with λ taking the form

λ “ erα˘,

where α˘ :“ λ|TM˘ are contact forms for ξ˘, and r as usual denotes the canonical
coordinate on the first factor in RˆM . The symplectic completion of pW,ωq is
the noncompact symplectic manifold pxW, pωq defined by attaching cylindrical ends
to these collar neighborhoods (Figure 1.6):

pxW, pωq “ pp´8, 0s ˆM´, dperα´qq YM´ pW,ωq
YM` pr0,8qˆM`, dperα`qq .

(1.9)

In this context, the symplectization pR ˆ M, dperαqq is symplectomorphic to the
completion of the trivial symplectic cobordism pr0, 1sˆM, dperαqq from pM, ξ “
kerαq to itself. More generally, the object in the following easy exercise can also
sensibly be called a trivial symplectic cobordism:

Exercise 1.4.1. Suppose pM, ξq is a closed contact manifold with contact form
α, and f˘ : M Ñ R is a pair of functions with f´ ă f` everywhere. Show that the
domain  pr, xq P RˆM

ˇ̌
f´pxq ď r ď f`pxq

( Ă RˆM

6We assume of course that W is assigned the orientation determined by its symplectic form.
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Figure 1.5. A symplectic cobordism with concave boundary
pM´, ξ´q and convex boundary pM`, ξ`q, with symplectic collar neigh-
borhoods defined by flowing along Liouville vector fields near the
boundary.
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Figure 1.6. The completion of a symplectic cobordism

defines a symplectic cobordism from pM, ξq to itself, with a global Liouville form
λ “ erα inducing contact forms ef´α and ef`α on its concave and convex boundaries
respectively.

We say that pW,ωq is an exact symplectic cobordism or Liouville cobor-
dism if the Liouville form λ can be extended from a neighborhood of BW to define
a global primitive of ω on W . Equivalently, this means that ω admits a global Li-
ouville vector field that points inward at M´ and outward at M`. An exact filling
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of pM`, ξ`q is an exact cobordism whose concave boundary is empty. Observe that

if pW,ωq is exact, then its completion pxW, pωq also inherits a global Liouville form.

Exercise 1.4.2. Use Stokes’ theorem to show that there is no such thing as an
exact symplectic cap.

The above exercise hints at an important difference between cobordisms in the
symplectic as opposed to the oriented smooth category: symplectic cobordisms are
not generally reversible. If W is an oriented cobordism from M´ to M`, then
reversing the orientation of W produces an oriented cobordism from M` to M´.
But one cannot simply reverse orientations in the symplectic category, since the
orientation is determined by the symplectic form. For example, many obstructions
to the existence of symplectic fillings of given contact manifolds are known—some
of them defined in terms of SFT—but there are no obstructions at all to symplectic
caps, in fact it is known that all closed contact manifolds admit them (see [EH02,
CE20,Laz20]).

The definitions for holomorphic curves in symplectizations in the previous sec-
tion generalize to completions of symplectic cobordisms in a fairly straightforward
way, since these completions look exactly like symplectizations outside of a compact
subset. Define

J pW,ω, α`, α´q Ă J pxW q
as the space of all almost complex structures J on xW such that

J |W P J pW,ωq, J |r0,8qˆM` P J pα`q and J |p´8,0sˆM´ P J pα´q.
Occasionally it is useful to relax the compatibility condition on W to tameness,7

i.e. J |W P Jτ pW,ωq, producing a space that we shall denote by

Jτ pW,ω, α`, α´q Ă J pxW q.
As in Prop. 1.1.3, both of these spaces are nonempty and contractible. We can then
consider asymptotically cylindrical J-holomorphic curves

u : p 9Σ “ ΣzpΓ` Y Γ´q, jq Ñ pxW,Jq,
which are proper maps asymptotic to closed orbits of Rα˘ in M˘ at punctures in Γ˘,
see Figure 1.7.

One must again tinker with the symplectic form on xW in order to define a notion
of energy that is finite when we need it to be. We generalize (1.7) as

T :“  
ϕ P C8pR, p´1, 1qq ˇ̌ ϕ1 ą 0 and ϕprq “ r near r “ 0

(
,

7It seems natural to wonder whether one could not also relax the conditions on the cylindrical
ends and require J |ξ˘ to be tamed by dα˘|ξ˘ instead of compatible with it. I do not currently
know whether this works, but in later chapters we will see some reasons to worry that it might not
(see §6.7.2).
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9Σ

u xW

pp´ s ˆ ` p `qq
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p q
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pr q ˆ ´ p ´qq
pr 8q ˆ ` p `qq
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Figure 1.7. An asymptotically cylindrical holomorphic curve in a
completed symplectic cobordism, with genus 2, one positive puncture
and two negative punctures.

and associate to each ϕ P T a symplectic form pωϕ on xW defined by

pωϕ :“
$’&’%
dpeϕprqα`q on r0,8q ˆM`,
ω on W,

dpeϕprqα´q on p´8, 0s ˆM´.

One can again check that every J P J pW,ω, α`, α´q or JτpW,ω, α`, α´q is tamed bypωϕ for every ϕ P T . Thus it makes sense to define the energy of u : p 9Σ, jq Ñ pxW,Jq
by

Epuq :“ sup
ϕPT

ż
9Σ
u˚pωϕ.

It will be a straightforward matter to generalize Proposition 1.3.12 and show that
finite energy implies asymptotically cylindrical behavior in completed cobordisms.

Exercise 1.4.3. Show that if pW,ωq is an exact cobordism, then every asymp-

totically cylindrical J-holomorphic curve in xW has at least one positive puncture.

1.5. Contact homology and SFT

We can now sketch the algebraic structure of SFT. We shall ignore or suppress
several pesky details that are best dealt with later, some of them algebraic, others
analytical. Due to analytical problems, some of the “theorems” that we shall (often
imprecisely) state in this section are not yet provable at the current level of tech-
nology, though we expect that they will be in the foreseeable future. We shall use
quotation marks to indicate this caveat wherever appropriate.
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The standard versions of SFT all define homology theories with varying levels of
algebraic structure which are meant to be invariants of a contact manifold pM, ξq.
The chain complexes always depend on certain auxiliary choices, including a nonde-
generate contact form α and a generic J P J pαq. The generators consist of formal
variables qγ , one for each8 closed Reeb orbit γ. In the most straightforward gen-
eralization of Hamiltonian Floer homology, the chain complex is simply a graded
Q-vector space generated by the variables qγ, and the boundary map is defined by

BCCHqγ “
ÿ
γ1

#
`
Mpγ, γ1qLR˘ qγ1,

where Mpγ, γ1q is the moduli space of J-holomorphic cylinders in R ˆM with a
positive puncture asymptotic to γ and a negative puncture asymptotic to γ1, and the
sum ranges over all orbits γ1 for which this moduli space is 1-dimensional. The count
# pMpγ, γ1q{Rq is rational, as it includes rational weighting factors that depend on
combinatorial information and are best not discussed right now.9

“Theorem” 1.5.1. If α admits no contractible Reeb orbits, then B2CCH “ 0, and
the resulting homology is independent of the choices of α with this property and
generic J P J pαq.

The invariant arising from this result is known as cylindrical contact homol-
ogy, and it is sometimes quite easy to work with when it is well defined, though it
has the disadvantage of not always being defined. Namely, the relation B2CCH “ 0
can fail if α admits contractible Reeb orbits, because unlike in Floer homology, the
compactification of the space of cylinders Mpγ, γ1q generally includes objects that
are not broken cylinders. In fact, the objects arising in the “SFT compactification”
of moduli spaces of finite-energy curves in completed cobordisms can be quite elab-
orate, see Figure 1.8. The combinatorics of the situation are not so bad however
if the cobordism is exact, as is the case for a symplectization: Exercise 1.4.3 then
prevents curves without positive ends from appearing. The only possible degen-
erations for cylinders then consist of broken configurations whose levels each have
exactly one positive puncture and arbitrary negative punctures; moreover, all but
one of the negative punctures must eventually be capped off by planes, which is why
“Theorem” 1.5.1 holds in the absence of planes.

If planes do exist, then one can account for them by defining the chain complex
as an algebra rather than a vector space, producing the theory known as contact
homology. For this, the chain complex is taken to be a graded unital algebra over
Q, and we define

BCHqγ “
ÿ

pγ1,...,γmq
#
`
Mpγ; γ1, . . . , γmq

L
R
˘
qγ1 . . . qγm ,

withMpγ; γ1, . . . , γmq denoting the moduli space of punctured J-holomorphic spheres
in R ˆM with a positive puncture at γ and m negative punctures at the orbits

8Actually, I should be making a distinction here between “good” and “bad” Reeb orbits, but
let’s discuss that later; see Chapter 12.

9Similar combinatorial factors are hidden behind the symbol “#” in our definitions of BCH

and H, and will be discussed in earnest in Chapter 13.
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v1́
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RˆM´

ˆ
p q
p q
p q

Figure 1.8. Degeneration of a sequence uk of finite energy punc-
tured holomorphic curves with genus 2, one positive puncture and two
negative punctures in a symplectic cobordism. The limiting holomor-
phic building pv1̀ , v0, v1́ , v2́ , v3́ q in this example has one upper level

living in the symplectization R ˆM`, a main level living in xW , and
three lower levels, each of which is a (possibly disconnected) finite-
energy punctured nodal holomorphic curve in R ˆM´. The building
has arithmetic genus 2 and the same numbers of positive and negative
punctures as uk.

γ1, . . . , γm, and the sum ranges over all integers m ě 0 and all m-tuples of orbits for
which the moduli space is 1-dimensional. The action of BCH is then extended to the
whole algebra via a graded Leibniz rule

BCHpqγqγ1q :“ pBCHqγq qγ1 ` p´1q|γ|qγ pBCHqγ1q .
The general compactness and gluing theory for genus zero curves with one positive
puncture now implies:

“Theorem” 1.5.2. B2CH “ 0, and the resulting homology is (as a graded unital
Q-algebra) independent of the choices α and J .

Maybe you’ve noticed the pattern: in order to accommodate more general classes
of holomorphic curves, we need to add more algebraic structure. The full SFT
algebra counts all rigid holomorphic curves in RˆM , including all combinations of
positive and negative punctures and all genera. Here is a brief picture of what it
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looks like. Counting all the 1-dimensional moduli spaces of J-holomorphic curves
modulo R-translation in RˆM produces a formal power series

H :“ÿ
#
´
Mgpγ`1 , . . . , γ`m` ; γ

´
1 , . . . , γ

´
m´q

M
R

¯
qγ´

1

. . . qγḿ´
pγ`

1

. . . pγm̀`
~g´1,

where the sum ranges over all integers g,m`, m´ ě 0 and tuples of orbits, ~ and pγ
(one for each orbit γ) are additional formal variables, and

Mgpγ`1 , . . . , γ`m` ; γ
´
1 , . . . , γ

´
m´q

denotes the moduli space of J-holomorphic curves in R ˆ M with genus g, m`
positive punctures at the orbits γ1̀ , . . . , γm̀`, and m´ negative punctures at the

orbits γ´1 , . . . , γm̀´. We can regard H as an operator on a graded algebra W of
formal power series in the variables tpγu, tqγu and ~, equipped with a graded bracket
operation that satisfies the quantum mechanical commutation relation

rpγ, qγs “ κγ~,

where κγ is a combinatorial factor that is best ignored for now. Note that due to the
signs that accompany the grading, odd elements F PW need not satisfy rF,Fs “ 0,
and H itself is an odd element, thus the following statement is nontrivial; in fact,
it is the algebraic manifestation of the general compactness and gluing theory for
punctured holomorphic curves in symplectizations.

“Theorem” 1.5.3. rH,Hs “ 0, hence by the graded Jacobi identity, H deter-
mines an operator

DSFT : WÑW : F ÞÑ rH,Fs
satisfying D2

SFT “ 0. The resulting homology depends on pM, ξq but not on the
auxiliary choices α and J .

It takes some time to understand how pictures such as Figure 1.8 translate
into algebraic relations like rH,Hs “ 0, but this is a subject we’ll come back to.
There is also an intermediate theory between contact homology and full SFT, called
rational SFT, which counts only genus zero curves with arbitrary positive and
negative punctures. Algebraically, it is obtained from the full SFT algebra as a
“semiclassical approximation” by discarding higher-order factors of ~, so that the
commutation bracket in W becomes a graded Poisson bracket. We will discuss all
of this in Chapter 13.

1.6. Two applications

We briefly mention two applications that we will be able to establish rigorously
using the methods developed in this book. Since SFT itself is not yet well defined
in full generality, this sometimes means using SFT for inspiration, while proving
corollaries via more direct methods.
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1.6.1. Tight contact structures on T3. The 3-torus T3 “ S1ˆS1ˆS1 with
coordinates pt, θ, φq admits a sequence of contact structures

ξk :“ ker pcosp2πktq dθ ` sinp2πktq dφq ,
one for each k P N. These cannot be distinguished from each other by any classical
invariants, e.g. they all have the same Euler class, in fact they are all homotopic as
co-oriented 2-plane fields. Nonetheless:

Theorem 1.6.1. For k ‰ ℓ, pT3, ξkq and pT3, ξℓq are not contactomorphic.

We will be able to prove this in Chapter 11 by rigorously defining and computing
cylindrical contact homology for a suitable choice of contact forms on pT3, ξkq.

1.6.2. Filling and cobordism obstructions. Consider a closed connected
and oriented surface Σ presented as Σ` YΓ Σ´, where Σ˘ Ă Σ are each (not neces-
sarily connected) compact surfaces with a common boundary Γ. By an old result of
Lutz [Lut77], the 3-manifold S1 ˆ Σ admits a unique isotopy class of S1-invariant
contact structures ξΓ such that the loops S1ˆtzu are positively/negatively transverse

to ξΓ for z P Σ̊˘ and tangent to ξΓ for z P Γ. Now for each k P N, define

pVk, ξkq :“ pS1 ˆ Σ, ξΓq
where Σ “ Σ` YΓ Σ´ is chosen such that Γ has k connected components, Σ´ is
connected with genus zero, and Σ` is connected with positive genus (see Figure 1.9).

Theorem 1.6.2. The contact manifolds pVk, ξkq do not admit any symplectic
fillings. Moreover, if k ą ℓ, then there exists no exact symplectic cobordism from
pVk, ξkq to pVℓ, ξℓq.

For these examples, one can use explicit constructions from [Wen13,Avd21] to
show that non-exact cobordisms from pVk, ξkq to pVℓ, ξℓq do exist, and so do exact
cobordisms from pVℓ, ξℓq to pVk, ξkq, thus both the directionality of the cobordism
relation and the distinction between exact and non-exact are crucial. The proof
of the theorem, due to the author with Latschev and Hutchings [LW11], uses a
numerical contact invariant based on the full SFT algebra—in particular, the curves
that cause this phenomenon have multiple positive ends and are thus not seen by
contact homology. We will introduce the relevant numerical invariant in Chapter 14
and compute it for these examples in Chapter 17.
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Figure 1.9. This exact symplectic cobordism does not exist.
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In this chapter we begin studying the analysis of J-holomorphic curves. The
coverage will necessarily be a bit sparse in some places, but more detailed proofs of
most things in this chapter can be found in [Wenb].

2.1. Linearized Cauchy-Riemann operators

In order to motivate the study of linear Cauchy-Riemann type operators, we
begin with a formal discussion of the nonlinear Cauchy-Riemann equation and its
linearization.

Fix a Riemann surface pΣ, jq and almost complex manifold pW,Jq. The nonlinear
Cauchy-Riemann equation for maps u : Σ ÑW then takes the form

Tu ˝ j “ J ˝ Tu,
which in any choice of local holomorphic coordinates ps, tq on suitably small neigh-
borhoods in Σ is equivalent to

Bsu` JpuqBtu “ 0,

where we’ve explicitly written the dependence of J : TupzqW Ñ TupzqW on upzq
at each point z P Σ in order to emphasize the nonlinearity of the equation. The
linearized equation at a given solution u : Σ Ñ W is obtained by considering a
smooth 1-parameter family of solutions uρ : Σ Ñ W for ρ P p´ǫ, ǫq, with u0 “ u.
Writing Bρuρ|ρ“0 “ η P Γpu˚TW q, choosing a connection ∇ on W and taking the

27
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covariant derivative of the nonlinear equation with respect to the parameter gives

0 “ ∇ρ rBsuρ ` JpuρqBtuρs|ρ“0
“ ∇ρBsuρ

ˇ̌
ρ“0

` Jpuq∇ρBtuρ

ˇ̌
ρ“0

` p∇ηJqBtu.
Note that since Bsu` JpuqBtu “ 0, the expression on the right does not depend on
the choice of connection. In particular, if we choose ∇ to be symmetric, then we
can replace ∇ρBs and ∇ρBt with ∇sBρ and ∇tBρ respectively, so that the linearized
equation takes the more appealing form

∇sη ` Jpuq∇tη ` p∇ηJqBtu “ 0,

or in coordinate-free terms,

∇η ` Jpuq∇η ˝ j ` p∇ηJq ˝ Tu ˝ j “ 0.

This is a globally well-defined linear first-order PDE for sections η P Γpu˚TW q.
We will often abbreviate it in the form Duη “ 0, defining the so-called linearized
Cauchy-Riemann operator at u by

Du : Γpu˚TW q Ñ Ω0,1pΣ, u˚TW q
η ÞÑ ∇η ` Jpuq∇η ˝ j ` p∇ηJq ˝ Tu ˝ j.(2.1)

Here we have used a bit of standard notation from complex geometry: Ω0,1pΣ, u˚TW q
denotes the space of u˚TW -valued p0, 1q-forms on Σ, where “p0, 1q” means 1-forms
that are complex-antilinear.1 Equivalently, elements of Ω0,1pΣ, u˚TW q are smooth
sections of HomCpTΣ, u˚TW q “ T 0,1ΣbCu

˚TW , where T 0,1Σ denotes the p0, 1q-part
of the complexified cotangent bundle.2

The linearized Cauchy-Riemann operator arises in the following application.
Suppose we wish to understand the structure of some space of the form

(2.2) tu : Σ ÑW | Tu ˝ j “ J ˝ Tu plus further conditionsu ,
where the “further conditions” (which we will for now leave unspecified) may impose
constraints on e.g. the regularity of u, as well as its boundary and/or asymptotic
behavior. The standard approach in global analysis can be summarized as follows:

Step 1: Construct a smooth Banach manifold B of maps u : Σ Ñ W such that all
the solutions we’re interested in will be elements of B. The tangent spaces
TuB are then Banach spaces of sections of u˚TW .

Step 2: Construct a smooth Banach space bundle E Ñ B such that for each u P B,
the fiber Eu is a Banach space of sections of the vector bundle

HomCpTΣ, u˚TW q Ñ Σ

of complex-antilinear bundle maps pTΣ, jq Ñ pu˚TW, Jq. Since our purpose
is to study a first-order PDE, we need the sections in Eu to be “one step
less regular” than the maps in B, e.g. if B consists of maps of Sobolev class
W k,p, then the sections in Eu should be of class W k´1,p.

1Complex-linear 1-forms are similarly called p1, 0q-forms.
2In more straightforward terms, T 0,1ΣÑ Σ is a complex line bundle whose fiber at any given

point z P Σ is the space of complex-antilinear maps TzΣ Ñ C. Similarly, fibers of T 1,0Σ Ñ
Σ are spaces of complex-linear maps TzΣ Ñ C. The direct sum of these two bundles is the
complexification of T ˚Σ, whose fiber at z P Σ consists of all real -linear maps TzΣÑ C.
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Step 3: Show that

B̄J : B Ñ E : u ÞÑ du` Jpuq ˝ du ˝ j
defines a smooth section of E Ñ B, whose zero set is precisely the space of
solutions (2.2).

Step 4: Show that under suitable assumptions (e.g. on regularity and asymptotic
behavior), one can arrange such that for every u P B̄´1

J p0q, the linearization
of B̄J ,3

DB̄Jpuq : TuB Ñ Eu

is a Fredholm operator and is generically surjective. (In geometric terms,
this would mean that B̄J is transverse to the zero section.)

Step 5: Using the implicit function theorem in Banach spaces (see [Lan93]), the
surjectivity and Fredholm property ofDB̄Jpuq imply that B̄´1

J p0q is a smooth
finite-dimensional manifold, with its tangent space at each u P B̄´1

J p0q
canonically identified with kerDB̄Jpuq, hence the dimension of B̄´1

J p0q near u
equals the Fredholm index of DB̄Jpuq.

In this context, the linearization of the section B̄J at a point u P B̄´1
J p0q will be

given by the natural extension of Du : Γpu˚TW q Ñ Ω0,1pΣ, u˚TW q to a suitable
Banach space setting, e.g. if B consists of maps ΣÑW of Sobolev class W k,p, then
Du will be extended to a map from theW k,p-sections of u˚TW to theW k´1,p-sections
of HomCpTΣ, u˚TW q.

Definition 2.1.1. Fix a complex vector bundle E over a Riemann surface pΣ, jq.
A (real) linear Cauchy-Riemann type operator on E is a real-linear first-order
differential operator

D : ΓpEq Ñ Ω0,1pΣ, Eq
such that for every f P C8pΣ,Rq and η P ΓpEq,
(2.3) Dpfηq “ pB̄fqη ` fDη,

where B̄f denotes the complex-valued p0, 1q-form df ` i df ˝ j.
Observe that D is complex linear if and only if the Leibniz rule (2.3) also holds

for all smooth complex-valued functions f , not just real-valued. It is a standard
result in complex geometry that choosing a complex-linear Cauchy-Riemann type
operator D on E is equivalent to endowing it with the structure of a holomorphic
vector bundle, where local sections η are defined to be holomorphic if and only
if Dη “ 0. Indeed, every holomorphic bundle comes with a canonical Cauchy-
Riemann operator that is expressed as B̄ in holomorphic trivializations, and in the

3The linearization of a section s : B Ñ E of a smooth vector bundle E Ñ B at a point x P
s´1p0q Ă B is a linear map Dspxq : TxB Ñ Ex that can be computed by choosing any connection
∇ on E and setting Dspxqv :“ ∇vs. The result is independent of the choice of connection since
spxq “ 0. Equivalently, one could choose a local chart and trivialization near x, compute the
differential of the section at x in coordinates, and argue in the same way that the resulting map
TxB Ñ Ex is independent of choices.
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other direction, the equivalence follows from a local existence result for solutions to
the equation Dη “ 0, proved in §2.5 below.4

Exercise 2.1.2. If D is a linear Cauchy-Riemann type operator on E, show
that for every smooth linear bundle map A : E Ñ HomCpTΣ, Eq, or equivalently
every A P Ω0,1pΣ,EndRpEqq, D ` A also defines a linear Cauchy-Riemann type
operator on E, and every linear Cauchy-Riemann type operator on E is of this
form. Using this, show that in suitable local trivializations over a subset U Ă Σ
identified biholomorphically with an open set in C, every Cauchy-Riemann type
operator D takes the form

D “ B̄ ` A : C8pU ,Cmq Ñ C8pU ,Cmq,
where B̄ “ Bs ` iBt in complex coordinates z “ s` it and A P C8pU ,EndRpCmqq.

Exercise 2.1.3. Show that for any (not necessarily complex) connection ∇ on
a complex vector bundle E over a Riemann surface Σ, Dη :“ ∇η ` i∇η ˝ j defines
a linear Cauchy-Riemann type operator on E. Deduce from this that the operator
Du of (2.1) is a real-linear Cauchy-Riemann type operator on u˚TW .

Exercise 2.1.4. Suppose D is a linear Cauchy-Riemann type operator on a
bundle E over a Riemann surface pΣ, jq, and pΣ1, j1q is another Riemann surface
with a holomorphic map ϕ : pΣ1, j1q Ñ pΣ, jq. Show that the pullback bundle ϕ˚E
over pΣ1, j1q admits a unique linear Cauchy-Riemann type operator ϕ˚D : Γpϕ˚Eq Ñ
Ω0,1pΣ1, ϕ˚Eq satisfying the condition

pϕ˚Dqpη ˝ ϕq “ ϕ˚pDηq for all η P ΓpEq.
Prove moreover that if D is given by Dη “ ∇η ` i∇η ˝ j `Aη for some connection
∇ on E and A P Ω0,1pΣ,EndRpEqq, then ϕ˚D is given by

pϕ˚Dqξ “ ∇ξ ` i∇ξ ˝ j ` pϕ˚Aqξ,
where ∇ in this case denotes the pullback connection on ϕ˚E Ñ Σ1 determined by
our chosen connection on E. Hint: Locally, you can write any section of ϕ˚E as a

linear combination of sections of the form η ˝ ϕ for sections η of E.

Exercise 2.1.5. Suppose E, F are two complex vector bundles over pΣ, jq and
D : ΓpE‘F q Ñ Ω0,1pΣ, E‘F q is a linear Cauchy-Riemann type operator on E‘F ,
which can therefore be written in block form as

D “
ˆ

DE DEF

DFE DF

˙
: ΓpEq ‘ ΓpF q Ñ Ω0,1pΣ, Eq ‘ Ω0,1pΣ, F q.

Show that DE and DF are then linear Cauchy-Riemann type operators on E and F

respectively, while the off-diagonal operators DEF and DFE are tensorial, i.e. they
can be expressed as smooth real-linear bundle maps F Ñ HomCpTΣ, Eq and E Ñ
HomCpTΣ, F q respectively.

4This statement about the existence of holomorphic vector bundle structures is true when
the base is a Riemann surface, but not if it is a higher-dimensional complex manifold. In higher
dimensions there are obstructions, see e.g. [Kob87].
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Exercise 2.1.6. Suppose E is a complex vector bundle over pΣ, jq, F Ă E is a
complex subbundle, and D : ΓpEq Ñ Ω0,1pΣ, Eq is a linear Cauchy-Riemann type
operator on E such that DpΓpF qq Ă Ω0,1pΣ, F q, so D restricts to a linear Cauchy-
Riemann type operator on F as well. Show that the induced map

ΓpEqLΓpF q DÝÑ Ω0,1pΣ, EqLΩ0,1pΣ, F q
can then be interpreted as defining a linear Cauchy-Riemann type operator on the
quotient bundle E{F , using the natural identifications

ΓpE{F q “ ΓpEqLΓpF q and Ω0,1pΣ, E{F q “ Ω0,1pΣ, EqLΩ0,1pΣ, F q.
2.2. Some useful Sobolev inequalities

In this section, we review a few general properties of Sobolev spaces that are
essential for applications in nonlinear analysis. The results stated here are explained
in more detail in Appendix A.

We consider functions with values in C unless otherwise specified, and defined on
an open domain U in either Rn or a quotient of Rn on which the Lebesgue measure
is well defined. Certain regularity assumptions must generally be placed on the
boundary of U in order for all the results stated below to hold; we will ignore this
detail except to mention that the necessary assumptions are satisfied for the two
classes of domains that we are most interested in, which are

U “ D̊ Ă C,

U “ p0, Lq ˆ S1 Ă C{iZ, 0 ă L ď 8.

Here D denotes the closed unit disk, D̊ is its interior, and the identification of p0, Lqˆ
S1 “ p0, Lq ˆ pR{Zq with a subset of C{iZ arises from the obvious identification of
R2 with C. Certain results will be specified to hold only for bounded domains, which
means in practice that they hold on D̊ and p0, Lq ˆ S1 for any L ą 0, but not on
p0,8q ˆ S1.

Recall that for p P r1,8q we define the Lp norm of a measurable function f :
U Ñ Rm to be

}f}Lp “
ˆż

U

|f |p
˙1{p

.

For the space L8 we define the norm to be the essential supremum of f over U .
Denote by

C8
0 pUq Ă C8pUq

the space of smooth functions with compact support in U . We say a function f has
a weak j-th partial derivative g if the integration by parts formula holds for all
so-called test functions ϕ P C8

0 pUq:ż
U

gϕ “ ´
ż
U

f Bjϕ.
Equivalently, this means that g is a partial derivative of f in the sense of distribu-
tions (see e.g. [LL01]). Higher order weak partial derivatives are defined similarly:
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recall that for a multiindex α “ pi1, ...inq we denote

Bαf “ B|α|f
Bxi1

1 . . . Bxin
n

,

where |α| :“ ř
j ij . We then write Bαf “ g if for all ϕ P C8

0 pUq,ż
U

gϕ “ p´1q|α|
ż
U

f Bαϕ.
Now we may define W k,ppUq to be the set of functions on U with weak partial
derivatives up to order k lying in Lp, and define the norm of such a function by

}f}W k,p “
ÿ
|α|ďk

}Bαf}Lp.

This definition gives W 0,ppUq “ LppUq, and in general W k,ppUq can be identified
with a closed subset of a product of finitely many copies of LppUq, one for each
multiindex of order at most k. This identification shows that is a Banach space;
moreover, it can be shown to be reflexive and separable for 1 ă p ă 8.

While the Sobolev spaces W k,ppUq are generally defined on open domains, we of-
ten consider the closure U as the domain for spaces of differentiable functions CkpUq
and C8pUq. For instance, CkpUq is the Banach space of k-times differentiable func-
tions on U whose derivatives up to order k are bounded and uniformly continuous
on U ; note that uniform continuity implies the existence of continuous extensions to
the closure U . Given suitable regularity assumptions for the boundary of U , one can
show (with some effort—cf. [AF03, proof of Theorem 5.19]) that CkpUq is precisely
the set of functions which admit k-times differentiable extensions to some open set
containing U .

Exercise 2.2.1. Show that if f is a continuous function on the closed disk D Ă C

that is continuously differentiable on 9D “ Dzt0u and its first derivative is Lebesgue

integrable on 9D, then f also has a weak first derivative on D, which is equal to its
classical derivative almost everywhere.

The following result is an amalgamation of frequently used special cases of the
Sobolev embedding theorem and the Rellich-Kondrachov compactness theorem. See
Theorems A.1.6 and A.1.10 in Appendix A for the more general versions, proofs of
which may be found e.g. in [AF03].

Proposition 2.2.2 (embedding/compactness). Assume 1 ď p ă 8 and k P N.

(1) If kp ą n, then for every integer d ě 0, there exists a continuous inclusion

W k`d,ppUq ãÑ CdpUq,
which is compact if U is bounded.

(2) If 1 ď q ă 8 and m ě 0 is another integer such that k ě m, p ď q and
k ´ n

p
ě m´ n

q
, then there exists a continuous inclusion

W k,ppUq ãÑWm,qpUq,
which is compact if U is bounded and the inequality k´ n

p
ě m´ n

q
is strict.
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�

The most important case of the second inclusion isW k`1,ppUq ãÑW k,ppUq, whose
continuity is obvious, and the compactness in the case of bounded U can be regarded
as a natural analogue of the fact (arising from the Arzelà-Ascoli theorem) that the
inclusions Ck`1pUq ãÑ CkpUq are compact when U is compact. A useful way to
remember the hypotheses in Proposition 2.2.2 is by thinking of W k,ppUq as a space
of functions that have “k ´ n

p
continuous derivatives”.

Exercise 2.2.3. Show that the compactness of the inclusions in Proposition 2.2.2
fails in general for unbounded domains, e.g. for R.

The next three results for the case kp ą n are proved in §A.2 as corollaries of
the Sobolev embedding theorem. The first is a Sobolev analogue of the fact that
the product of a Cm-function with a Ck-function for k ě m is also of class Cm.

Proposition 2.2.4 (Banach algebra property). Suppose 1 ď p, q ă 8, kp ą n,
k ě m and k´ n

p
ě m´ n

q
. Then the product pairing pf, gq ÞÑ fg defines a continuous

bilinear map

W k,ppUq ˆWm,qpUq ÑWm,qpUq.
In particular this applies when m “ k and q “ p, hence W k,ppUq is a Banach
algebra. �

The continuity statements above translate into inequalities between the norms in
the respective spaces. For example, continuous inclusions W k`d,p ãÑ Cd or W k,p ãÑ
Wm,q respectively imply that

}f}Cd ď c}f}W k`d,p or }f}Wm,q ď c}f}W k,p

for some constants c ą 0 which may depend on d, k, p, m, q or U , but not f .
Similarly, the Banach algebra property means there is an inequality

}fg}W k,p ď c}f}W k,p}g}W k,p

whenever kp ą n, where again the constant c is independent of g and f .
We state the next result only for the case of bounded domains; it does have

an extension to unbounded domains, but the statement becomes more complicated
(cf. Theorem A.2.6). Given an open set Ω Ă Rn, we denote

W k,ppU ,Ωq :“
!
u P W k,ppU ,Rnq

ˇ̌̌
upUq Ă Ω

)
.

Note that this is an open subset if kp ą n, due to the Sobolev embedding theorem.

Proposition 2.2.5 (Ck-continuity property). Assume 1 ď p ă 8, kp ą n, U
is bounded and Ω Ă Rn is an open set. Then there is a well-defined and continuous
map

W k,ppU ,Ωq TÝÑ L
`
CkpΩ,RNq,W k,ppU ,RNq˘

T puqf :“ f ˝ u,
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where the space L
`
CkpΩ,RNq,W k,ppU ,RNq˘ of bounded linear maps from CkpΩ,RNq

to W k,ppU ,RNq is equipped with the operator norm. It follows in particular that the
map

CkpΩ,RNq ˆW k,ppU ,Ωq ÑW k,ppU ,RNq : pf, uq ÞÑ f ˝ u
is well defined and continuous. �

Remark 2.2.6. In the settings of Propositions 2.2.4 and 2.2.5, it is also often
important to know that the classical formulas for computing derivatives of fg or
f ˝ u via the product or chain rules remain valid for computing weak derivatives
of functions that are not necessarily classically differentiable. This is not true in
general, but does hold in these specific settings due to the fact that Sobolev spaces
contain dense subspaces of smooth functions. For details, see Proposition A.2.4 and
Theorem A.2.6 in Appendix A.

Remark 2.2.7. In later chapters, it will become important to be aware that
Propositions 2.2.2, 2.2.4 and 2.2.5 are the essential conditions needed for defining
smooth Banach manifold structures on spaces of W k,p-smooth maps from one man-
ifold to another, cf. Proposition 2.7.4 and [El̆ı67,Pal68]. This only works under
the condition kp ą n, as the smooth category is not well equipped to deal with
discontinuous maps!

The following rescaling result will be needed for nonlinear regularity arguments;
see Theorem A.2.9 in Appendix A for a proof.

Proposition 2.2.8. Assume p P r1,8q and k P N satisfy kp ą n, let D̊n denote

the open unit ball in Rn, x0 P D̊n a fixed point, and for each f P W k,ppD̊nq and ǫ ą 0

sufficiently small define fǫ P W k,ppD̊nq by
fǫpxq :“ fpx0 ` ǫxq.

Then for any α P p0, 1q satisfying α ď k ´ n{p, there exists a constant C ą 0 such

that for every f P W k,ppD̊nq and all ǫ ą 0 smaller than the distance from x0 to BDn,

}fǫ ´ fǫp0q}W k,ppD̊nq ď Cǫα}f ´ fpx0q}W k,ppD̊nq.

�

Exercise 2.2.9. Working on a 2-dimensional domain with kp ą 2, prove directly
that for any multiindex α of positive order k,

}Bαfǫ}LppD̊q ď ǫk´2{p}Bαf}LppD̊q

for f P W k,ppD̊q. Find examples (e.g. in W 1,2pD̊q) to show that no estimate of the
form

}Bαfǫ}LppD̊q ď Cǫ}f ´ fpx0q}W k,ppD̊q
with limǫÑ0` Cǫ “ 0 is possible when kp ď 2.
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2.3. The fundamental elliptic estimate

We will make considerable use of the fact that the linear first-order differential
operator

B̄ :“ Bs ` iBt : C8pC,Cq Ñ C8pC,Cq
is elliptic. We will briefly touch upon the general notion of ellipticity in a bit, but
in practice, the main consequence we need to be aware of is the following pair of
analytical results.

Theorem 2.3.1. If 1 ă p ă 8, then B̄ : W 1,ppD̊q Ñ LppD̊q admits a bounded

right inverse T : LppD̊q ÑW 1,ppD̊q.
Theorem 2.3.2. If 1 ă p ă 8 and k P N, then there exists a constant c ą 0

such that for all f P W
k,p
0 pD̊q,

}f}W k,p ď c}B̄f}W k´1,p.

Here W
k,p
0 pD̊q denotes the W k,p-closure of the space C8

0 pD̊q of smooth functions

with compact support in D̊.
The complete proofs of the two theorems above are rather lengthy, and we shall

refer to [Wenb, §2.6 and §2.A] for the details, but we can at least explain why
they hold in the case p “ 2. First, it is straightforward to show that the function
K P L1

locpCq defined by

Kpzq “ 1

2πz
is a fundamental solution for the equation B̄u “ f , meaning it satisfies

B̄K “ δ

in the sense of distributions, where δ denotes the Dirac δ-function. Hence for any
f P C8

0 pCq, one finds a smooth solution u : C Ñ C to the equation B̄u “ f as the
convolution

upzq “ pK ˚ fqpzq :“
ż
C

Kpz ´ ζqfpζq dµpζq,
where dµpζq denotes the Lebesgue measure with respect to the variable ζ P C. It
will be useful to observe that whenever f has compact support on C, K ˚ f also has
decaying behavior at infinity:

Lemma 2.3.3. For any f P C8
0 pCq, K ˚ f satisfies |pK ˚ fqpzq| ď C

|z| for some

constant C ą 0.

Proof. Choose R ą 0 large enough so that f is supported in the disk of ra-
dius R, and suppose |z| ě 2R. Then for all ζ P C such that fpζq ‰ 0, we have

|z ´ ζ | ě |z| ´R ě |z|
2
, thus

|pK ˚ fqpzq| “ 1

2π

ˇ̌̌̌ż
C

fpζq
z ´ ζ

dµpζq
ˇ̌̌̌
ď 1

2π

ż
C

|fpζq|
|z ´ ζ | dµpζq

ď 1

π|z|
ż
C

|fpζq| dµpζq “ }f}L1

π|z| .
�
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If u P C8
0 pCq and B̄u “ f , it follows from Lemma 2.3.3 that u ´ K ˚ f is a

holomorphic function on C that decays at infinity, hence u ” K ˚ f . Since C8
0 pD̊q is

dense in LppD̊q for all p ă 8, Theorem 2.3.1 now follows from the claim that for all

f P C8
0 pD̊q, there exist estimates of the form

(2.4) }K ˚ f}LppD̊q ď c}f}LppD̊q, }BjpK ˚ fq}LppD̊q ď c}f}LppD̊q,

with Bj “ Bs or Bt for j “ 1, 2 respectively, and the constant c ą 0 independent of f .

Exercise 2.3.4. Use Theorem 2.3.1 and the remarks above to prove Theo-
rem 2.3.2 for the case k “ 1 with f P C8

0 pD̊q, then extend it to f P W
1,p
0 pD̊q

by a density argument. Then extend it to the general case by differentiating both
f and B̄f .

The first estimate in (2.4) is not too hard if you remember your introductory
measure theory class: it follows from a general “potential inequality” for convolu-
tion operators (see [Wenb, Lemma 2.6.10]), similar to Young’s inequality, the key

points being that K is locally of class L1 and D̊ has finite measure. For the second
inequality, observe that B̄pK ˚ fq “ f , and the rest of the first derivative of K ˚ f is
determined by BpK ˚ fq, where

B :“ Bs ´ iBt.
Differentiating K in the sense of distributions provides a formula for BpK ˚ fq as a
principal value integral, namely

BpK ˚ fqpzq “ ´ 1

π
lim
ǫÑ0`

ż
|ζ´z|ěǫ

fpζq
pz ´ ζq2 dµpζq.

This is a so-called singular integral operator: it is similar to our previous con-
volution operator, but more difficult to handle because the kernel 1

z2
is not of class

L1
loc on C. The proof of the estimate

(2.5) }BpK ˚ fq}Lp ď c}f}Lp for all f P C8
0 pD̊q

follows from a rather difficult general estimate on singular integral operators, known
as the Calderón-Zygmund inequality, cf. [Wenb, §2.A] and the references therein.
The good news however is that the first step in that proof is not hard: that is the
case p “ 2.

As is the case for all elliptic operators with constant coefficients, the L2-estimate
on the fundamental solution of B̄ admits an easy proof using Fourier transforms. In
general, a sufficiently nice function u : Rn Ñ C is related to its Fourier transform
Fu “ û : Rn Ñ C by

upxq “
ż
Rn

ûppqe2πipx¨pq dµppq,
where x ¨ p denotes the standard Euclidean inner product on Rn. It thus satisfies
the identity

(2.6) F pBjuqppq “ 2πipjûppq.



Lectures on Symplectic Field Theory 37

It follows more generally that for any differential operator D of order k P N with
constant coefficients acting on complex-valued functions on Rn, there is a unique
polynomial PD : Rn Ñ C of degree k such that

F pDuqppq “ PDppqûppq
for reasonable functions u : Rn Ñ C. We call D an elliptic operator if PDppq “
PD
k ppq `Op|p|k´1q and the homogeneous kth-order part PD

k satisfies5

PD
k ppq ‰ 0 for all p ‰ 0.

Since PD
k is homogeneous with degree k, this condition implies that PD satisfies an

estimate of the form

|PDppq| ě c|p|k for all p P Rn outside of some compact subset.

Now if α is any multiindex of order |α| ď k, (2.6) implies F pBαuqppq “ p2πipqαûppq
with |p2πipqα| ď c|p||α| ď c1|PDppq| for all |p| " 0 and some constant c1 ą 0. Since
p2πipqα{PDppq is now a bounded function outside of some compact subset K Ă Rn,
one therefore obtains via Plancherel’s theorem a bound of the form

}Bαu}L2pRnq “ }F pBαuq}L2pRnq “ }p2πipqαû}L2pRnq
“ }p2πipqαû}L2pKq ` }p2πipqαû}L2pRnzKq
ď c}û}L2pKq ` c}PDppqû}L2pRnzKq ď c}u}L2pRnq ` c}Du}L2pRnq.

In the case of D :“ B̄ and Bα :“ B on R2 “ C, this story becomes especially
simple since

(2.7) F pB̄uqpζq “ 2πiζûpζq, F pBuqpζq “ 2πiζûpζq,
i.e. both B̄ and B are first-order elliptic operators.

Proposition 2.3.5. For all f P C8
0 pCq, we have }BpK ˚ fq}L2 “ }f}L2.

Proof. We write u “ K ˚ f , so B̄u “ f , and combining (2.7) with Plancherel’s
theorem gives

}BpK ˚ fq}L2 “ }Bu}L2 “ }F pBuq}L2 “ }2πiζû}L2

“
››››ζζ 2πiζû

››››
L2

“ }2πiζû}L2 “ }f̂}L2 “ }f}L2.

�

Corollary 2.3.6. The estimate (2.5) holds in the case p “ 2. �

5In the more general setting of a differential operator sending sections of one vector bundle to
sections of another, the polynomial PD in this discussion would take values in a space of linear
maps from one finite-dimensional vector space to another. One then calls D elliptic if and only if
the linear transformation PDppq is invertible for all p ‰ 0. More details on the general notion of
ellipticity can be found e.g. in [Wenb, §2.B].
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2.4. Regularity

We will now use the estimate }u}W k,p ď c}B̄u}W k´1,p from the previous section to
prove three types of results about solutions to Cauchy-Riemann type equations:

(1) All solutions of reasonable Sobolev-type regularity are smooth.
(2) Every sequence of solutions satisfying uniform bounds in certain Sobolev

norms has a C8
loc-convergent subsequence.

(3) All reasonable Sobolev-type topologies on spaces of solutions are (locally)
equivalent to the C8-topology.

In the following,
Dr Ă C

denotes the closed disk of radius r ą 0, and D̊r denotes its interior. Note that func-
tions of class C8pDrq are assumed to be smooth up to the boundary (or equivalently,

on some open neighborhood of Dr in C), not just on D̊r.

2.4.1. The linear case. Recall from Exercise 2.1.2 that every linear Cauchy-
Riemann type operator on a vector bundle of complex rank n locally takes the form
B̄ ` A, where B̄ “ Bs ` iBt, and A is a smooth function with values in EndRpCnq.
Using the Sobolev embedding theorem, the following result implies by induction
that weak solutions of class L

p
loc for 1 ă p ă 8 to linear Cauchy-Riemann type

equations are always smooth. The associated local estimate will also play a major
role in our proof of the Fredholm property in Chapter 4.

Theorem 2.4.1 (Linear regularity). Assume 1 ă p ă 8, m and k are integers

with m ě k ě 0, A : DÑ EndRpCnq is a Cm-smooth function, f P Wm,ppD̊,Cnq and
u P W k,ppD̊,Cnq is a weak solution to the equation

pB̄ ` Aqu “ f.

Then:

(1) u is of class Wm`1,p on every compact subset of D̊.
(2) For every r P p0, 1q, there exists a constant c ą 0 dependent on the Sobolev

parameters k,m, p, the radius r and the zeroth-order term A, but not on u

or f , such that

}u}Wm`1pD̊rq ď c}u}W k,ppD̊q ` c}f}Wm,ppD̊q.

Remark 2.4.2. A portion of the results in this section can be generalized to
allow weaker regularity hypotheses on the zeroth-order term A : DÑ EndRpCnq. In
the proof of Theorem 2.4.1 below, for instance, the importance of the assumption
m ě k lies in the fact that there is a continuous product pairing CmˆW k,p ÑW k,p,
which in the case k ě 1 remains true (by Proposition 2.2.4) if Cm is replaced
by Wm,q for any q P rp,8q satisfying mq ą 2, and for k “ 0 it is also true if
Cm is replaced by L8. The theorem therefore also holds for zeroth-order terms
A of suitable Sobolev-type regularity, including some cases where A is not even
continuous. This level of generality is occasionally useful for technical reasons,
e.g. it plays a role in our proof of the similarity principle (Theorem 2.5.3) in the
next section.
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Proof of Theorem 2.4.1 (excluding (1) for k “ 0). We first prove state-
ment (2), assuming that statement (1) is already known. It will suffice to prove
the estimate for the case m “ k, because if m ą k, one can then repeat the
same argument m ´ k ` 1 times, shrinking to a slightly smaller compact subset
of D̊ each time. With this understood, let us fix an integer k ě 0 and consider a
weak solution u P W k,ppD̊q to the equation pB̄ ` Aqu “ f with f P W k,ppD̊q and
A P CkpD,EndRpCnqq. For any r P p0, 1q, statement (1) in the theorem implies

u P W k`1,ppD̊rq, and our objective is to bound }u}W k`1,ppD̊Rq in terms of }u}W k,ppD̊q
and }f}W k,ppD̊q.

In order to apply the fundamental elliptic estimate, we need to work with func-
tions with compact support in the interior of D, thus we choose a smooth bump
function

β P C8
0 pD̊, r0, 1sq

that satisfies β|Dr
” 1. Using this choice, we now give two slightly different proofs of

the required estimate. The first is based on the observation that since u is locally of
class W k`1,p on D̊, βu P W

k`1,p
0 pD̊q, so Theorem 2.3.2 can be applied to βu, giving

}u}W k`1,ppD̊rq ď }βu}W k`1,ppD̊q ď c}B̄pβuq}W k,p ď c}pB̄βqu}W k,p ` c}βpf ´ Auq}W k,p

ď c1}u}W k,p ` c1}f}W k,p,

where the use of the Leibniz rule to compute B̄pβuq is unproblematic since β is
smooth, and we have absorbed the Ck-norms of β, B̄β and A into the constant c1 ą 0.
Note that the latter makes use of the continuous product pairing CkˆW k,p ÑW k,p

(cf. Remark 2.4.2).
The following alternative proof of this estimate is valid only if k ě 1 and is

slightly less direct, but contains useful ideas that we will need to recycle in the proof
of statement 1. By assumption, we already have a bound on }u}W k,ppD̊rq, so the

required W k`1,p-bound will follow if we can also find W k,p-bounds over D̊r for the
weak partial derivatives Bju, j “ 1, 2. These functions are (according to statement 1)

of class W k,p
loc , and since k ě 1 and β Bju P W

k,p
0 pD̊q, we can now apply Theorem 2.3.2

to β Bju, giving
}Bju}W k,ppD̊rq ď }β Bju}W k,ppD̊q ď c

››B̄ pβ Bjuq››W k´1,ppD̊q
ď c}pB̄βqpBjuq}W k´1,p ` c}β B̄pBjuq}W k´1,p.

(2.8)

The first term on the right hand side is bounded by c1}u}W k,p for some constant c1 ą 0
that depends on the Ck´1-norm of B̄β. To control the second term, we differentiate
the equation B̄u “ ´Au` f , giving

B̄pBjuq “ ´pBjAqu´ A Bju` Bjf,
where the Leibniz rule has been used to compute BjpAuq in light of Remark A.2.5 and
the continuous product pairing Ck ˆW k,p ÑW k,p. The W k´1,p-norm of β B̄pBjuq is
now bounded by a constant times }u}W k´1,p`}Bju}W k´1,p`}Bjf}W k´1,p ď 2}u}W k,p`
}f}W k,p, where the constant in question depends only on }β}Ck´1 and }A}Ck .

We now prove statement (1) in the case k ě 1; the case k “ 0 requires a different
argument and will be dealt with as an addendum at the end of this subsection. For
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k ě 1, we can use an adaptation of the second proof of statement 2 above, where
instead of proving bounds on partial derivatives Bju, we consider the corresponding
difference quotients

Dh
j upzq :“ upz ` hejq ´ upzq

h
, j “ 1, 2.

Here e1 :“ Bs, e2 :“ Bt, and the domain of Dh
j u can be taken to be Dr for any

r P p0, 1q if h P Rzt0u is sufficiently close to 0. It suffices again to consider only

the case m “ k, so let us suppose u, f P W k,ppD̊q and A P CkpDq. The difference

quotients Dh
j u are then also of class W k,p

loc on their domains, so for the smooth cutoff

function β P C8
0 pD̊q with β|Dr

” 1, we can assume for all |h| ą 0 sufficiently small

that βDh
j u is in W

k,p
0 pD̊q. The analogue of (2.8) in this context is then

}Dh
j u}W k,ppD̊rq ď }βDh

j u}W k,ppD̊q ď c
››B̄ `β Dh

j u
˘››

W k´1,ppD̊q
ď c}pB̄βqpDh

j uq}W k´1,p ` c}β B̄pDh
j uq}W k´1,p.

The first term is bounded independently of h since Bju P W k´1,ppD̊q, implying a
uniform W k´1,p-bound on Dh

j u as h Ñ 0; cf. Appendix A.3. To control the second

term, we can apply the operator Dh
j to the equation B̄u “ ´Au` f , giving

B̄pDh
j uq “ Dh

j pB̄uq “ ´pDh
jAqu´ ADh

j u`Dh
j f.

Since A P CkpDq, Dh
jA is uniformly Ck´1-bounded as h Ñ 0, and Bju, Bjf P

W k´1,ppD̊q similarly implies uniform W k´1,p-bounds on Dh
j u and Dh

j f , thus the

whole expression is uniformly W k´1,p-bounded on some open disk containing the
support of β, implying

}Dh
j u}W k,ppD̊rq ď c

for some constant c ą 0 that does not change as hÑ 0. This implies u P W k`1,ppD̊rq
via a standard application of the Banach-Alaoglu theorem. Indeed, the latter implies
that if there is a uniform bound on }Dh

j u}Lp as hÑ 0, then any decaying sequence

hν Ñ 0 has a subsequence for which Dhν

j u is weakly Lp-convergent. The limit of this

subsequence belongs to LppD̊rq, and it is straightforward to show using the definition
of weak derivatives that this limit is Bju. One finds a similar result in the presence
of uniform W k,p-bounds for any k P N by applying this argument to higher-order
derivatives of Bju; for details, see Theorem A.3.1 in Appendix A.3. �

Exercise 2.4.3. Deduce from Theorem 2.4.1 the following corollaries for a se-
quence of weak solutions uν P W k,ppD̊q to pB̄ ` Aνquν “ fν , assuming fν P Wm,ppD̊q
and Aν P CmpD̊q for all ν P N, with m ě k ě 0 and 1 ă p ă 8.

(a) If }uν}W k,ppD̊q, }fν}Wm,ppD̊q and }Aν}CmpDq are uniformly bounded, then uν is

also uniformly W k`1,p-bounded on compact subsets of D̊.
(b) If uν is W k,p-convergent, fν is Wm,p-convergent and Aν is Cm-convergent

on D, then uν is also W
m`1,p
loc -convergent on D̊.
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Remark 2.4.4. Combining the Sobolev embedding theorem with the Arzelà-
Ascoli theorem, the result of Exercise 2.4.3(a) proves that if the fν and Aν are C8-
bounded on D, then a W k,p-bounded sequence of solutions uν has a C8

loc-convergent
subsequence. Part (b) implies moreover that for every k ě 0 and p P p1,8q, the
W k,p-topology on spaces of solutions to linear Cauchy-Riemann type equations is
locally equivalent to the C8-topology.

Exercise 2.4.5. Use Theorem 2.4.1 to generalize Theorem 2.3.1 to the existence
of a bounded right inverse for

B̄ : W k,ppD̊q ÑW k´1,ppD̊q.
for every k P N and 1 ă p ă 8. Hint: For any R ą 1, there exists a bounded linear

extension operator E : W k,ppD̊q Ñ W k,ppD̊Rq with the property pEfq|D̊ “ f for all

f P W k,ppD̊q; see Theorem A.1.4 and Corollary A.1.5.

It remains to prove the case k “ 0 of Theorem 2.4.1(1). As preparation for this,
we start with a classical result about “weakly holomorphic” functions:

Lemma 2.4.6. If u P L1pD̊q satisfies B̄u “ 0 in the sense of distributions, then u

is smooth and holomorphic on the open disk D̊.

Proof. Taking real and imaginary parts, it suffices to prove that the same
statement holds for the Laplace equation. By mollification, any weakly harmonic
function can be approximated in L1 with smooth harmonic functions. The lat-
ter satisfy the mean value property, which behaves well under L1-convergence, so
the result follows from the mean value characterization of harmonic functions; see
[Wenb, Lemma 2.6.26] for more details. �

Lemma 2.4.7. Suppose 1 ă p ă 8 and u P L1pD̊q is a weak solution to B̄u “ f

for some f P LppD̊q. Then u is of class W 1,p on every compact subset of D̊.

Proof. Let T : LppD̊q Ñ W 1,ppD̊q denote the bounded right inverse of B̄ :

W 1,ppD̊q Ñ LppD̊q provided by Theorem 2.3.1. Then u ´ Tf P L1pD̊q is a weak
solution to B̄pu´Tfq “ 0 and is thus smooth by Lemma 2.4.6. In particular, u´Tf

restricts to D̊r for every r ă 1 as a function of class W 1,p, implying that u also has
a restriction in W 1,ppD̊rq. �

Proof of Theorem 2.4.1(1) for k “ 0. Suppose pB̄ ` Aqu “ f , where A is

continuous on D and u, f P LppD̊q. Then B̄u “ ´Au ` f P LppD̊q, so Lemma 2.4.7

implies u P W
1,p
loc pD̊q. If m ě 1, one can now shrink the disk slightly and plug in the

case k “ 1 of the theorem to conclude u P W
m`1,p
loc pD̊q. �

Corollary 2.4.8. If A : D Ñ EndRpCnq is of class Cm for 0 ď m ď 8, then

every weak solution u : D̊Ñ Cn to pB̄`Aqu “ 0 of class Lp
loc for a given p P p1,8q is

also in W
k,q
loc pD̊q for every k ď m` 1 and q P p1,8q. In particular, u is of class Cm.

Proof. Assume for simplicity m ă 8, as the case m “ 8 will then immediately
follow. Theorem 2.4.1(1) implies u P Wm`1,ppD̊rq for any r ă 1. If p ą 2, this
implies via the Sobolev embedding theorem that u P CmpDrq. In particular, u is
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then continuous and bounded on the closed disk Dr, so it is in LqpD̊rq for every
q P p1,8q, and feeding it into Theorem 2.4.1(1) again gives the desired result on Dr.

Since r ă 1 was arbitrary, the result is therefore true on any compact subset of D̊.
To finish, it will now suffice to show that if u P LppD̊q for some p ď 2, then u is

also in L
q
locpD̊q for some q ą 2. Here Theorem 2.4.1(1) again implies u P W 1,ppD̊rq for

any r ă 1, and according to the Sobolev embedding theorem, there is a continuous
inclusion W 1,p ãÑ Lq whenever p ď q ă p˚, where p˚ P pp,8s is determined by
1
p˚ “ 1

p
´ 1

2
; see Theorem A.1.6. Since p ą 1, this implies 1

p˚ ă 1
2
and thus p˚ ą 2,

so we can choose any q P p2, p˚q and conclude u P LqpD̊rq. �

2.4.2. The nonlinear case: bootstrapping. The regularity argument in the
previous subsection was inductive in nature: if the data A and f in the equation
pB̄ ` Aqu “ f are smooth, then assuming u P W k,p leads via elliptic estimates to
the conclusion that u is actually of class W k`1,p, so by induction, u is smooth. This
technique is known in the PDE literature as elliptic bootstrapping. We will now
prove a similar bootstrapping result for the nonlinear Cauchy-Riemann equation.

Locally, every J-holomorphic curve can be regarded as a map u : D̊ Ñ Cn

satisfying Bsupzq ` JpupzqqBtupzq “ 0 in coordinates z “ s` it P D Ă C, where J is
an almost complex structure on Cn, or equivalently, a function6

J : Cn Ñ J pCnq :“  
K P EndRpCnq ˇ̌ K2 “ ´1( .

A nonlinear analogue of the equation considered in Theorem 2.4.1 is then the inho-
mogeneous nonlinear Cauchy-Riemann equation

(2.9) Bsu` JpuqBtu “ f

for functions u : D̊Ñ Cn, where J : Cn Ñ J pCnq and f : D̊Ñ Cn are given.

Remark 2.4.9. It is worth mentioning that while other nonlinear analogues of
the equation pB̄ `Aqu “ 0 are possible, the equations of interest can all be reduced
to (2.9) in practice. For example, in Floer homology and Gromov-Witten theory,
one often considers equations that locally take the form

Bsupzq ` Jpz, upzqqBtupzq “ fpz, upzqq,
where J : D̊ ˆ Cn Ñ J pCnq is now allowed to depend explicitly on points in the

domain of u : D̊Ñ Cn, and f : D̊ˆCn Ñ Cn is likewise a function of both z and the
value upzq. As was observed by Gromov already in [Gro85, 1.4.C], the solutions

u : D̊Ñ Cn to this equation are equivalent to honest sJ-holomorphic curves in D̊ˆCn

6Here the reader should beware of a minor ambiguity in notation: while we used J pMq in
Chapter 1 to mean the space of smooth almost complex structures on a manifold M , one can
just as sensibly define J pV q for each real 2n–dimensional vector space V to be the space of linear
complex structures on V , topologized as a subset of the finite-dimensional vector space EndRpV q –
R2nˆ2n. It is not hard to show that J pV q is then a smooth submanifold of EndRpV q; in fact, the
ability to choose J-complex bases for each J P J pV q gives J pV q a natural identification with the
homogeneous space AutRpV q{AutCpV, Jq – GLp2n,Rq{GLpn,Cq. In the present discussion, the
notation J pCnq views Cn as a real 2n-dimensional vector space rather than as a manifold.
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of the form supzq :“ pz, upzqq if one defines an almost complex structure sJ in block

form on D̊ˆ Cn by sJpz, xq :“ ˆ
i 0

fpz, xqi Jpz, xq
˙
.

For this reason, all theorems about regularity of “honest” J-holomorphic curves im-
ply similar results about the nonlinear inhomogeneous equations in Floer homology
and Gromov-Witten theory.

The following is not the most general theorem provable about regularity for J-
holomorphic curves, though it is the one that is most closely analogous to the linear
result in the previous subsection, and is also the one that we will need most often.
A partial improvement with weaker hypotheses will be discussed in §2.4.3 below.

Theorem 2.4.10 (Nonlinear regularity, kp ą 2 version). Assume 1 ă p ă 8,
and m and k are integers with m ě k and kp ą 2.

(1) If J : Cn Ñ J pCnq is of class Cm and u P W k,ppD̊,Cnq is a weak solution
to the equation

Bsu` JpuqBtu “ f

for some f P Wm,ppD̊,Cnq, then u is of class Wm`1,p on every compact

subset of D̊.
(2) Consider a Cm

loc-convergent sequence Jν Ñ J of Cm-smooth almost complex

structures Cn Ñ J pCnq, together with sequences fν P Wm,ppD̊,Cnq and

uν P W k,ppD̊,Cnq such that for each ν P N, uν is a weak solution to the
equation

Bsuν ` JνpuνqBtuν “ fν .

(a) If the norms }fν}Wm,p and }uν}W k,p on D̊ are uniformly bounded as
ν Ñ 8, then uν is also uniformly Wm`1,p-bounded on every compact
subset of D̊.

(b) If fν is Wm,p-convergent and uν is W k,p-convergent on D̊, then uν is

also Wm`1,p-convergent on every compact subset of D̊.

Combining this result with the Sobolev embedding theorem and the Arzelà-
Ascoli theorem yields:

Corollary 2.4.11. If J is a smooth almost complex structure on Cn, then every
J-holomorphic map u : D̊Ñ Cn that is of class W k,p for some k P N and p P p1,8q
with kp ą 2 is smooth. Moreover, if Jν Ñ J is a C8

loc-convergent sequence of

almost complex structures on Cn and uν : D̊ Ñ Cn is a sequence of Jν-holomorphic
maps, then for any k P N and p P p1,8q with kp ą 2, uniform W k,p-bounds for uν

imply C8
loc-convergence of a subsequence of uν, and similarly, W k,p-convergence of

uν implies C8
loc-convergence. �

Remark 2.4.12. We will take pains to avoid dealing with non-smooth almost
complex structures in this book, but in some applications they are unavoidable for
technical reasons. In such cases, one gets the most mileage out of Theorem 2.4.10 by
choosing p ą 2, as the Sobolev embedding theorem then implies that J-holomorphic
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curves of class W 1,p have at least as many continuous derivatives as J does. If one
instead starts with a curve u of class W

k,p
loc for some p ď 2 but kp ą 2, then since

k ě 2, one can use the Sobolev embedding theorem to argue (cf. Corollary 2.4.8)
that u is therefore also of class W 1,q

loc for some q ą 2, which leads to the same result.

To summarize: if J is of class Cm, then any J-holomorphic curve of class W k,p
loc for

some k, p with kp ą 2 is also of class Wm`1,q
loc for every q P p1,8q, and in particular

it is of class Cm.

Our proof of Theorem 2.4.10 will follow a similar outline to the proof of Theo-
rem 2.4.1, which can be interpreted as the special case where Jν ” i for all ν. The
reason it works more generally is that if we zoom in on a sufficiently small neigh-
borhood of one point in Cn, then J can be viewed as a Cm-small perturbation of i.
To make this precise, we shall use the following rescaling trick.

Associate to any Cm-smooth map J : Cn Ñ J pCnq the function

Q :“ i´ J P CmpCn,EndRpCnqq.
In terms of Q, the equation Bsu` JpuqBtu “ f then becomes

(2.10) B̄u´QpuqBtu “ f.

For any given point z0 P D̊, we can assume without loss of generality after an affine
change of coordinates on Cn that upz0q “ 0 and Jp0q “ i, so in particular Qp0q “ 0.
For any ǫ P p0, distpz0, BDqq and a fixed constant α P p0, 1q to be specified further
below, we now associate to J , u and f the functionspJ : Cn Ñ J pCnq, pJpxq :“ Jpǫαxq,pQ : Cn Ñ EndRpCnq, pQpxq :“ Qpǫαxq “ i´ pJpxq,

û : D̊Ñ Cn, ûpzq :“ 1

ǫα
upz0 ` ǫzq,

f̂ : D̊Ñ Cn, f̂pzq :“ ǫ1´αfpz0 ` ǫzq.

(2.11)

Then u satisfies (2.10) if and only if û satisfies

(2.12) B̄û´ pQpûqBtû “ f̂ .

The rescaled almost complex structure has the convenient feature that since Jp0q is
the standard complex structure i, choosing ǫ ą 0 small makes pJ arbitrarily Cm-close

to i on the compact set7 D2n Ă Cn, which means } pQ}CmpD2nq can be made arbitrarily
small. By Proposition 2.2.8, }û}W k,ppD̊q will likewise stay under control for ǫÑ 0 if we

choose α P p0, 1q such that α ď k´2{p, and in fact, choosing α to be slightly smaller
then ensures that we can make }û}W k,p an arbitrarily small multiple of }u}W k,p by
choosing ǫ ą 0 small. Since kp ą 2, this will also make }û}C0 arbitrarily small,
and we can therefore assume that û has image in D2n. By the assumption m ě k

and the continuity of the map Ck ˆW k,p ÑW k,p in Proposition 2.2.5, the function

7Here D2n denotes the closed unit ball in Cn “ R2n.
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DÑ EndRpCnq : z ÞÑ pQpûpzqq can then likewise be assumed to be arbitrarily W k,p-
small by choosing ǫ ą 0 small. The effect is that (2.12) can now be viewed as a

W k,p-close approximation of the linear equation B̄û “ f̂ .
The price we pay for this rescaling is that if we are able to prove e.g. a uniform

bound on the norms }ûν}W k`1,ppD̊rq for some sequence uν P W k,ppD̊q and r P p0, 1q,
then the resulting W k`1,p-bound for uν will be valid only on the ǫ-disk around the
point z0. But this point was chosen arbitrarily in D̊, so the result is a uniform bound
over some neighborhood of any interior point of D, and since a compact subset of
D̊ can be covered by finitely many such neighborhoods, that is enough to achieve
uniform bounds over compact subsets.

Remark 2.4.13. The rescaling trick described above is one of several reasons
why the condition kp ą 2 will be needed in the proof of Theorem 2.4.10, while it
was irrelevant in the linear case. Another reason is of course the Sobolev embedding
theorem, which guarantees that the solutions we consider are always continuous.
We will see when we study compactness in Chapter 7 that the statement in Theo-
rem 2.4.10 about uniform bounds is generally false when kp ď 2, and even when we
extend the statement about smoothness to allow kp ď 2 in §2.4.3, continuity will
have to be imposed as an explicit extra hypothesis.

Proof of Theorem 2.4.10. We will prove statement (2a) assuming that state-
ment (1) is already known, and leave the rest as exercises.

Since m ě k, it suffices to prove the statement for the case k “ m, as otherwise
the argument can always be repeated on slightly smaller disks at each step to increase
k until it reaches m. We therefore assume that a Ck

loc-convergent sequence Jν Ñ J

of functions Cn Ñ J pCnq and sequences uν , fν P W k,ppD̊,Cnq satisfying uniform
bounds

}uν}W k,p ďM, }fν}W k,p ďM

are given such that Bsuν ` JνpuνqBtuν “ fν , and we need to establish that uν is
also uniformly W k`1,p-bounded over compact subsets. (Note that we can assume

due to statement 1 in the theorem that each uν is of class W
k`1,p
loc .) It suffices in

fact to prove that every subsequence of uν has a further subsequence for which such
uniform bounds hold; indeed, if the bound for the whole sequence did not exist,
then we would be able to find a subsequence with norms blowing up to infinity over
some compact subset, and no further subsequence of this subsequence could satisfy
a uniform bound. With this understood, we can appeal to the compactness of the
inclusion W k,ppD̊q ãÑ C0pDq for kp ą 2 (see Proposition 2.2.2), and replace uν with
a subsequence (still denoted by uν) that is C

0-convergent on D to some continuous
map u : DÑ Cn.

For any given point z0 P D̊, we can now apply a converging sequence of affine
transformations to Cn in order to assume without loss of generality

uνpz0q “ 0 for all ν, and Jp0q “ i.

We then choose

(2.13) α P p0, 1q with α ă k ´ 2

p
,
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and apply the rescaling trick outlined above to replace uν , fν and Jν with the

corresponding rescalings ûν , f̂ν and pJν as defined in (2.11), defining also the related

functions pQν “ i´ pJν . We then have the equation B̄ûν ´ pQνpûνqBtûν “ f̂ν , with Ck-

convergence pQν Ñ pQ over D2n, where pQmay be assumed arbitrarily Ck-small on this
set by choosing ǫ ą 0 small. Since ûνp0q “ uνpz0q “ 0 for all ν, we can choose some
β ą α that also satisfies the conditions in (2.13) and then apply Propostion 2.2.8 to
obtain a bound

(2.14) }ûν}W k,p ď Cǫβ´α}uν}W k,p ď Cǫβ´αM

for some constant C ą 0 that is independent of ν and ǫ. We can therefore impose an
arbitrarily small uniform W k,p-bound (and therefore a similarly small C0-bound) on
ûν by choosing ǫ ą 0 small enough. For fν , it will suffice to know that the uniform
bound }fν}W k,p ďM implies a similar uniform bound

}f̂ν}W k,p ďMǫ

for some constant Mǫ ą 0 which may depend on ǫ, but not on ν. Our goal is now
to prove that for some fixed choice of the rescaling parameter ǫ ą 0, }Bjûν}W k,ppD̊rq
is uniformly bounded for j “ 1, 2 and some r P p0, 1q.

The argument begins exactly the same as in the linear case: choose a smooth
bump function

β P C8
0 pD̊, r0, 1sq

that satisfies β|Dr
” 1. We then have β Bjûν P W

k,p
0 pD̊q, so by Theorem 2.3.2,

(2.15) }Bjûν}W k,ppD̊rq ď }β Bjûν}W k,ppD̊q ď c
››B̄ pβ Bj ûνq

››
W k´1,ppD̊q .

If this were still the proof of Theorem 2.4.1, we would now apply the Leibniz rule
to write B̄pβ Bjûνq as a sum of two terms, but the nonlinear case requires some-
thing slightly cleverer at this step. Let us instead derive a PDE satisfied by β Bj ûν.

Differentiating the equation B̄ûν “ pQνpûνqBtûν ` f̂ν gives

B̄pBjûνq “ BjpB̄ûνq “ pQνpûνqBtBj ûν `D pQνpûνq pBjûν , Btûνq ` Bj f̂ν ,
where D pQν denotes the differential of pQν . In this calculation we have assumed that
the product and chain rules are universally valid, but this requires some care since
we are dealing with weak rather than classical derivatives: in fact, the chain rule can

be used for differentiating pQνpûνq according to Theorem A.2.6 since ûν is of class

W k,p with kp ą 2 and pQν is of class Ck, and Proposition A.2.4 then justifies the

product rule for pQνpûνqBtûν since pQνpûνq P W k,p, Btûν P W k´1,p, and the product
pairing W k,p ˆW k´1,p Ñ W k´1,p is continuous. Returning to the formula itself, we
now have

B̄pβ Bjûνq “ β pQνpûνqBtBjûν ` βD pQνpûνq pBjûν , Btûνq ` β Bj f̂ν ` pB̄βqBjûν

“ pQνpûνqBtpβ Bj ûνq `D pQνpûνq pβ Bjûν , Btûνq
` β Bj f̂ν ` pB̄βqBjûν ´ pQνpûνqpBtβqBjûν,
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so that β Bj ûν satisfies

B̄pβ Bjûνq ´ pQνpûνqBtpβ Bj ûνq “ D pQνpûνqpβ Bj ûν, Btûνq
`
´
B̄β ´ pQνpûνqBtβ

¯
Bjûν ` β Bj f̂ν .

Combining this with (2.15) gives

(2.16) }β Bjûν}W k,p ď c
›› pQνpûνqBtpβ Bjûνq

››
W k´1,p ` c

››D pQνpûνqpβ Bj ûν, Btûνq
››
W k´1,p

` c
›››´B̄β ´ pQνpûνqBtβ

¯
Bjûν ` β Bj f̂ν

›››
W k´1,p

.

It is important to note that the constant c ą 0 in this expression comes from the
elliptic estimate }g}W k,p ď c}B̄g}W k´1,p, so it is the same constant regardless of our
choice of the scaling parameter ǫ. Let’s look at each of the three terms on the right
hand side separately.

Step 1: The third term.
We claim that the term on the second line of (2.16) satisfies a uniform bound. For

the terms in this expression that only involve products of Bjûν or Bj f̂ν with smooth

functions, this follows immediately from the uniform W k,p-bounds on ûν and f̂ν . For

the term involving pQνpûνq we observe that since pQν Ñ pQ in Ck on D2n and ûν can be
assumed to lie in aW k,p-small neighborhood of 0 for every ν, Proposition 2.2.5 placespQνpûνq into aW k,p-small neighborhood of 0 for ν sufficiently large, meaning this term
is uniformlyW k,p-bounded. Its product with Bjûν is then uniformlyW k´1,p-bounded
due to the continuous product pairing W k,p ˆW k´1,p ÑW k´1,p from Prop. 2.2.4.

Step 2: The first term.

The tricky aspect of the first term in (2.16) is that it involves kth derivatives of
β Bj ûν, which are actually what we were trying to bound in the first place. What

saves the situation is the smallness of pQνpûνq: indeed, we have seen above that this
term can be assumed arbitrarily W k,p-small as ν Ñ8 if ǫ ą 0 is chosen sufficiently
small. The continuous product pairing W k,p ˆW k´1,p Ñ W k´1,p gives a bound

c
›› pQνpûνqBtpβ Bj ûνq

››
W k´1,p ď c1

›› pQνpûνq
››
W k,p ¨ }Btpβ Bjûνq}W k´1,p

ď c1
›› pQνpûνq

››
W k,p ¨ }β Bjûν}W k,p,

where c1 ą 0 is yet another constant that does not depend on ǫ. With this in mind,
let us now choose ǫ ą 0 small enough to ensure›› pQνpûνq

››
W k,p ă 1

3c1
.

Step 3: The second term.

We observe first that D pQν Ñ D pQ in Ck´1, and depending on whether p ą 2 or

p ď 2, slightly different tricks can now be used to bound D pQνpûνq. If p ą 2, then
W k,p has a continuous inclusion into Ck´1 and we can therefore assume the ûν all lie
in a fixed Ck´1-small neighborhood of 0, implying that D pQνpûνq is uniformly Ck´1-
bounded. If on the other hand p ď 2, then the condition kp ą 2 requires k ě 2,
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and we can instead make use of a Sobolev embedding of the form W k,p ãÑ W k´1,q.
Indeed, choose any q P rp,8q such that the condition

0 ă k ´ 1´ 2

q
ď k ´ 2

p

is satisfied; this is clearly possible since k´1´ 2
p
ă k´ 2

p
and k´1´ 2

8 “ k´1 ě k´ 2
p

and p ď 2. Proposition 2.2.2 now provides a continuous inclusion W k,p ãÑ W k´1,q,
and since pk ´ 1qq ą 2, there is also a continuous pairing Ck´1 ˆW k´1,q Ñ W k´1,q

from Proposition 2.2.5, implying that D pQνpûνq is uniformly W k´1,q-bounded. In
either case, the bounds can be assumed independent of the scaling parameter ǫ,
and since both Ck´1 and W k´1,q admit continuous product pairings with W k´1,p,
combining this with the product pairing W k,p ˆW k´1,p Ñ W k´1,p then leads to a
bound of the form

c
››D pQνpûνqpβ Bjûν , Btûνq

››
W k´1,p ď c1}β Bjûν}W k,p ¨ }Btûν}W k´1,p

for a constant c1 ą 0 that is independent of ν and ǫ. By (2.14), we can now choose
ǫ ą 0 small enough so that

}Btûν}W k´1,p ď }ûν}W k,p ă 1

3c1

for all ν.
Conclusion.

Combining the three estimates above for the terms on the right hand side of (2.16)
now gives an inequality of the form

}β Bjûν}W k,p ď c2 ` 2

3
}β Bjûν}W k,p,

where c2 ą 0 is the bound obtained in step 1. We conclude }β Bjûν}W k,p ď 3c2, and
have thus found a uniform bound for }ûν}W k`1,ppD̊rq. �

Exercise 2.4.14. Use an analogous argument via difference quotients to prove
statement (1) in Theorem 2.4.10. Hint: If you’re anything like me, you might get

stuck trying to estimate the difference quotient analogues of the terms in (2.16)

that involve derivatives of pQν . The difficulty is that this expression was derived

using the chain rule for derivatives, and there is no similarly simple chain rule for

difference quotients. The trick is to remember that difference quotients only differ

from the corresponding derivatives by a remainder term. The remainder will produce

extra terms in the difference quotient version of (2.16), but the extra terms can be

bounded.

2.4.3. The nonlinear case: from W 1,p X C0 to W 1,q. The proof of Gro-
mov’s removable singularity theorem in Chapter 7 will require a stronger variant of
Theorem 2.4.10(1) for honest J-holomorphic curves (with no inhomogeneous term),
in which the hypothesis kp ą 2 is relaxed. In the absence of this condition, it is
no longer automatic from the Sobolev embedding theorem that our weak solution
u : D̊Ñ Cn is continuous, but continuity will be needed in the proof, so we impose
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it as an explicit hypothesis. For this statement we can also get away with allow-
ing J to be continuous but not differentiable, though the conclusion in that case is
correspondingly modest.

Theorem 2.4.15 (Nonlinear regularity, kp ď 2 version). Assume 1 ă p ă 8,
m ě 0 is an integer, and J : Cn Ñ J pCnq is of class Cm. Then every weak solution

u : D̊ Ñ Cn to the nonlinear Cauchy-Riemann equation Bsu ` JpuqBtu “ 0 that is

continuous and of class W 1,p on D̊ is also of class Wm`1,q
loc on D̊ for every q P p1,8q.

In particular, u is of class Cm.

In light of the bootstrapping result in the previous subsection, Theorem 2.4.15
will follow immediately if we can prove it in the case m “ 0, where the statement
is really that a solution of class W 1,p X C0 is also of class W

1,q
loc for any q ą p, in

particular for some q ą 2. The following lemma to that effect is adapted from an
argument due to Sikorav, cf. [Sik94, Prop. 2.3.6(i)].

Lemma 2.4.16. Assume 1 ă p, q ă 8 and J is a continuous almost complex
structure on Cn. If u P C0pDq XW 1,ppD̊q is a weak solution to the equation Bsu `
JpuqBtu “ 0, then u is also of class W 1,q on all compact subsets of D̊.

Proof. There is nothing to prove if q ď p, so we assume throughout that q ą p,
and that u : D Ñ Cn is in W 1,p X C0 and is J-holomorphic. Given z0 P D̊, we can
assume after changing coodinates on Cn that upz0q “ 0 and Jp0q “ i. As in the
proof of Theorem 2.4.10, we then write Q :“ i ´ J : Cn Ñ EndRpCnq and consider
rescaled functions of the formpJ : Cn Ñ J pCnq, pJpxq :“ Jpx{Rq,pQ : Cn Ñ EndRpCnq, pQpxq :“ Qpx{Rq “ i´ pJpxq,

û : DÑ Cn, ûpzq :“ Rupz0 ` ǫzq,
(2.17)

where ǫ P p0, 1s and R ě 1 are constants, so that u is J-holomorphic if and only if
û satisfies

(2.18) B̄û´ pQpûqBtû “ 0.

Choosing R ě 1 sufficiently large makes pQ arbitrarily C0-small on the unit disk
D2n Ă Cn, and after fixing R in this way, we can (since u is continuous) choose
ǫ P p0, 1s sufficiently small to ensure ûpDq Ă D2n. In this way, we are allowed to
assume

} pQpûq}C0pDq ă δ

for some small constant δ ą 0, which can always be made smaller if necessary by
adjusting R and ǫ. Consider the bounded linear operator

DQ :“ B̄ ´ pQpûqBt : W 1,ppD̊,Cnq Ñ LppD̊,Cnq,
which has û P kerDQ by (2.18), and observe thatDQ is close to B̄ : W 1,ppD̊q Ñ LppD̊q
in the operator norm if δ is sufficiently small. Fix r P p0, 1q and a smooth compactly

supported function β P C8
0 pD̊q with β|Dr

” 1. The Leibniz rule gives

DQpβûq “
´
B̄β ´ pQpûqBtβ¯ û P C0pDq,
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hence DQpβûq P LqpD̊q. The rough outline of our argument will now be as follows.

Recall from §2.3 that B̄ : W 1,ppD̊q Ñ LppD̊q has a bounded right inverse T : LppD̊q Ñ
W 1,ppD̊q, given by the convolution Tf :“ K ˚ f with a fundamental solution K P
L1
locpCq to the B̄-equation. We saw also via Lemma 2.3.3 that whenever f is smooth

with compact support on C, one has f “ T pB̄fq, so by density, the same is true for

every f P W
1,p
0 pD̊q. Since LqpD̊q Ă LppD̊q for q ą p, the same convolution operator

restricts to LqpD̊q as a bounded right inverse of B̄ : W 1,qpD̊q Ñ LqpD̊q, and also

satisfies T B̄pβûq “ βû since βû P W
1,p
0 pD̊q. The fact that DQ : W 1,p Ñ Lp is close

to B̄ implies that it also has a bounded right inverse

TQ : LppD̊q ÑW 1,ppD̊q,
which we expect should similarly restrict to Lq as a right inverse of DQ : W 1,q Ñ Lq

and satisfy βû “ TQDQpβûq. If we can justify that expectation, then it implies

βû P W 1,qpD̊q and thus û P W 1,qpD̊rq, as we’ve already seen that DQpβûq is in

LqpD̊q. The consequence for the original map u P W 1,ppD̊q will be that its restriction
to a sufficiently small disk around the arbitrarily chosen point z0 P D̊ is of class W 1,q.

To put this discussion on solid ground, let us write down TQ : LppD̊q ÑW 1,ppD̊q
more explicitly. The relation B̄ ˝ T “ 1 gives

DQ ˝ T “ 1´ pQpûqBt ˝ T : LppD̊q Ñ LppD̊q,
and this operator is clearly invertible if δ is sufficiently small; note that the necessary
threshold for δ depends only on the norm of T : LppD̊q Ñ W 1,ppD̊q, and not in any
way on u, ǫ or R. In fact, we can also assume (possibly after shrinking δ further)

that 1´ pQpûqBt ˝ T is an invertible operator on LqpD̊q. A natural definition for TQ

is then

TQ :“ T
´
1´ pQpûqBt ˝ T¯´1

: LppD̊q ÑW 1,ppD̊q,
which has the desired property of restricting to LqpD̊q as a bounded right inverse

of DQ : W 1,qpD̊q Ñ LqpD̊q. Now using the relations T B̄pβûq “ βû and B̄T “ 1, we
compute,

TQDQpβûq “ T
´
1´ pQpûqBt ˝ T¯´1 pB̄ ´ pQpûqBtqpβûq

“ T
´
1´ pQpûqBt ˝ T¯´1 pB̄ ´ pQpûqBtqT B̄pβûq

“ T
´
1´ pQpûqBt ˝ T¯´1 ´B̄pβûq ´ pQpûqBtT B̄pβûq¯

“ T
´
1´ pQpûqBt ˝ T¯´1 ´

1´ pQpûqBt ˝ T¯ B̄pβûq
“ T B̄pβûq “ βû.

This validates the argument outlined above: sinceDQpβûq is in both Lp and Lq, βû “
TQDQpβûq is in both W 1,p and W 1,q, proving the first statement in the lemma. �

Exercise 2.4.17. Adapt the argument in the proof above to establish the follow-
ing variant of Theorem 2.4.10(2b): for a Cm

loc-convergent sequence of almost complex
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structures Jν Ñ J with m ě 0, any C0
loc-convergent sequence uν of Jν-holomorphic

curves that are also in W
1,p
loc for some p ą 1 actually converges in W

m`1,q
loc for every

q P p1,8q. In particular, C0
loc-convergence of uν implies Cm

loc-convergence.

Remark 2.4.18. Why is there no variant of Theorem 2.4.10(2a) for kp ď 2?
Well, the first step in the proof of Theorem 2.4.10(2a) was to use the compactness of
the Sobolev embedding W k,p ãÑ C0 to replace uν with a C0-convergent subsequence,
without which the local rescaling trick in that proof would not have worked. If every
W 1,p-bounded sequence similarly had a C0-convergent subsequence when p ď 2,
then we could plug it into Exercise 2.4.17 and conclude that there are uniform W 1,q-
bounds for some q ą 2, so that Theorem 2.4.10(2a) would then apply. But indeed,
the phenomenon of “bubbling” will demonstrate clearly in Chapter 7 that uniform
W 1,2-bounds do not guarantee a C0-convergent subsequence.

2.5. Linear local existence and the similarity principle

The following lemma can be applied in the case A P C8pD,EndCpCnqq to prove
the aforementioned standard fact that complex-linear Cauchy-Riemann type oper-
ators induce holomorphic structures on vector bundles. The version with weakened
regularity will be applied below to prove a useful “unique continuation” result about
solutions to pB̄ ` Aqf “ 0 in the real-linear case.

Lemma 2.5.1. Assume 2 ă p ă 8 and A P LppD̊,EndRpCnqq. Then for suffi-
ciently small ǫ ą 0, the problem

B̄u` Au “ 0

up0q “ u0

has a solution u P W 1,ppD̊ǫ,C
nq.

Remark 2.5.2. Note that u : D̊ǫ Ñ Cn in the above statement is only a weak
solution to B̄u ` Au “ 0, as it is not necessarily differentiable, but by the Sobolev
embedding theorem, it is at least continuous.

Proof of Lemma 2.5.1. The main idea is that if we take ǫ ą 0 sufficiently
small, then the restriction of B̄ ` A to D̊ǫ can be regarded as a small perturbation
of B̄ in the space of bounded linear operators W 1,p Ñ Lp. Since the latter has a
bounded right inverse by Theorem 2.3.1, the same will be true for the perturbation.

Since p ą 2, the Sobolev embedding theorem implies that functions u P W 1,p

are also continuous and bounded by }u}W 1,p, thus we can define a bounded linear
operator

Φ : W 1,ppD̊q Ñ LppD̊q ˆ Cn : u ÞÑ pB̄u, up0qq.
Theorem 2.3.1 implies that this operator is also surjective and has a bounded right
inverse, namely

LppD̊q ˆ Cn ÑW 1,ppD̊q : pf, u0q ÞÑ Tf ´ Tfp0q ` u0,

where T : LppD̊q Ñ W 1,ppD̊q is a right inverse of B̄. Thus any operator sufficiently
close to Φ in the norm topology also has a right inverse. Now define χǫ : DÑ R to
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be the function that equals 1 on Dǫ and 0 outside of it, and let

Φǫ : W
1,ppD̊q Ñ LppD̊q ˆ Cn : u ÞÑ ppB̄ ` χǫAqu, up0qq.

To see that this is a bounded operator, it suffices to check that W 1,p Ñ Lp : u ÞÑ Au

is bounded if A P Lp; indeed,

}Au}Lp ď }A}Lp}u}C0 ď c}A}Lp}u}W 1,p,

again using the Sobolev embedding theorem. Now by this same trick, we find

}Φǫu´ Φu} “ }χǫAu}LppD̊q ď c}A}LppD̊ǫq}u}W 1,ppD̊q,

thus }Φǫ ´ Φ} is small if ǫ is small, and it follows that in this case Φǫ is surjective.

Our desired solution is therefore the restriction of any u P Φ´1
ǫ p0, u0q to D̊ǫ. �

Here is a corollary, which says that every solution to a real-linear Cauchy-
Riemann type equation looks locally like a holomorphic function in some continuous
local trivialization.

Theorem 2.5.3 (Similarity principle). Suppose A : D Ñ EndRpCnq is of class

Lp for some p ą 2 and u P W 1,ppD̊,Cnq is a weak solution to the equation B̄u `
Au “ 0 with up0q “ 0. Then for sufficiently small ǫ ą 0, there exist maps Φ P
C0pDǫ,EndCpCnqq and f P C8pD̊ǫ,C

nq such that

upzq “ Φpzqfpzq, B̄f “ 0, and Φp0q “ 1.

Proof. The solution u : D̊ Ñ Cn is necessarily continuous and bounded, by
the Sobolev embedding theorem. Choose a function C : D Ñ EndCpCnq satisfying
Cpzqupzq “ Apzqupzq and |Cpzq| ď |Apzq| for almost every z P D. Then C P
LppD̊,EndCpCnqq and u is a weak solution to pB̄ ` Cqu “ 0. Note that even if A
were assumed to be smooth, we do not yet know anything about the zero set of u
and thus could not assume C is continuous, though we have no trouble achieving
C P LppD̊q for some p ą 2.

Since B̄ ` C is now complex linear, we can use Lemma 2.5.1 to find n weak
solutions of classW 1,p to pB̄`Cqv “ 0 on D̊ǫ that define the standard complex basis of
Cn at 0, and these solutions are continuous by the Sobolev embedding theorem. This
gives rise to a map Φ P W 1,ppD̊ǫ,EndCpCnqq that satisfies pB̄ `CqΦ “ 0 in the sense
of distributions and Φp0q “ 1. Since Φ is continuous, we can assume without loss of

generality that Φpzq is invertible everywhere on D̊ǫ. Setting f :“ Φ´1u : D̊ǫ Ñ Cn,
the Leibniz rule then implies

0 “ pB̄ ` Cqu “ pB̄ ` CqpΦfq “ “pB̄ ` CqΦ‰ f ` ΦpB̄fq “ ΦpB̄fq.
Note that the use of the Leibniz rule in this situation is justified by Proposition A.2.4
in light of the continuous product pairing W 1,p ˆ W 1,p Ñ W 1,p. It follows that
B̄f “ 0, and f is smooth by Lemma 2.4.6. �

Corollary 2.5.4 (Unique continuation). SupposeD is a linear Cauchy-Riemann
type operator on a vector bundle E over a connected Riemann surface, and η P ΓpEq
satisfies Dη “ 0. Then either η is identically zero or its zeroes are isolated. �
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The similarity principle also has many nice applications for the nonlinear Cauchy-
Riemann equation. Here is another “unique continuation” type result for the non-
linear case.

Proposition 2.5.5. Suppose J is a smooth almost complex structure on Cn and
u, v : D̊Ñ Cn are smooth J-holomorphic curves such that up0q “ vp0q “ 0 and u and
v have matching partial derivatives of all orders at 0. Then u ” v on a neighborhood
of 0.

Proof. Let h “ v ´ u : D̊Ñ Cn. We have

(2.19) Bsu` JpupzqqBtu “ 0

and

Bsv ` JpupzqqBtv “ Bsv ` JpvpzqqBtv ` rJpupzqq ´ Jpvpzqqs Btv
“ ´ rJpupzq ` hpzqq ´ Jpupzqqs Btv
“ ´

ˆż 1

0

d

dτ
Jpupzq ` τhpzqq dτ

˙
Btv

“ ´
ˆż 1

0

dJpupzq ` τhpzqq ¨ hpzq dτ
˙
Btv “: ´Apzqhpzq,

(2.20)

where the last step defines a smooth family of linear maps Apzq P EndRpCnq. Sub-
tracting (2.19) from (2.20) gives the linear equation

Bshpzq ` J̄pzqBthpzq ` Apzqhpzq “ 0,

where J̄pzq :“ Jpupzqq. This is a linear Cauchy-Riemann type equation on a trivial

complex vector bundle over D̊ with complex structure J̄pzq on the fiber at z. The
similarity principle thus implies hpzq “ Φpzqfpzq near 0 for some holomorphic func-
tion fpzq P Cn and some continuous map Φpzq P GLp2n,Rq representing a change of
trivialization. Now if h has vanishing derivatives of all orders at 0, Taylor’s formula
implies

lim
zÑ0

|Φpzqfpzq|
|z|k “ 0

for all k P N, so f must also have a zero of infinite order and thus f ” 0. �

Remark 2.5.6. For most applications of the similarity principle, the zeroth-
order term A : DÑ EndRpCnq can be assumed smooth, but it is occasionally useful
to know that weaker regularity hypotheses are also sufficient. One situation that
arises very naturally in SFT, for instance, is when the equation pB̄ ` Aqu “ 0 on
pD, iq is derived from a similar equation on the half-cylinder pr0,8q ˆ S1, iq via
the biholomorphic transformation r0,8qˆS1 Ñ Dzt0u : ps, tq ÞÑ e´2πps`itq, in which
case the zeroth-order term is defined almost everywhere on D but may be unbounded
near 0. In this context, the condition A P Lp with p ą 2 in Theorem 2.5.3 becomes
crucial, and the statement turns out to be false without it; see Exercise 4.8.1 for a
hint on how to derive explicit counterexamples.
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2.6. Simple curves and multiple covers

We now prove a global result about the structure of closed J-holomorphic curves.
In Chapter 6 we will be able to generalize it in a straightforward way for punctured
holomorphic curves with asymptotically cylindrical behavior.

Theorem 2.6.1. Assume pΣ, jq is a closed connected Riemann surface, pW,Jq
is a smooth almost complex manifold and u : pΣ, jq Ñ pW,Jq is a nonconstant
pseudoholomorphic curve. Then there exists a factorization u “ v ˝ ϕ, where

‚ ϕ : pΣ, jq Ñ pΣ1, j1q is a holomorphic map of positive degree to another
closed and connected Riemann surface pΣ1, j1q;

‚ v : pΣ1, j1q Ñ pW,Jq is a pseudoholomorphic curve which is embedded except
at a finite set of self-intersections and non-immersed points.8

Note that holomorphic maps pΣ, jq Ñ pΣ1, j1q of degree 1 are always diffeomor-
phisms, so the factorization u “ v ˝ϕ in this case is just a reparametrization, and u

is then called a simple curve. In all other cases, k :“ degpϕq ě 2 and ϕ is in general
a branched cover; we then call u a k-fold branched cover of the simple curve v.

The main idea in the proof is to construct Σ1 (minus some punctures) explicitly
as the image of u after removing finitely many singular points, so that we can take
v to be the inclusion Σ1 ãÑ W . The map ϕ : Σ Ñ Σ1 is then uniquely determined.
In order to carry out this program, we need some information on what the image
of u can look like near each of its singularities. These come in two types, each type
corresponding to one of the lemmas below, both of which should seem immediately
plausible if your intuition comes from complex analysis.

Lemma 2.6.2 (Intersections). Suppose u : pΣ, jq Ñ pW,Jq and v : pΣ1, j1q Ñ
pW,Jq are two nonconstant pseudoholomorphic curves with an intersection upzq “
vpz1q. Then there exist neighborhoods z P U Ă Σ and z1 P U 1 Ă Σ1 such that

either upUq “ vpU 1q or upUztzuq X vpU 1q “ upUq X vpU 1ztz1uq “ H.

�

Proof in the special case dupzq ‰ 0. While the proof of this lemma in full
generality is somewhat involved, it becomes a simple application of the similarity
principle (Theorem 2.5.3) if we additionally asume that either dupzq or dvpz1q is
nonzero. We can choose holomorphic local coordinates near z P Σ and z1 P Σ1
and smooth coordinates near upzq “ vpz1q P W so that without loss of generality,
pΣ, jq “ pΣ1, j1q “ pD, iq with z “ z1 “ 0, W “ Cn and up0q “ vp0q “ 0. If
dup0q ‰ 0, then we can also arrange these coordinates so that

upzq “ pz, 0q and Jpz, 0q “ i;

8It follows from the Cauchy-Riemann equation that if u : pΣ, jq Ñ pW,Jq is J-holomorphic,
then at each point z P Σ, its first derivative dupzq : TzΣÑ TupzqW is either injective or trivial. We
are referring to points with dupzq “ 0 as non-immersed points of u. The term “critical points”
is also commonly used for this condition, but is slightly at odds with the usual definition of that
term when dimW ě 4 since, strictly speaking, every point is critical in the sense that dupzq can
never be surjective.
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indeed, this is a simple matter of restricting u to a smaller disk on which it is
an embedding, rescaling to replace the smaller disk with D, then extending the
resulting embedding to an embedding D ˆ D2n´2

ǫ ãÑ Cn with its derivatives in the
normal direction along Dˆt0u specified to be complex linear. In these coordinates,
for each pz, wq P Cˆ Cn´1 we have

Jpz, wq ´ i “
ż 1

0

d

dτ
Jpz, τwq dτ “

ż 1

0

D2Jpz, τwqw dτ “
ˆż 1

0

D2Jpz, τwq dτ
˙
w

“: Bpz, wqw,
defining a smooth map B : Cn Ñ HomRpCn´1,EndRpCnqq.

Now writing vpzq “ pϕpzq, fpzqq P C ˆ Cn´1, the nonlinear Cauchy-Riemann
equation for v gives

0 “ Bsv ` JpvqBtv “ Bsv ` i Btv ` rBpϕ, fqf sBtv,
and applying the projection π : Cˆ Cn´1 Ñ Cn´1 to this equation produces

0 “ B̄f ` Af,

where A : DÑ EndRpCn´1q is a smooth map defined by

Apzqw :“ πrBpϕpzq, fpzqqwsBtvpzq.
The similarity principle therefore implies that either f vanishes identically near 0 or
its zero at the origin is isolated. �

Lemma 2.6.3 (Branching). Suppose u : pΣ, jq Ñ pW,Jq is a nonconstant pseu-
doholomorphic curve and z0 P Σ is a non-immersed point of u. Then a neighborhood
U Ă Σ of z0 can be biholomorphically identified with the unit disk D Ă C such that

upzq “ vpzkq for z P D “ U ,

where k P N, and v : D Ñ W is an injective J-holomorphic map with no non-
immersed points except possibly at the origin. �

These two local results follow from a well-known formula of Micallef and White
[MW95] describing the local behavior of J-holomorphic curves near non-immersed
points and their intersections. The proof of that theorem is analytically quite in-
volved, but one can also use an easier “approximate” version, which is proved in
[Wen20, Appendix B.2] (see Remark 2.8.5 at the end of this chapter for further
discussion of this). Since both are closely related to the phenomenon of unique
continuation, you will not be surprised to learn that even beyond the “easy” case
of Lemma 2.6.2 treated above, the similarity principle plays a role in the proof: the
main idea is again to exploit the fact that locally J is always a small perturbation
of i, hence the local behavior of J-holomorphic curves is also similar to the integrable
case.

Proof of Theorem 2.6.1. Let Critpuq “ tz P Σ | dupzq “ 0u denote the set
of non-immersed points, and define ∆ Ă Σ to be the set of all points z P Σ such that
there exists z1 P Σ and neighborhoods z P U Ă Σ and z1 P U 1 Ă Σ with upzq “ upz1q
but upUztzuq X upU 1ztz1uq “ H.
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The lemmas quoted above imply that both of these sets are discrete. Both
are therefore finite, and the set 9Σ1 “ upΣzpCritpuq Y ∆qq Ă W is then a smooth
submanifold of W with J-invariant tangent spaces, so it inherits a natural complex
structure j1 for which the inclusion p 9Σ1, j1q ãÑ pW,Jq is pseudoholomorphic. We

shall now construct a new Riemann surface pΣ1, j1q from which p 9Σ1, j1q is obtained

by removing a finite set of points. Let p∆ “ pCritpuq Y ∆q{ „, where two points
in Critpuq Y ∆ are defined to be equivalent whenever they have neighborhoods in

Σ with identical images under u. Then for each rzs P p∆, the branching lemma
provides an injective J-holomorphic map urzs from the unit disk D onto the image
of a neighborhood of z under u. We define pΣ1, j1q by

Σ1 “ 9Σ1 YΦ

¨̋ ž
rzsPp∆

D‚̨,

where the gluing map Φ is the disjoint union of the maps urzs : Dzt0u Ñ 9Σ1 for
each rzs P p∆; since this map is holomorphic, the complex structure j1 extends from
9Σ1 to Σ1. Combining the maps urzs : D Ñ W with the inclusion 9Σ1 ãÑ W now

defines a pseudoholomorphic map v : pΣ1, j1q Ñ pW,Jq which restricts to 9Σ1 as an
embedding and otherwise has at most finitely many non-immersed points and double
points. Moreover, the restriction of u to ΣzpCritpuqY∆q defines a holomorphic map

to p 9Σ1, j1q which extends by removal of singularities to a proper holomorphic map
ϕ : pΣ, jq Ñ pΣ1, j1q such that u “ v ˝ ϕ. Its holomorphicity implies that it has
positive degree. �

2.7. Nonlinear local existence

Another consequence of the local regularity estimates for B̄ is a nonlinear version
of the local existence result in §2.5. One of its important consequences is the basic
fact (originally a theorem of Gauss about conformal structures on surfaces) that all
almost complex structures on a Riemann surface are integrable. In that context, we
will sometimes also make use of the stability property written into Theorem 2.7.1
below: it implies that local holomorphic charts on sufficiently small regions can be
perturbed smoothly under small perturbations of the complex structure.

For functions fps, tq on domains in C with complex coordinate z “ s ` it, it is
often convenient to regard f formally as a function of the variables z “ s ` it and
z̄ “ s´ it, so that its partial derivatives are written as complex-linear combinations
of

Bf
Bz :“ 1

2
pBs ´ i Btq f, and

Bf
Bz̄ :“ 1

2
pBs ` i Btq f.

Holomorphic functions are thus distinguished by the fact that since Bf
Bz̄ ” 0, their

derivatives of all orders are fully determined by Bkf
Bzk for k ě 0. It is not hard to

show that the latter also holds for J-holomorphic curves u : pD, iq Ñ pCn, Jq at any
point z P D such that Jpupzqq “ i; this follows by computing higher derivatives of
the nonlinear Cauchy-Riemann equation at such a point.
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Theorem 2.7.1. Assume J is a smooth almost complex structure on Cn with
Jp0q “ i, and a1, . . . , am P Cn are constants for some m ě 0. Then:

(1) For any ǫ ą 0 sufficiently small, there exists a J-holomorphic map u :

pDǫ, iq Ñ pCn, Jq satisfying up0q “ 0 and Bku
Bzk p0q “ ak for each k “ 1, . . . , m.

(2) Given a J-holomorphic map u : pDr, iq Ñ pCn, Jq on a disk of some radius
r ą 0 satisfying up0q “ 0, if xν P Cn is a sequence converging to 0, Jν Ñ J

is a C8
loc-convergent sequence of almost complex structures on Cn and ǫ ą 0

is sufficiently small, then there also exists for ν sufficiently large a sequence
of Jν-holomorphic maps uν : pDǫ, iq Ñ pCn, Jνq that satisfy uνp0q “ xν and
are C8-convergent to u|Dǫ

.

Remark 2.7.2. By an easy modification of the proof below, one could if desired
also impose a converging sequence of constraints on finitely many derivatives of the
sequence of maps uν in the second part of the statement.

Remark 2.7.3. There is no uniqueness in Theorem 2.7.1, nor should one expect

it: in the case J ” i, specifying Bku
Bzk p0q for all k ě 0 up to some finite order still leaves

an infinite-dimensional space of solutions to B̄u “ 0. On the other hand, specifying
these derivatives for all k ě 0 produces uniqueness but kills existence: there is a
unique holomorphic Taylor series that has the correct derivatives, but it might have
zero radius of convergence.

There are two main ingredients behind the proof of Theorem 2.7.1. One is the
existence of a bounded right inverse to the operator B̄ : W k,ppD̊q Ñ W k´1,ppD̊q for
every k P N and p P p1,8q, as provided by the fundamental elliptic estimates of
§2.3 and Exercise 2.4.5. The other is the extension of standard differential calculus
to functions defined on open subsets of Banach spaces, as presented e.g. in [Lan93,
Lan99]. In particular, the surjectivity of B̄ will be needed as a hypothesis for
applying the implicit function theorem to a differentiable map between open subsets
of infinite-dimensional Banach spaces, thereby proving that the zero-set of that map
is a differentiable Banach submanifold. We will make considerably more use of that
machinery in later chapters, typically in the context of smooth Banach manifolds
and Banach space bundles (cf. §8.2). Since it is not entirely trivial in such settings
to determine whether certain maps are differentiable, it will be useful to keep the
following extension of the Ck-continuity property from Proposition 2.2.5 in mind:

Proposition 2.7.4. Under the same assumptions as in Proposition 2.2.5, if the
open set Ω Ă Rn is convex,9 then the map

Φ : Ck`rpΩ,RNq ˆW k,ppU ,Ωq Ñ W k,ppU ,RNq : pf, uq ÞÑ f ˝ u
is of class Cr for each r P N, and its first partial derivatives are given by

D1Φpf, uqg “ g ˝ u, D2Φpf, uqv “ pDf ˝ uqv,
where the second expression makes sense due to Propositions 2.2.4 and 2.2.5 and
should be understood as the pointwise product of the two W k,p-functions Df ˝ u :
U Ñ HompRn,RNq and v : U Ñ Rn.

9The convexity assumption on Ω Ă Rn is inessential, and can be relaxed at the cost of more
cumbersome notation, cf. the setup for Theorem A.2.6.
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Proof. The main step is to prove that for any fixed f P Ck`1pΩ,RN q, the map

Ψf : W k,ppU ,Ωq Ñ W k,ppU ,RNq : u ÞÑ f ˝ u
is differentiable, and its derivative is given by

(2.21) DΨfpuq “ ΨDfpuq.
The latter is a continuous function W k,ppU ,Ωq Ñ W k,ppU ,HompRn,RNqq by Propo-
sition 2.2.5 since Df is of class Ck. If (2.21) is established, then by induction, Ψf

is of class Cr whenever f is of class Ck`r for some r P N. The partial derivatives of
Φpf, uq with respect to f are easier to handle since it is a linear function of f , so for
instance the stated formula for D1Φpf, uq is obviously correct and Proposition 2.2.5
implies that it is continuous. In this way, one can proceed inductively to show that
all partial derivatives of Φ up to order r exist and are continuous; we will leave the
details of this inductive argument as an exercise (cf. [Wenb, Lemma 2.12.7]). By a
standard theorem in differential calculus (see [Lan93, Chapter XIII, Theorem 7.1]),
it will follow that Φ is of class Cr.

The proof of (2.21) proceeds as follows. For η P W k,ppU ,Rnq sufficiently small,
we can exploit the convexity of Ω to write

Ψfpu` ηq “ Ψf puq ` rf ˝ pu` ηq ´ f ˝ us “ Ψfpuq `
ż 1

0

d

dt
f ˝ pu` tηq dt

“ Ψf puq `
ˆż 1

0

Df ˝ pu` tηq dt
˙
η

“: Ψfpuq ` pDf ˝ uqη ` rθ ˝ pu` η, uqs η,

(2.22)

where for the last step we define a function θ : Ωˆ ΩÑ HompRn,RNq by
θpx, yq :“

ż 1

0

rDfpp1´ tqy ` txq ´Dfpyqs dt.
This function is of class Ck since f is in Ck`1, and Proposition 2.2.5 thus implies
that the map

Ψθ : W
k,ppU ,Ωˆ Ωq ÑW k,ppU ,HompRn,RNqq : pu, vq ÞÑ θ ˝ pu, vq

is continuous, implying in particular that θ ˝ pu ` η, uq “ Ψθpu ` η, uq is W k,p-
convergent to Ψθpu, uq “ θ ˝ pu, uq “ 0 as η Ñ 0 in W k,p. This allows us to rewrite
(2.22) as

Ψfpu` ηq “ Ψfpuq `ΨDfpuqη `Ψθpu` η, uqη
and interpret it as the definition of the derivative of Ψf at u, with Ψθpu` η, uqη as
the remainder term. �

Proof of Theorem 2.7.1. Assume without loss of generality m ě 1. We can
apply a rescaling trick as in §2.4.2 to zoom in on a neighborhood of the origin in Cn,
which has the effect of identifying any smooth almost complex structure J on Cn

satisfying Jp0q “ i with one that is arbitrarily C8-close to the constant complex
structure i on any given compact subset. For existence, it therefore suffices to
prove the following claim: given any a1, . . . , am P Cn, one can find a radius R ą 0
and a C8-small neighborhood U of i in the space of all smooth almost complex
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structures on the disk D2n
R Ă Cn of radius R, such that for every J P U there exists

a J-holomorphic map

u : pD, iq Ñ pD̊2n
R , Jq

satisfying up0q “ 0 and Bku
Bzk p0q “ ak for all k “ 1, . . . , m. To start with, choose R ą 0

large enough so that the unique holomorphic polynomial of degreem satisfying these
conditions at the origin maps D into D̊2n

R ; this polynomial is then a solution to the
above problem for the case J ” i. Now pick any k P N and p P p1,8q with kp ą 2
and consider the sets

M :“
!
pJ, uq P Ck`m`1pD2n

R ,EndRpCnqq ˆW k`m,ppD̊, D̊2n
R q

ˇ̌ Bsu` JpuqBtu “ 0
)

MpJq :“
!
u P W k`m,ppD̊, D̊2n

R q
ˇ̌ pJ, uq PM

)
for J P Ck`m`1pD2n

R ,EndRpCnqq.
We can present M as the zero set of the map

Ck`m`1pD2n
R ,EndRpCnqq ˆW k`m,ppD̊, D̊2n

R q FÑ W k`m´1,ppD̊,Cnq,
pJ, uq ÞÑ Bsu` pJ ˝ uqBtu,

which we claim is of class C1. Indeed, the map Ck`m`1 ˆ W k`m,p Ñ W k`m,p :
pJ, uq ÞÑ J ˝ u is in C1 by Proposition 2.7.4, u ÞÑ Bsu and u ÞÑ Btu are bounded
linear maps W k`m,p ÑW k`m´1,p and thus smooth, and pJ ˝ u, Btuq ÞÑ pJ ˝ uqBtu is
the continuous bilinear product pairing W k`m,p ˆW k`m´1,p Ñ W k`m´1,p, thus also
smooth. Whenever J ” i and F pi, uq “ 0, the partial derivative of F with respect
to u is

D2F pi, uq “ B̄ : W k`m,ppD̊,Cnq ÑW k`m´1,ppD̊,Cnq,
which is surjective with a bounded right inverse by Exercise 2.4.5. It follows that
DF pi, uq is likewise surjective with a bounded right inverse, so that by the implicit
function theorem, a neighborhood of tiu ˆ Mpiq in M is a C1-smooth Banach

submanifold of Ck`m`1pD2n
R ,EndRpCnqq ˆW k`m,ppD̊,D2n

R q. Since functions of class

W k`m,p in D̊ with kp ą 2 have well-defined derivatives up to order m at every point,
it follows that the map

M
πÑ Ck`m`1pD2n

R ,EndRpCnqq ˆ Cnpm`1q,

pJ, uq ÞÑ
ˆ
J, up0q, BuBz p0q, . . . ,

Bmu
Bzm p0q

˙
is of class C1, and we claim that it is a submersion near tiu ˆ Mpiq. Indeed,
the tangent space Tpi,uqM is kerDF pi, uq, which contains t0u ‘ kerD2F pi, uq “
t0u‘ker B̄, i.e. the set of all pairs p0, fq such that f P W k`m,ppD̊,Cnq is a holomorphic
function. The map

M Ñ Ck`m`1pD2n
R ,EndRpCnqq : pJ, uq ÞÑ J

is a submersion near tiu ˆ Mpiq if and only if for every pi, uq P M and Y P
Ck`m`1pD2n

R ,EndRpCnqq, kerDF pi, uq contains an element of the form pY, fq for
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some f P W k`m,ppD̊,Cnq. This is true, since DF pi, uqpY, fq “ D1F pi, uqY `
D2F pi, uqf and D2F pi, uq “ B̄ is surjective. Now it suffices to observe that

Mpiq Ñ Cnpm`1q : u ÞÑ
ˆ
up0q, BuBz p0q, . . . ,

Bmu
Bzm p0q

˙
is likewise a submersion, because one can find holomorphic functions on C having
arbitrary values for their first m derivatives with respect to z at 0.

Since R ą 0 was chosen to ensure that π´1pi, 0, a1, . . . , amq is nonempty, the sub-
mersion property now enables us to find a neighborhood U Ă Ck`m`1pD2n

R ,EndRpCnqq
of i and a C1-smooth map

Ck`m`1pD2n
R ,EndRpCnqq Ą U ÑM : J ÞÑ pJ, uJq

such that πpJ, uJq “ pJ, 0, a1, . . . , amq for all J P U . For any J P U that is also
a smooth almost complex structure, the resulting map uJ will then be smooth by
elliptic regularity, and the proof of existence is thus complete.

For the result about convergent sequences, the same rescaling trick means that
it suffices to prove the result is true with r “ ǫ “ 1 under the assumption that
upDq Ă D̊2n

R and J is arbitrarily C8-close to i on D2n
R . Since rescaling can also

be used to make u arbitrarily close to 0 P W k,ppDn, D̊2n
R q, let us assume in par-

ticular that pJ, uq P M lies in the neighborhood of tiu ˆ Mpiq on which π is a
submersion. The submersion property then implies the existence of a neighborhood
V Ă Ck`m`1pD2n

R ,EndRpCnqq ˆ D2n
R of pJ, 0q and a C1-smooth map

Ck`m`1pD2n
R ,EndRpCnqq ˆ D2n

R Ą V ÑM : pJ 1, xq ÞÑ pJ 1, upJ 1,xqq
such that upJ,0q “ u and upJ 1,xqp0q “ x for each pJ 1, xq P V. Given the sequences
Jν Ñ J and xν Ñ 0, we can then set uν :“ upJν ,xνq; a priori this converges to u in
the W k,p-topology on D, so by elliptic regularity, it is also C8-convergent on Dr for
every r ă 1. �

Exercise 2.7.5. The standard complex structure i on the cylinder R ˆ S1 is
defined by iBs “ Bt and iBt “ ´Bs in the obvious coordinates ps, tq. The first-order
differential operator B̄ “ Bs ` iBt is thus defined for complex-valued functions on
Rˆ S1 or any subset thereof. Consider a compact subset of the form

Z :“ ra, bs ˆ S1 Ă Rˆ S1

for real numbers a ă b.

(a) Show that for each k P N and p P p1,8q, the operator B̄ : W k,ppZq Ñ
W k´1,ppZq is surjective with a bounded right inverse. Hint: pZ, iq is biholo-
morphically equivalent to a subset of the unit disk.

(b) Prove the following cylindrical analogue of the stability statement in The-
orem 2.7.1: for any C8

loc-convergent sequence jν Ñ i of complex struc-
tures on Rˆ S1, there exists for large ν a sequence of holomorphic embed-
dings pZ, iq ãÑ pR ˆ S1, jνq that is C8-convergent to the obvious inclusion
Z ãÑ Rˆ S1.
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2.8. The nonlinear equation on push-offs

In §2.1 we derived the linearized Cauchy-Riemann operator Du : Γpu˚TW q Ñ
Ω0,1pΣ, u˚TW q for a J-holomorphic curve u : pΣ, jq Ñ pW,Jq by linearizing the
nonlinear operator B̄Ju :“ du` Jpuq ˝ du ˝ j at u, where B̄J is imagined as a section
of a vector bundle E Ñ B over an infinite-dimensional manifold B consisting of maps
Σ Ñ W . In the big picture, Du is not just a first-order approximation of B̄J ; we
will show in this section that for nearby maps of the form u1 “ expupηq : Σ Ñ W

with η P Γpu˚TW q sufficiently small, the nonlinear equation B̄Ju1 “ 0 implies a
corresponding linear equation D1

uη “ 0 for some Cauchy-Riemann type operator D1
u

that is a small perturbation of Du. This is useful for the following reason: we will
devote considerable effort in the next few chapters to studying the properties of linear
Cauchy-Riemann type equations and their solutions. The ability to rewrite B̄Ju1 “ 0
as D1

uη “ 0 means that many of the linear results we prove imply corresponding
results for the nonlinear equation.

There is a basic idea from first-year analysis in the background: if f : U Ñ Rm

is a smooth map on some open domain U Ă Rn and fpxq “ 0 for some x P U , then
writing Dx :“ dfpxq : Rn Ñ Rm for its derivative and taking h P Rn sufficiently
small, one has

fpx` hq “
ż 1

0

d

dt
fpx` thq dt “

ż 1

0

dfpx` thqh dt “
ˆż 1

0

dfpx` thq dt
˙
h “: D1

xh,

where the integral in parentheses defines a linear operator D1
x : Rn Ñ Rm that

can be assumed arbitrarily close to Dx “ dfpxq “ ş1
0
dfpxq dt if h is sufficiently

small. A slightly subtle point here is that the definition of the map D1
x : Rn Ñ Rm

also depends on h, but in most applications this is immaterial, because we are
interested in drawing conclusions about nearby solutions x ` h to the nonlinear
equation fpx ` hq “ 0 from general theorems about solutions to linear equations
of the form D1

xh “ 0, and h is such a solution. But before we can carry out this
type of computation for the nonlinear section B̄J : B Ñ E and its linearization Du

at u P B̄´1
J p0q, we have two problems: first, f in the computation above was a

function valued in a single vector space, not a section of a vector bundle, and if it
had been the latter, we would at least have needed to choose a connection to identify
all the fibers in order for the computation to make sense. There is a more serious
problem, however, that is unique to our infinite-dimensional setting: one could use
a similarly general argument (with the aid of a connection) to rewrite B̄Jpexpu ηq
as D1

uη for some linear operator D1
u, but from this perspective, it would not be

obvious whether D1
u is also a Cauchy-Riemann type operator. That is something

we will need to know, because the linear results proved in the next few chapters
are valid specifically for Cauchy-Riemann type operators, and not necessarily for
arbitrary small perturbations of them in the space of all bounded linear operators.
The secret is to apply the integration trick used above to the finite-dimensional
geometric data in the Cauchy-Riemann equation, rather than applying it directly
to the infinite-dimensional section B̄J .
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To set up the first result, suppose u : pΣ, jq Ñ pW,Jq is a J-holomorphic curve
and write

E :“ u˚TW,

so E is a complex vector bundle over Σ with complex structure Jpupzqq at z P Σ.
It will be convenient in the following to write elements of the total space of vector
bundles such as E as pairs pz,Xq where z P Σ and X belongs to the fiber Ez “
TupzqW , thus the zero-section in E consists of all points of the form pz, 0q P E, and
at any such point there is a canonical isomorphism

(2.23) Tpz,0qE “ TzΣ‘ Ez,

the first factor being the tangent space to the zero-section, and the second the
vertical subspace of Tpz,0qE. Suppose O Ă u˚TW is a fiberwise-convex neighborhood
of the zero-section, and

Ψ : O Ñ W

is a smooth map whose restriction to the zero-section is u and whose derivative
there restricts to the second factor in (2.23) as the identity map Ez Ñ TupzqW . One
obvious way to define Ψ is as Ψpz,Xq “ expupzqX for a choice of connection on W ,
but the actual definition will be irrelevant in what follows. We will denote the set
of sections of E with image in O by

ΓpOq :“  
η P ΓpEq ˇ̌ pz, ηpzqq P O for all z P Σ

(
.

Theorem 2.8.1. Given a compact Riemann surface pΣ, jq, a J-holomorphic
curve u : pΣ, jq Ñ pW,Jq and a map Ψ : O Ñ W as described above, after pos-
sibly shrinking the neighborhood O Ă u˚TW of the zero-section, one can associate
to each J-holomorphic curve u1 : pΣ, jq Ñ pW,Jq of the form

u1pzq “ Ψpz, ηpzqq, η P ΓpOq Ă Γpu˚TW q
a linear Cauchy-Riemann type operator D on u˚TW such that Dη “ 0. Moreover,
if ηk Ñ 0 is a C8-convergent sequence of sections in ΓpOq such that the maps
u1kpzq :“ Ψpz, ηkpzqq are J-holomorphic curves u1k : pΣ, jq Ñ pW,Jq for all k, then
the associated linear Cauchy-Riemann type operators Dk satisfying Dkηk “ 0 are
also C8-convergent, with Dk Ñ Du.

It is perhaps worth emphasizing what Theorem 2.8.1 does not say: there is no
single linear operator D that makes the equations B̄Ju1 “ 0 and Dη “ 0 equivalent
for all maps of the form u1pzq “ pz, ηpzqq with η P ΓpOq. Instead, the operator
D in this statement is determined by the specific solution u1, and other nearby J-
holomorphic curves of the form u11pzq “ pz, η1pzqq will not need to satisfy Dη1 “ 0.
The point of this result is rather that we can deduce properties of the specific solution
u1 from the properties of solutions to the linear equation Dη “ 0.

Before launching into the proof, we state a slightly more elaborate variant that
will also come in useful. The idea is to consider a more general class of curves with
images near that of u, written in the form

u1 : pΣ1, j1q Ñ pW,Jq, u1pzq “ Ψpϕpzq, ηpzqq,
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where pΣ1, j1q is another Riemann surface, ϕ : Σ1 Ñ Σ is a smooth map that accounts
for deviations of u1 from u in directions tangential to u, and η is a vector field along
u ˝ ϕ that points in directions normal to u. To make this more precise, we assume
u˚TW is endowed with a splitting

u˚TW “ Tu ‘Nu

of complex vector bundles, where Tu Ă u˚TW is a line bundle such that

im dupzq Ă pTuqz for all z P Σ.

If u is an immersion, then the bundle Tu Ă u˚TW obviously exists and is uniquely
determined by this condition; we will show in Chapter 15 that this is in fact true
for every locally nonconstant J-holomorphic curve, even if dupzq vanishes at iso-
lated points. For now, we shall just assume the splitting exists, and refer to the
complementary complex subbundle Nu Ă u˚TW as the normal bundle of u. By
Exercise 2.1.5, writing the linearized Cauchy-Riemann operator Du in block form

Du “
ˆ

DT
u DTN

u

DNT
u DN

u

˙
: ΓpTuq ‘ ΓpNuq Ñ Ω0,1pΣ, Tuq ‘ Ω0,1pΣ, Nuq

with respect to this splitting gives rise to linear Cauchy-Riemann type operators DT
u

and DN
u on Tu and Nu respectively.

Definition 2.8.2. The operator DN
u : ΓpNuq Ñ Ω0,1pΣ, Nuq described above is

called the normal Cauchy-Riemann operator of u.

Given the neighborhood O Ă u˚TW of the zero-section in the statement of
Theorem 2.8.1, let us denote the resulting neighborhood in the total space of the
normal bundle by

ON :“ O XNu Ă Nu,

and also define pullbacks with respect to a smooth map ϕ : Σ1 Ñ Σ by

ϕ˚O :“  pz,Xq ˇ̌ z P Σ1 and pϕpzq, Xq P O
( Ă ϕ˚u˚TW,

ϕ˚ON :“  pz,Xq ˇ̌ z P Σ1 and pϕpzq, Xq P ON
( Ă ϕ˚Nu.

These give rise to corresponding sets of sections Γpϕ˚Oq Ă Γpϕ˚u˚TW q, Γpϕ˚ONq Ă
Γpϕ˚Nuq. We recall from Exercise 2.1.4 the notion of the pullback ϕ˚D of a linear
Cauchy-Riemann type operator D via a holomorphic map ϕ of Riemann surfaces.

Theorem 2.8.3. Given compact Riemann surfaces pΣ, jq and pΣ1, j1q, a non-
constant J-holomorphic curve u : pΣ, jq Ñ pW,Jq, and a map Ψ : O Ñ W and
splitting u˚TW “ Tu ‘Nu as described above, after possibly shrinking the neighbor-
hood O Ă u˚TW of the zero-section, one can associate to any J-holomorphic curve
u1 : pΣ1, j1q Ñ pW,Jq of the form

u1pzq “ Ψpϕpzq, ηpzqq, ϕ P C8pΣ1,Σq, η P Γpϕ˚ONq Ă Γpϕ˚Nuq
a linear Cauchy-Riemann type operator DN on ϕ˚Nu such that DNη “ 0. Moreover,
this association has the following continuity property: suppose we are given C8-
convergent sequences of

‚ complex structures j1k Ñ j1 on Σ1,
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‚ smooth maps ϕk Ñ ϕ from Σ1 to Σ, and
‚ sections ηk Ñ 0 of ϕk̊E,

such that ϕ : pΣ1, j1q Ñ pΣ, jq is holomorphic and u1kpzq :“ Ψpϕkpzq, ηkpzqq defines a
sequence of J-holomorphic curves u1k : pΣ1, j1kq Ñ pW,Jq. Then the associated linear
Cauchy-Riemann type operators DN

k on ϕk̊Nu over pΣ1, j1kq satisfying DN
k ηk “ 0 are

also C8-convergent, with DN
k Ñ ϕ˚DN .

Remark 2.8.4. Theorems 2.8.1 and 2.8.3 can also be applied in some situations
where Σ and Σ1 are not compact; notably, we will later use them in cases where
these are half-cylinders of the form prR,8qˆ S1, iq. A crucial detail in that setting
is that the ambient almost complex structure is translation-invariant, and therefore
satisfies global C8-bounds along the image of u, so that any quantitative convergence
estimate on a domain of the form rN ´r,N`rsˆS1 Ă rR,8qˆS1 becomes equally
valid for any N , and is therefore valid on the entire half-cylinder.

There is a common setup for the proofs of Theorems 2.8.1 and 2.8.3. We continue
to abbreviate E :“ u˚TW where u : pΣ, jq Ñ pW,Jq is a J-holomorphic curve, and
we assume O Ă E is a fiberwise-convex neighborhood of the zero-section Σ Ă E,
Ψ : O Ñ W is a smooth map satisfying Ψ|Σ “ u as described in the paragraph
preceding Theorem 2.8.1, pΣ1, j1q is a Riemann surface, ϕ : Σ1 Ñ Σ is a smooth map,
η is a section of ϕ˚E such that pϕpzq, ηpzqq P O for every z P Σ1, and u1 : Σ1 Ñ W

is the map u1pzq “ Ψpϕpzq, ηpzqq. Choose a linear connection ∇ on E; this extends
(2.23) to a splitting

(2.24) Tpz,vqE – TzΣ‘ Ez “ TzΣ‘ TupzqW

at every point pz, vq P E, where the factor TzΣ corresponds to the horizontal sub-
space and Ez to the vertical subspace. We shall always use this splitting when
talking about tangent vectors to the total space of E, so for instance, the derivative
of a path γptq “ pxptq, vptqq P E is now given by

9γptq “ p 9xptq,∇tvptqq P TxptqΣ‘ Exptq “ TγptqE.

We can now write the derivative of Ψ : O ÑW at a point pz,Xq in block form as

dΨpz,Xq “ `
αpz,Xq βpz,Xq˘ : TzΣ‘ Ez Ñ TΨpz,XqW,

and observe that the stated assumptions on Ψ imply

αpz, 0q “ dupzq : TzΣÑ Ez, and βpz, 0q “ 1 : Ez Ñ Ez.

We shall assume for the rest of the argument that the neighborhood O Ă E is small
enough so that βpz,Xq is invertible for every pz,Xq P O. In this case, we can define
another smooth function F on O by

F pz,Xq :“ βpz,Xq´1 ˝ αpz,Xq P HomRpTzΣ, Ezq,
and it satisfies F pz, 0q “ dupzq. This function—strictly speaking, it is a section
of some vector bundle—is one of several we shall encounter with the property that
for each fixed z P Σ, the function on Oz :“ O X Ez defined by v ÞÑ F pz, vq takes
values in a fixed vector space, in this particular case HomRpTzΣ, Ezq. Whenever
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this happens, the convexity of Oz allows us to apply the fundamental theorem of
calculus and write

F pz,Xq “ F pz, 0q `
ż 1

0

d

dτ
F pz, τXq dτ “ F pz, 0q `

ż 1

0

D2F pz, τXqX dτ

“: F pz, 0q ` F 1pz,XqX,

where we have defined a new smooth function F 1 on O by

F 1pz,Xq :“
ż 1

0

D2F pz, τXq dτ P HomR

`
Ez,HomRpTzΣ, Ezq

˘
,

so in particular, F 1pz, 0q “ D2F pz, 0q is the derivative of F in vertical directions at
a point in the zero-section. In this particular example, the result is the formula

F pz,Xq “ dupzq ` F 1pz,XqX.

Here is another important example in which this trick can be applied: we can
smoothly associate to each pz,Xq P O a complex structure on Ez defined bypJpz,Xq :“ βpz,Xq´1 ˝ JpΨpz,Xqq ˝ βpz,Xq P EndRpEzq,
and since pJpz, 0q “ Jpupzqq, we then havepJpz,Xq “ Jpupzqq ` pJ 1pz,XqX,

where pJ 1pz, 0q is the vertical derivative of pJ at a point in the zero-section. We will
use analogous notation in some other examples below.

Applying the nonlinear Cauchy-Riemann operator to the map u1pzq “ pϕpzq, ηpzqq
now gives

B̄Ju1 “ du1 ` Jpu1q ˝ du1 ˝ j1
“ dΨpϕ, ηq ˝ dpϕ, ηq ` Jpu1q ˝ dΨpϕ, ηq ˝ dpϕ, ηq ˝ j1

“ `
αpϕ, ηq βpϕ, ηq˘ˆdϕ

∇η

˙
` Jpu1q `αpϕ, ηq βpϕ, ηq˘ˆdϕ ˝ j1

∇η ˝ j1
˙

“ αpϕ, ηq ˝ dϕ` βpϕ, ηq ˝∇η ` Jpu1q ˝ αpϕ, ηq ˝ dϕ ˝ j1
` Jpu1q ˝ βpϕ, ηq ˝∇η ˝ j1

“ βpϕ, ηq ˝
”
∇η ` pJpϕ, ηq ˝∇η ˝ j1

` F pϕ, ηq ˝ dϕ` pJpϕ, ηq ˝ F pϕ, ηq ˝ dϕ ˝ j1ı,
“ βpϕ, ηq ˝

”
∇η ` Jpu ˝ ϕq ˝∇η ˝ j1

` F pϕ, ηq ˝ dϕ` pJpϕ, ηq ˝ F pϕ, ηq ˝ dϕ ˝ j1 ` ´ pJ 1pϕ, ηqη¯ ˝∇η ˝ j1
ı
.

(2.25)

Since βpϕ, ηq is everywhere invertible, this implies that u1 is J-holomorphic if and
only if the expression in square brackets vanishes. That expression is a section of the
fixed vector bundle HomRpTΣ1, ϕ˚Eq for every choice of section η. If we now pick
pΣ1, j1q “ pΣ, jq and ϕ “ Id and choose a section η P ΓpEq, then since βpz, 0q ” 1 for
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all z P Σ, plugging in the maps uρpzq :“ pz, ρηpzqq for ρ P p´ǫ, ǫq and differentiating
with respect to ρ at ρ “ 0 gives a formula for Duη, namely

Duη “ Bρ
”
∇pρηq ` Jpuq ˝∇pρηq ˝ j ` F p¨, ρηq ` pJp¨, ρηq ˝ F p¨, ρηq ˝ j
`
´ pJ 1p¨, ρηqρη¯ ˝∇pρηq ˝ jıˇ̌̌

ρ“0

“ ∇η ` Jpuq ˝∇η ˝ j ` F 1p¨, 0qη ` Jpuq ˝ `F 1p¨, 0qη˘ ˝ j ` ´ pJ 1p¨, 0qη¯ ˝ du ˝ j.

(2.26)

We would now like to interpret the expression in square brackets at the end of
(2.25) as a linear Cauchy-Riemann type operator acting on η P Γpϕ˚Eq. We can
abbreviate the whole expression as

D0η ` rCp¨, ηq
by defining the Cauchy-Riemann type operator D0η :“ ∇η ` Jpu ˝ ϕq ˝∇η ˝ j1 and
the function on ϕ˚O Ă ϕ˚E given byrCpz,Xq :“ F pϕpzq, Xq ˝ dϕpzq ` pJpϕpzq, Xq ˝ F pϕpzq, Xq ˝ dϕpzq ˝ j1pzq

`
´ pJ 1pϕpzq, XqX¯

˝∇ηpzq ˝ j1pzq P HomRpTzΣ
1, pϕ˚Eqzq.

(2.27)

While the values of rCpz,Xq according to this definition are real-linear maps in

general, the particular values rCpz, ηpzqq are guaranteed to be complex antilinear

if B̄Ju1 “ 0, because in this case D0η ` rCp¨, ηq “ 0, where D0η is a section of

HomCpTΣ1, ϕ˚Eq. It follows that if we now replace rC with its complex-antilinear
part

Cpz,Xq :“ 1

2

” rCpz,Xq ` Jpupϕpzqqq ˝ rCpz,Xq ˝ j1pzqı P HomCpTzΣ
1, pϕ˚Eqzq,

then it is still true that B̄Ju1 “ 0 if and only if D0η ` Cp¨, ηq “ 0. If we could now
prove Cpz, 0q “ 0 for all z P Σ1, then the usual integration trick would allow us
to write Cpz,Xq “ C 1pz,XqX and thus define ApzqX :“ C 1pz, ηpzqqX as a linear
zeroth-order term making D0`A into a linear Cauchy-Riemann type operator that
annihilates η. This will not always work, but it works in two special cases that are
relevant for Theorems 2.8.1 and 2.8.3.

Focusing for the moment on Theorem 2.8.1, let us assume pΣ1, j1q “ pΣ, jq and
ϕ is the identity map, so rC is now a function on O, and its definition simplifies torCpz,Xq “ F pz,Xq ` pJpz,Xq ˝ F pz,Xq ˝ jpzq ` ´ pJ 1pz,XqX¯

˝∇ηpzq ˝ jpzq.
Since F pz, 0q “ dupzq is complex linear and pJpz, 0q “ Jpupzqq, we haverCpz, 0q “ dupzq ` Jpupzqq ˝ dupzq ˝ jpzq “ 0,

implying that Cpz, 0q vanishes as well, thus we can write

Cpz,Xq “ C 1pz,XqX for C 1pz,Xq :“
ż 1

0

D2Cpz, τXq dτ
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and define Apzq :“ C 1pz, ηpzqq, so that whenever B̄Ju1 “ 0, the section η P ΓpOq
must satisfy the linear Cauchy-Riemann type equation

∇η ` Jpuq ˝∇η ˝ j ` Aη “ 0.

Suppose now that ηk P ΓpOq is a sequence of sections converging in C8 to 0 such
that B̄u1k “ 0 for u1kpzq :“ pz, ηkpzqq. Carrying out the construction above then gives
a sequence of operators of the form Dk :“ D0 ` Ak, where Akpzq “ C 1

kpz, ηkpzqq,
C 1

kpz,Xq “
ş1
0
D2Ckpz, τXq dτ , Ck is the complex-antilinear part of rCk, and rCk is

given byrCkpz,Xq “ F pz,Xq ` pJpz,Xq ˝ F pz,Xq ˝ jpzq ` ´ pJ 1pz,XqX¯
˝∇ηkpzq ˝ jpzq.

As ηk Ñ 0, the latter converges torC8pz,Xq :“ F pz,Xq ` pJpz,Xq ˝ F pz,Xq ˝ jpzq,
so Ck converges to the complex-antilinear part C8 or rC8 and Ak converges to
C 18p¨, 0q, which is just the complex-antilinear part of rC 18p¨, 0q. For the latter, we
haverC 1
8pz, 0qX “ F 1pz, 0qX ` pJpz, 0q ˝ `F 1pz, 0qX˘ ˝ jpzq ` ´ pJ 1pz, 0qX¯

˝ F pz, 0q ˝ jpzq
“ F 1pz, 0qX ` Jpupzqq ˝ `F 1pz, 0qX˘ ˝ jpzq ` ´ pJ 1pz, 0qX¯

˝ dupzq ˝ jpzq,
which is precisely the zeroth-order term that appears in our formula (2.26) for Du.

This proves that rC 18pz, 0qX is already complex antilinear, and thus matches C 18pz, 0qX ,
and it follows that our sequence of Cauchy-Riemann type operators Dk converges
to Du. The proof of Theorem 2.8.1 is thus complete.

For the situation in Theorem 2.8.3, we are given a splitting u˚TW “ Tu‘Nu and
can choose the connection ∇ to respect it, in which case the operator D0η “ ∇η `
Jpu˝ϕq˝∇η˝j1 splits into a direct sum of two linear Cauchy-Riemann type operators
DT

0 and DN
0 on ϕ˚Tu and ϕ˚Nu respectively. Taking η P Γpϕ˚ONq Ă Γpϕ˚Nuq and

writing πN : u˚TW Ñ Nu for the fiberwise-linear projection along Tu, the vanishing
of the expression in square brackets at the end of (2.25) then implies that

DN
0 ` πNCp¨, ηq “ 0.

Using the relation dϕ ˝ j1 “ jpϕq ˝ pdϕ´ B̄jϕq, (2.27) becomesrCpz,Xq “ F pϕpzq, Xq ˝ dϕpzq ` pJpϕpzq, Xq ˝ F pϕpzq, Xq ˝ jpϕpzqq ˝ dϕpzq
´ pJpϕpzq, Xq ˝ F pϕpzq, Xq ˝ jpϕpzqq ˝ B̄jϕpzq
`
´ pJ 1pϕpzq, XqX¯

˝∇ηpzq ˝ j1pzq,
(2.28)

which satisfiesrCpz, 0q “ dupϕpzqq ˝ dϕpzq ` Jpupϕpzqqq ˝ dupϕpzqq ˝ jpϕpzqq ˝ dϕpzq
´ Jpupϕpzqqq ˝ dupϕpzqq ˝ jpϕpzqq ˝ B̄jϕpzq

“ dupϕpzqq ˝ B̄jϕpzq.
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The expression is complex antilinear, so Cpz, 0q is exactly the same, and as luck
would have it, its image is contained in the subbundle ϕ˚Tu, thus composing it
with the projection πN kills it. We conclude that πNCp¨, ηq can be written in the
form πNC

1p¨, ηqη “: ANη, defining a linear Cauchy-Riemann type operator DN :“
DN

0 ` AN on ϕ˚Nu with ANpzq :“ πNC
1pz, ηpzqq such that DNη “ 0.

Now suppose we have C8-convergent sequences j1k Ñ j1, ϕk Ñ ϕ and ηk Ñ 0,
where ϕk : Σ1 Ñ Σ are smooth maps, ϕ : pΣ1, j1q Ñ pΣ, jq is holomorphic, ηk P
Γpϕk̊O

Nq Ă Γpϕk̊Nuq and u1kpzq :“ Ψpϕkpzq, ηkpzqq defines a J-holomorphic curve
pΣ1, j1kq Ñ pW,Jq for every k. The fact that ϕ is holomorphic implies

B̄j1
k
,jϕk :“ dϕk ` jpϕkq ˝ dϕk ˝ j1k Ñ 0

in C8. For each k, the construction above now gives a linear Cauchy-Riemann type
operator DN

k on ϕk̊Nu that annihilates ηk, given by the formula

DN
k η “ ∇η ` Jpupϕkqq ˝∇η ˝ j1k ` AN

k η,

where AN
k pzq “ πNC

1
kpz, ηkq and Ck is the complex-antilinear part of rCk, which

according to (2.28) satisfiesrCkpz,Xq “ F pϕkpzq, Xq ˝ dϕkpzq ` pJpϕkpzq, Xq ˝ F pϕkpzq, Xq ˝ jpϕkpzqq ˝ dϕkpzq
´ pJpϕkpzq, Xq ˝ F pϕkpzq, Xq ˝ jpϕkpzqq ˝ B̄j1

k
,jϕkpzq

`
´ pJ 1pϕkpzq, XqX

¯
˝∇ηkpzq ˝ j1kpzq.

The parts involving B̄j1
k
,jϕk and ∇ηk disappear as k Ñ8, leavingrC8pz,Xq :“ F pϕpzq, Xq ˝ dϕpzq ` pJpϕpzq, Xq ˝ F pϕpzq, Xq ˝ jpϕpzqq ˝ dϕpzq,

and thusrC 1
8pz, 0qX “

”
F 1pϕpzq, 0qX ` Jpupϕpzqqq ˝ `F 1pϕpzq, 0qX˘ ˝ jpϕpzqq
`
´ pJ 1pϕpzq, 0qX¯

˝ dupϕpzqq ˝ jpϕpzqq
ı
˝ dϕpzq.

If you apply the pullback operator ϕ˚ to the zeroth-order term in our formula (2.26)
for Du, the expression you end up with is precisely this one, which implies that DN

k

converges to ϕ˚DN
u as k Ñ 8, thus completing the proof of Theorem 2.8.3.

Remark 2.8.5. Various more technical versions of Theorems 2.8.1 and 2.8.3 are
possible under weaker regularity hypotheses. For example, if the map ϕ : Σ1 Ñ Σ in
Theorem 2.8.3 is assumed to be of class Cm for some finite m ě 1, then ϕ˚Nu Ñ Σ1
is no longer a smooth vector bundle, but is instead a bundle of class Cm. On these,
one can define the notion of a connection or linear Cauchy-Riemann type operator
of class Cm´1; the latter looks locally like B̄ ` A for a zeroth-order term that is a
function of class Cm´1. (For the reason why are saying Cm´1 here instead of Cm, see
Exercise 4.1.1.) Inspecting the proof of Theorem 2.8.3, one finds that it still works
if ϕ is only of class Cm, and the resulting linear Cauchy-Riemann type operator DN

on ϕ˚Nu is of class Cm´1; moreover, DN can be assumed arbitrarily Cm´1-close to
ϕ0̊D

N
u if η is sufficiently Cm-small and ϕ is sufficiently Cm-close to a holomorphic

map ϕ0 : pΣ1, j1q Ñ pΣ, jq.
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One application of this generalization is to prove the “approximate” version
of the theorem of Micallef-White [MW95] mentioned in §2.6, which lies in the
background of the dichotomy between simple and multiply covered holomorphic
curves. To show for instance that two connected J-holomorphic curves u and v

with non-identical images have only isolated intersections, the hardest step is to
understand the following local picture: for some almost complex structure J on
Cn that matches i at the origin, suppose u and v are both J-holomorphic maps
DÑ Cˆ Cn´1 of the form

upzq “ pfpzq, pupzqq, vpzq “ pgpzq, pvpzqq
with up0q “ vp0q “ 0 such that f, g : D Ñ C vanish to the same order k P N at 0,
while pu and pv each vanish to some strictly higher order. The assumption about f
and g means that after suitable reparametrizations of u and v near the origin, they
can be rewritten in the form

(2.29) upzq “ pzk, pu1pzqq, vpzq “ pzk, pu1pzq ` ηpzqq,
for functions pu1 and η that also vanish to order greater than k at 0. The intersections
of u and v in this neighborhood of the origin are thus in bijective correspondence
with the zeroes of η and its reparametrizations ηjpzq :“ ηpe2πij{kzq for j P Z. A
variant of Theorem 2.8.3 then shows that each of the functions ηj is annihilated
by some Cauchy-Riemann type operator, and is therefore subject to the similarity
principle, so its zero set is discrete unless ηj ” 0. This requires weakened regularity
in Theorem 2.8.3, however, because the reparametrizations leading to (2.29) can be
shown to be of class C1, but need not be smooth. The Cauchy-Riemann type oper-
ators that annihilate the ηj will therefore be only of class C0 in general; fortunately,
the hypotheses of the similarity principle (Theorem 2.5.3) only require them to be
of class Lp for some p ą 2.

For a detailed version of the argument just outlined, see [Wen20, Appendix B.2].





CHAPTER 3

Asymptotic operators

Contents

3.1. Stable Hamiltonian structures and Reeb orbits 71

3.2. The linearization in Morse homology 71

3.3. The Hessian of the contact action functional 71

3.4. Spectral flow 71

3.4.1. Geometry in the space of Fredholm operators 71
3.4.2. Symmetric operators of index zero 71
3.4.3. Perturbation of eigenvalues 71
3.4.4. Homotopies of eigenvalues 72
3.5. The Conley-Zehnder index of a nondegenerate orbit 72

3.6. Winding numbers of eigenfunctions 72

3.7. Elliptic and hyperbolic orbits 72

3.8. CZ = Morse for geodesics 72

3.8.1. The unit cotangent bundle 72
3.8.2. The energy functional and its Hessian 72
3.8.3. Conley-Zehnder indices of lifted geodesics 72
3.9. Morse-Bott families 72

3.9.1. Clean intersection conditions 72
3.9.2. The perturbed Conley-Zehnder indices 72
3.9.3. The Robbin-Salamon index 72

3.1. Stable Hamiltonian structures and Reeb orbits

3.2. The linearization in Morse homology

3.3. The Hessian of the contact action functional

Exercise 3.3.1. to be written

3.4. Spectral flow

Remark 3.4.1. to be written

Remark 3.4.2. to be written

3.4.1. Geometry in the space of Fredholm operators.

3.4.2. Symmetric operators of index zero.

3.4.3. Perturbation of eigenvalues.

71



72 Chris Wendl

3.4.4. Homotopies of eigenvalues.

Lemma 3.4.3 (see Appendix C). to be written

3.5. The Conley-Zehnder index of a nondegenerate orbit

3.6. Winding numbers of eigenfunctions

3.7. Elliptic and hyperbolic orbits

3.8. CZ = Morse for geodesics

3.8.1. The unit cotangent bundle.

3.8.2. The energy functional and its Hessian.

3.8.3. Conley-Zehnder indices of lifted geodesics.

3.9. Morse-Bott families

3.9.1. Clean intersection conditions.

3.9.2. The perturbed Conley-Zehnder indices.

3.9.3. The Robbin-Salamon index.



CHAPTER 4

Fredholm theory with cylindrical ends

Contents

4.1. Cauchy-Riemann operators with punctures 73

4.2. A lemma on semi-Fredholm operators 73

4.3. Some global regularity estimates 73

4.4. Translation-invariant operators on the cylinder 73

4.5. Proof of the semi-Fredholm property 73

4.6. Exponential decay 73

4.7. Formal adjoints and proof of the Fredholm property 73

4.8. The asymptotic formula 73

4.1. Cauchy-Riemann operators with punctures

Exercise 4.1.1. to be written

4.2. A lemma on semi-Fredholm operators

4.3. Some global regularity estimates

4.4. Translation-invariant operators on the cylinder

4.5. Proof of the semi-Fredholm property

4.6. Exponential decay

4.7. Formal adjoints and proof of the Fredholm property

4.8. The asymptotic formula

Exercise 4.8.1. to be written

73





CHAPTER 5

The index formula

Contents

5.1. Riemann-Roch with punctures 75

5.2. Some remarks on the formal adjoint 75

5.3. The index zero case on a torus 75
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In this appendix, we review some of the standard properties of Sobolev spaces,
in particular using them to prove Propositions 2.2.4, 2.2.5 and 2.2.8 from §2.2, and
elucidating the construction of Sobolev spaces of sections on vector bundles. A good
reference for the necessary background material is [AF03].

A.1. Approximation, extension and embedding theorems

Unless otherwise noted, all functions in the following are assumed to be defined
on a nonempty open subset

U Ă Rn

with its standard Lebesgue measure, and taking values in a finite-dimensional normed
vector space that will usually not need to be specified, though occasionally we will
assume it is R or C so that one can define products of functions. The domain U

will also sometimes have additional conditions specified such as boundedness or reg-
ularity at the boundary, though we will try not to add too many more restrictions
than are really needed. The most useful assumption to impose on U is known as
the strong local Lipschitz condition: if U is bounded, then it means simply that
near every boundary point of U , one can find smooth local coordinates in which
U looks like the region bounded by the graph of a Lipschitz-continuous function,
and in this case we call U a bounded Lipschitz domain. If U is unbounded,
then one needs to impose extra conditions guaranteeing e.g. uniformity of Lipschitz
constants, and the precise definition becomes a bit lengthy (see [AF03, §4.9]). For
our purposes, all we really need to know about the strong local Lipschitz condition
is that that it is satisfied both by bounded Lipschitz domains and by relatively
tame unbounded domains such as p0, 1qˆp0,8q Ă R2 which have smooth boundary
with finitely many corners. We will repeatedly need to use the generalized version
of Hölder’s inequality, which states that for any finite collection of measurable

101
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functions f1, . . . , fm,

(A.1)

››››› mź
i“1

|fi|
›››››
Lp

ď
mź
i“1

}fi}Lpi for 1 ď p ď p1, . . . , pm ď 8 with
1

p
“

mÿ
i“1

1

pi
.

This is an easy corollary of the standard version,››|f | ¨ |g|››
L1
ď }f}Lp ¨ }g}Lq whenever 1 ď p, q ď 8 and 1 “ 1

p
` 1

q
.

For an integer k ě 0 and real number p P r1,8s, we define W k,ppUq as in
§2.2 to be the Banach space of all f P LppUq which have weak partial derivatives
Bαf P LppUq for all |α| ď k. For p “ 2, these spaces are also often denoted by

HkpUq :“W k,2pUq,
and they admit Hilbert space structures with inner product

xf, gyHk “
ÿ
|α|ďk

xBαf, BαgyL2.

We denote by
W

k,p
0 pUq ĂW k,ppUq, Hk

0 pUq Ă HkpUq
the closed subspaces defined as the closures of C8

0 pUq with respect to the relevant
norms. Since C8

0 pUq is dense in LppUq for 1 ď p ă 8 (see e.g. [LL01, §2.19]),
there is no difference between W 0,ppUq and W

0,p
0 pUq for p ă 8, but in general

W
k,p
0 pUq ‰ W k,ppUq for k ě 1, with a few notable exceptions such as the case

U “ Rn (cf. Corollary A.1.2 below). Let

W
k,p
loc pUq :“

 
functions f on U

ˇ̌
f P W k,ppVq for all open subsets V Ă U

with compact closure V Ă U
(
,

and say that a sequence fj P W
k,p
loc pUq converges in W

k,p
loc to f P W

k,p
loc pUq if the restric-

tions to all precompact open subsets V Ă V Ă U converge in W k,ppVq. Recall that
for k P t0, 1, 2, . . . ,8u, CkpUq denotes the space of functions on U with continuous
derivatives up to order k, while

CkpUq Ă CkpUq
is the space of f P CkpUq such that for all |α| ď k, Bαf is bounded and uniformly
continuous.

Theorem A.1.1 ([AF03, §3.17, 3.22]). For any open subset U Ă Rn, and any
k ě 0, 1 ď p ă 8, the subspace

C8pUq XW k,ppUq Ă W k,ppUq
is dense. Moreover, if U Ă Rn satisfies the strong local Lipschitz condition, then the
space !

f P C8pUq
ˇ̌̌
f “ rf |U for some rf P C8

0 pRnq
)

is also dense in W k,ppUq, so in particular,

C8pUq XW k,ppUq Ă W k,ppUq
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is dense. �

Corollary A.1.2. The space C8
0 pRnq is dense in W k,ppRnq for every k ě 0

and p P r1,8q. �

Here is another useful characterization of W k,p
0 pUq:

Theorem A.1.3 ([AF03, §5.29]). Assume U Ă Rn is an open subset satisfying

the strong local Lipschitz condition. Then a function f P W k,ppUq belongs to W
k,p
0 pUq

if and only if the function rf on Rn defined to match f on U and 0 everywhere else
belongs to W k,ppRnq. �

While it is obvious from the definitions that functions in W
k,p
0 pUq always admit

extensions of class W k,p over Rn, this is much less obvious for functions in W k,ppUq
in general, and it is not true without sufficient assumptions about the regularity
of BU . For our purposes it suffices to consider the following case.

Theorem A.1.4 ([AF03, §5.22]). Assume U Ă Rn is a bounded open subset
such that BU is a submanifold of class Cm for some m P t1, 2, 3, . . . ,8u. Then there
exists a linear operator E that maps functions defined almost everywhere on U to
functions defined almost everywhere on Rn and has the following properties:

‚ For every function f on U , Ef |U ” f almost everywhere;
‚ For every nonnegative integer k ď m and every p P r1,8q, E defines a
bounded linear operator W k,ppUq ÑW k,ppRnq.

�

Corollary A.1.5. Suppose U ,U 1 Ă Rn are open subsets such that U has com-
pact closure contained in U 1. If U satisfies the hypothesis of Theorem A.1.4, then
the resulting extension operator E can be chosen such that it maps each W k,ppUq for
k ď m and 1 ď p ă 8 into W

k,p
0 pU 1q.

Proof. Choose a smooth function ρ : U 1 Ñ r0, 1s that has compact support
and equals 1 on U , then replace the operator E given by Theorem A.1.4 with the
operator f ÞÑ ρ ¨ Ef . �

To state the Sobolev embedding theorem in its proper generality, recall that for
0 ă α ď 1, the Hölder seminorm of a function f on U is defined by

|f |Cα :“ |f |CαpUq :“ sup
x‰yPU

|fpxq ´ fpyq|
|x´ y|α ,

and Ck,αpUq is then defined as the Banach space of functions f P CkpUq for which
the norm

}f}Ck,α :“ }f}Ck `max
|β|“k

|Bβf |Cα

is finite. In reading the following statement, it is important to remember that
elements of W k,ppUq are technically not functions, but rather equivalence classes
of functions defined almost everywhere. Thus when we say e.g. that there is an
inclusion W k,ppUq ãÑ Cm,αpUq, the literal meaning is that for every function f

representing an element of W k,ppUq, one can change the values of f in a unique way
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on some set of measure zero in U so that after this change, f P Cm,αpUq. Continuity
of the inclusion means that there is a bound of the form

}f}Cm,α ď c}f}W k,p

for all f P W k,ppUq, where c ą 0 is a constant which may in general depend on m,
α, k, p and U , but not on f .

Theorem A.1.6 ([AF03, §4.12]). Assume U Ă Rn is an open subset satisfying
the strong local Lipschitz condition, k ě 1 is an integer and 1 ď p ă 8.

(1) If 0 ă k ´ n{p ď 1, then there exist continuous inclusions

W k,ppUq ãÑ C0,αpUq for each α P p0, 1q with α ď k ´ n{p,
W k,ppUq ãÑ LqpUq for each q P rp,8s.

(2) If kp ă n and p˚ ą p is defined by the condition

1

p˚
“ 1

p
´ k

n
,

then there exist continuous inclusions

W k,ppUq ãÑ LqpUq, for each q P rp, p˚s.
(3) If kp “ n, then there exist continuous inclusions

W k,ppUq ãÑ LqpUq, for each q P rp,8q.
Moreover, the spaces W k,p

0 pUq admit similar inclusions under no assumption on the
open subset U Ă Rn. �

Under the same assumption on the domain U , one can apply Theorem A.1.6 to
successive derivatives of functions in W k,ppUq and thus obtain the following inclu-
sions for any integer d ě 0:

W k`d,ppUq ãÑ Cd,αpUq if 0 ă k ´ n{p ď 1, 0 ă α ă 1 and α ď k ´ n{p,(A.2)

W k`d,ppUq ãÑW d,qpUq if kp ą n and p ď q ď 8,(A.3)

W k`d,ppUq ãÑW d,qpUq if kp ă n and p ď q ď p˚, with
1

p˚
“ 1

p
´ k

n
,(A.4)

W k`d,ppUq ãÑW d,qpUq if kp “ n and p ď q ă 8.(A.5)

Remark A.1.7. The embedding theorem suggests that one should intuitively
think of W k,ppUq as consisting of functions with “k ´ n{p continuous derivatives,”
where the number k ´ n{p may in general be a non-integer and/or negative. This
provides a useful mnemonic for results about embeddings of one Sobolev space into
another, such as the following.

Corollary A.1.8. Assume U Ă Rn is an open subset satisfying the strong local
Lipschitz condition, 1 ď p, q ă 8, and k,m ě 0 are integers satisfying

k ě m, p ď q, and k ´ n

p
ě m´ n

q
.

Then there exists a continuous inclusion W k,ppUq ãÑWm,qpUq. �
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Exercise A.1.9. Derive Corollary A.1.8 from Theorem A.1.6 by checking that
under the stated conditions, there is a continuous inclusion W k´m,ppUq ãÑ LqpUq.
Show also that the hypothesis p ď q is unnecessary if U Ă Rn has finite measure.

By the Arzelà-Ascoli theorem, the natural inclusion

Ck,α1pUq ãÑ Ck,αpUq
for α ă α1 is a compact operator whenever U Ă Rn is bounded. It follows that if
U Ă Rn in (A.2) is bounded and α is strictly less than the extremal value k´n{p, then
the inclusion (A.2) is also compact. A similar statement holds for the inclusion (A.4)
when p ď q ă p˚, and this is known as the Rellich-Kondrachov compactness
theorem. We summarize these as follows:

Theorem A.1.10 ([AF03, §6.3]). Assume U Ă Rn is a bounded Lipschitz do-
main, k ě 1 and d ě 0 are integers and 1 ď p ă 8.

(1) If kp ą n and k ´ n{p ă 1, then the inclusions

W k`d,ppUq ãÑ Cd,αpUq for α P p0, k ´ n{pq,
W k`d,ppUq ãÑW d,qpUq for q P rp,8q

are compact.
(2) If kp ď n and p˚ P pp,8s is defined by the condition 1{p˚ “ 1{p´k{n, then

the inclusions

W k`d,ppUq ãÑ W d,qpUq for q P rp, p˚q
are compact.

In particular, the continuous inclusion W k,ppUq ãÑ Wm,qpUq in Corollary A.1.8 is
compact whenever the inequality k ´ n{p ě m´ n{q is strict. �

On connected 1-dimensional domains U Ă R, the spaces W 1,ppUq admit an alter-
native characterization in terms of classical derivatives defined almost everywhere:

Proposition A.1.11. For ´8 ă a ă b ă 8, every absolutely continuous func-
tion on ra, bs belongs to W 1,1ppa, bqq and has a weak derivative that is equal to its
classical derivative almost everywhere. Conversely, every function in W 1,1ppa, bqq is
equal almost everywhere to an absolutely continuous function defined on ra, bs.

Proof. Let us denote the classical derivative of a function f by f 1c and the weak
derivative by f 1w whenever there is danger of confusion. If f is absolutely continuous
on ra, bs, then for every test function ϕ P C8

0 ppa, bqq, fϕ defines an absolutely
continuous function on ra, bs that vanishes at the end points, so the fundamental
theorem of calculus implies

ş
ra,bspfϕq1c “

ş
ra,bs f

1
cϕ `

ş
ra,bs fϕ

1 “ 0, proving that the

almost everywhere defined function f 1c P L1pra, bsq is also the weak derivative f 1w,
and thus f P W 1,1ppa, bqq.

Conversely, suppose f P W 1,1ppa, bqq, so it has a weak derivative f 1w P L1ppa, bqq.
We can then define an absolutely continuous function g on ra, bs by gpxq :“ şx

a
f 1w,

which is differentiable almost everywhere and satisfies g1c “ f 1w. By the argument of
the previous paragraph, g1c is also a weak derivative g1w, thus g ´ f is a function on
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pa, bq with vanishing weak derivative, implying via [LL01, Theorem 6.11] that g´f

is equal almost everywhere to a constant. �

Corollary A.1.12. For ´8 ă a ă b ă 8 and 1 ď p ď 8, W 1,pppa, bqq has
a canonical identification with the space of absolutely continuous functions on ra, bs
whose classical derivatives belong to Lppra, bsq. �

A.2. Products, compositions, and rescaling

We now restate and prove Propositions 2.2.4, 2.2.5 and 2.2.8 from §2.2. These
are all corollaries of the Sobolev embedding theorem, so in particular they hold for
the same class of domains U Ă Rn, and the restrictions on U can be dropped at the
cost of replacing each space W k,p by W

k,p
0 .

We begin by generalizing Prop. 2.2.4, hence we consider Sobolev spaces of func-
tions valued in R or C so that pointwise products of functions are well defined almost
everywhere. We say that there is a continuous product map,

W k1,p1pUq ˆ . . .ˆW km,pmpUq ÑW k,ppUq,
or a continuous product pairing in the case m “ 2, if for every set of functions
fi P W ki,pipUq with i “ 1, . . . , m, the pointwise product function f1 ¨ . . . ¨ fm is in
W k,ppUq and there is an estimate of the form

}f1 ¨ . . . ¨ fm}W k,p ď c}f1}W k1,p1 ¨ . . . ¨ }fm}W km,pm

for some constant c ą 0 not depending on f1, . . . , fm. The case m “ 2, k1 “ k2 “ k

and p1 “ p2 “ p is especially interesting, as the space W k,ppUq is then a Banach
algebra. More generally, one can ask under what circumstances multiplication by
functions of class W k,p defines a bounded linear operator on functions of class Wm,q.
A hint about this comes from the world of classically differentiable functions: mul-
tiplication by Ck-smooth functions defines a continuous map Cm Ñ Cm if and only
if k ě m. The corresponding answer in Sobolev spaces turns out to be that func-
tions of class W k,p need to have strictly more than zero derivatives in the sense of
Remark A.1.7, and at least as many derivatives as functions of class Wm,q.

Theorem A.2.1. Assume U Ă Rn is an open subset satisfying the strong local
Lipschitz condition, 1 ď p, q ă 8, and k,m ě 0 are integers satisfying

k ě m, kp ą n, and k ´ n

p
ě m´ n

q
.

Then there exists a continuous product pairing

W k,ppU ,Cq ˆWm,qpU ,Cq Ñ Wm,qpU ,Cq : pf, gq ÞÑ fg.

The following preparatory lemma will be useful both for proving the product
estimate and for further results below. It is an easy consequence of Theorem A.1.6
and Hölder’s inequality.

Lemma A.2.2. Assume U Ă Rn is an open subset satisfying the strong lo-
cal Lipschitz condition, m ě 2 is an integer, and we are given positive numbers
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p1, . . . , pm ě 1 and integers k1, . . . , km ě 0. Let I :“  
i P t1, . . . , mu ˇ̌ kipi ď n

(
.

Then for any q ě 1 satisfyingÿ
iPI

ˆ
1

pi
´ ki

n

˙
ă 1

q
ď

mÿ
i“1

1

pi
,

there is a continuous product map

W k1,p1pUq ˆ . . .ˆW km,pmpUq Ñ LqpUq.
Proof. By the generalized Hölder inequality (A.1), it suffices to show that for

any q ě 1 in the stated range, one can find numbers q1, . . . , qm P rq,8s satisfying
1{q “ 1{q1 ` . . .` 1{qm for which Theorem A.1.6 provides continuous inclusions

W ki,pipUq ãÑ LqipUq
for each i “ 1, . . . , m. Whenever kipi ą n, this inclusion is valid with qi chosen freely
from the interval rpi,8s, so 1{qi can then take any value subject to the constraint

0 ď 1

qi
ď 1

pi
.

If on the other hand kipi ď n, then we can arrange 1{qi to take any value in the
range

1

pi
´ ki

n
ă 1

qi
ď 1

pi
.

Adding these up, the range of values for
ř

i
1
qi
that we can achieve in this way covers

the stated interval. �

Proof of Theorem A.2.1. By density of smooth functions, it suffices to prove
that an estimate of the form

}fg}Wm,q ď c}f}W k,p}g}Wm,q

holds for all f P C8pUqXW k,ppUq and g P C8pUqXWm,qpUq. Equivalently, we need
to show that for all f and g of this type and every multiindex α of degree |α| ď m,
there is a constant c ą 0 independent of f and g such that

}Bαpfgq}Lq ď c}f}W k,p}g}Wm,q .

Since f and g are smooth, we are free to use the product rule in computing Bαpfgq,
which will then be a linear combination of terms of the form Bβf ¨ Bγg where |α| “
|β| ` |γ|, hence we have reduced the problem to proving a bound

}Bβf ¨ Bγg}Lq ď c}f}W k,p}g}Wm,q

for every pair of multiindices β, γ with |β| ` |γ| ď m. Since Bβf P W k´|β|,ppUq and
Bγf P Wm´|γ|,qpUq, the result follows if we can assume that for every pair of integers
a, b ě 0 satisfying a` b ď m, there exists a continuous product pairing

(A.6) W k´a,ppUq ˆWm´b,qpUq Ñ LqpUq.
If pk ´ aqp ą n, then W k´a,p ãÑ L8 and (A.6) is immediate since Wm´b,q ãÑ LqpUq.
For the remaining cases, we shall apply Lemma A.2.2, noting that the condition
1{q ď 1{p` 1{q is trivially satisfied.
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If pm´ bqq ą n but pk´ aqp ď n, then the hypotheses of the lemma are satisfied
if and only if

1

p
´ k ´ a

n
ă 1

q
.

Since 1
p
´ k

n
ď 1

q
´ m

n
by assumption, we have

1

p
´ k ´ a

n
“ 1

p
´ k

n
` a

n
ď 1

q
´ m

n
` a

n
ď 1

q

since a ď m, and equality holds only if a “ m, b “ 0 and k ´ n{p “ m ´ n{q,
which implies mq ą n. In this case Wm´b,q “ Wm,q ãÑ L8, and the pairing (A.6)
follows because W k´a,p “ W k´m,p embeds continuously into Lq: the latter follows
from Theorem A.1.6 since 1

p
´ k´m

n
“ 1

q
.

Finally, when pk ´ aqp ď n and pm´ bqq ď n, the hypotheses of the lemma are
satisfied sinceˆ

1

p
´ k ´ a

n

˙
`
ˆ
1

q
´ m´ b

n

˙
ď 1

p
´ k

n
` 1

q
´ m

n
` m

n
“
ˆ
1

p
´ k

n

˙
` 1

q
ă 1

q
,

where we’ve used the assumption kp ą n and the fact that a` b ď m. �

Remark A.2.3. A much simpler argument shows similarly that for any open
domain U Ă Rn, any integer k ě 1 and any p P r1,8q, there is a continuous product
pairing

CkpU ,Cq ˆW k,ppU ,Cq ˆW k,ppU ,Cq.
As in Theorem A.2.1, this follows from the density of C8 X W k,p Ă W k,p after
showing that all f P CkpUq and g P C8pUq X W k,ppUq satisfy an estimate of the
form }fg}W k,p ď c}f}Ck}g}W k,p. The latter follows easily from the definition of the
W k,p-norm.

In general it is not straightforward to say when the usual product rule Bipfgq “
Bif ¨ g ` f ¨ Big does or does not hold in the sense of weak derivatives. If g and Big
are locally integrable and f is smooth, then there is no trouble: the formula can
be derived in this case directly from the definition of weak derivatives, using the
observation that for any test function ϕ P C8

0 pUq, ϕf is also in C8
0 pUq and satisfies

the product rule. If on the other hand f and g are not continuous but have well-
defined weak derivatives and a locally integrable product, then there is no guarantee
in general that any of Bipfgq, Bif ¨g or f ¨Big should be well-defined locally integrable
functions. Theorem A.2.1 provides a means of resolving this question whenever f

and g belong to suitable Sobolev spaces.

Proposition A.2.4. Suppose k,m, p, q and U Ă Rn satisfy the same condi-
tions as in Theorem A.2.1, and m ě 1. Then for every f P W k,ppU ,Cq and
g P Wm,qpU ,Cq, the weak partial derivatives of fg P Wm,qpU ,Cq are given almost
everywhere by the usual Leibniz rule Bipfgq “ Bif ¨ g ` f ¨ Big.

Proof. Choose sequences of smooth functions fj , gj with fj Ñ f in W k,p and
gj Ñ g in Wm,q. Then since k ě m ě 1, there is also Lp-convergence Bifj Ñ Bif and
Lq-convergence Bigj Ñ Big, so after restricting to a subsequence, we may assume that
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all four of the sequences fj , Bifj , gj and Bigj converge pointwise almost everywhere.
The continuity of the product pairing W k,p ˆ Wm,q Ñ Wm,q now implies Wm,q-
convergence fjgj Ñ fg and thus Lq-convergence

Bipfjgjq “ Bifj ¨ gj ` fj ¨ Bigj Ñ Bipfgq.
The result follows since Bifj ¨gj`fj ¨Bigj also converges pointwise almost everywhere
to Bif ¨ g ` f ¨ Big. �

Remark A.2.5. A slight simplification of the same argument as in Proposi-
tion A.2.4 shows that the product rule also holds (without any assumption on the
open domain U Ă Rn) for f P CmpU ,Cq and g P Wm,ppU ,Cq for any p P r1,8q if
m ě 1. The key facts here are the continuity of the product pairing Cm ˆWm,p Ñ
Wm,p and the density of C1 in Wm,p, so that f and g can be approximated by pairs
for which the classical product rule holds. Both results can also be extended in a
similar manner to prove the expected formula for Bαpfgq for any multiindex α of
order |α| ď m.

The next result generalizes Proposition 2.2.5 and concerns the following question:
if f : U Ñ Rm is a function of class W k,p whose graph lies in some open subset
V Ă U ˆ Rm, and Ψ : V Ñ RN is another function, under what conditions can we
conclude that the function

U Ñ RN : x ÞÑ Ψpx, fpxqq
is in W k,ppU ,RNq? We will abbreviate this function in the following by Ψ ˝ pIdˆ fq,
and we would also like to know whether it depends continuously (in the W k,p-
topology) on f and Ψ. The following theorem is stated rather generally, but on
first reading you may prefer to assume U Ă Rn is bounded, in which case some of
the hypotheses become vacuous. We will say that an open subset V Ă U ˆ Rm is a
star-shaped neighborhood of f : U Ñ Rm if it contains the graph of f and

px, vq P V ñ px, tv ` p1´ tqfpxqq P V for all t P r0, 1s.
Theorem A.2.6. Assume U Ă Rn is an open subset satisfying the strong local

Lipschitz condition, p P r1,8q and k P N satisfy kp ą n, and V Ă U ˆRm is a star-
shaped neighborhood of some function f0 P W k,ppU ,Rmq. Assume also Ok,ppU ;Vq Ă
W k,ppU ,Rmq is an open neighborhood of f0 such that

px, fpxqq P V for all x P U and f P Ok,ppU ;Vq,
and Ck

0 pV,RNq Ă CkpV,RNq is a closed linear subspace such that all Ψ P Ck
0 pV,Rnq

have the following properties:1

(1) There exists a bounded subset K Ă U such that Ψpx, vq is independent of x
for all x P UzK;

(2) Ψ ˝ pId ˆ f0q P LppU ,RNq.
Then there is a well-defined and continuous map

Ok,ppU ;Vq TÑ L
`
Ck

0 pV,RNq,W k,ppU ,RNq˘,
T pfqΨ :“ Ψ ˝ pIdˆ fq,

1Both of the conditions on Ψ P Ck
0 pV ,Rnq are vacuous if U Ă Rn is bounded.
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so in particular the map

Ck
0 pV,RNq ˆOk,ppU ;Vq Ñ W k,ppU ,RNq : pΨ, fq ÞÑ Ψ ˝ pId ˆ fq,

is well defined and continuous. Moreover, for each Ψ P Ck
0 pV,RNq and f P W k,ppU ,RNq,

the weak partial derivatives of Ψ˝pIdˆfq are given almost everywhere by the classical
formula

Bj rΨ ˝ pId ˆ fqs pxq “ BjΨpx, fpxqq `D2Ψpx, fpxqqBjfpxq,
where BjΨ denotes the partial derivative of Ψpx, vq with respect to the jth coordinate
in x P Rn, and D2Ψ is its differential with respect to v P Rm.

Proof. We will show first that if f P Ok,ppU ;Vq is smooth, then Ψ ˝ pId ˆ
fq belongs to W k,ppU ,RNq for every Ψ P Ck

0 pV,RNq. Since V is a star-shaped
neighborhood of f0, we have

|Ψpx, fpxqq´Ψpx, f0pxqq| “
ˇ̌̌̌ż 1

0

d

dt
Ψ
`
x, tfpxq ` p1´ tqf0pxq

˘
dt

ˇ̌̌̌
ď
ˆż 1

0

|D2Ψ
`
x, tfpxq ` p1´ tqf0pxq

˘| dt˙ ¨ |fpxq ´ f0pxq|
ď }Ψ}C1pVq ¨ |fpxq ´ f0pxq|

for all x P U , implying

(A.7) }Ψ ˝ pIdˆ fq ´Ψ ˝ pIdˆ f0q}Lp ď }Ψ}C1pVq ¨ }f ´ f0}Lp,

hence Ψ ˝ pIdˆ fq P LppU ,RNq.
For ℓ “ 1, . . . , k, we can regard the ℓth derivative of Ψ with respect to variables

in Rm as a bounded and uniformly continuous map from V into the vector space of
symmetric ℓ-multilinear maps from Rm to RN , denoting this by

Dℓ
2Ψ : V Ñ HomppRmqbℓ,RNq.

Denote the partial derivatives with respect to variables in U Ă Rn by

D
β
1Ψ : V Ñ RN ,

where β is a multiindex in n variables. Now for any multiindex α with |α| ď k, the
derivative BαpΨ ˝ pIdˆ fqq is a linear combination of product functions of the form

(A.8) pDγ
1D

ℓ
2Ψ ˝ pIdˆ fqqpBβ1f, . . . , Bβℓfq : U Ñ RN ,

where ℓ` |γ| P t1, . . . , |α|u and |β1| ` . . .` |βℓ| “ |α| ´ |γ|. If ℓ “ 0 but |γ| ą 0, then
this expression is clearly in LppU ,RNq since it is continuous and D

γ
1Ψpx, vq “ 0 for

x P UzK, where K is bounded. For ℓ ě 1, it satisfies

(A.9)
››pDγ

1D
ℓ
2Ψ ˝ pIdˆ fqqpBβ1f, . . . , Bβℓfq››

LppUq ď }Dγ
1D

ℓ
2Ψ}C0pVq ¨

››››› ℓź
j“1

|Bβjf |
›››››
LppUq

if the product on the right hand side has finite Lp-norm. The latter is trivially
true if ℓ “ 1. To deal with the ℓ ě 2 case, note that Bβjf P W k´|βj|,ppUq for each
j “ 1, . . . , ℓ, so the necessary bound will follow from the existence of a continuous
product map

W k´m1,ppUq ˆ . . .ˆW k´mℓ,ppUq Ñ LppUq
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for mj :“ |βj|, and we claim that such a product map does exist whenever kp ą n

and m1, . . . , mℓ ě 0 are integers satisfying m1 ` . . . ` mℓ ď k. To see this, note
first that since W k´mj ,p ãÑ L8 whenever pk ´ mjqp ą n, it suffices to prove the
claim under the assumption that pk ´mjqp ď n for every j “ 1, . . . , ℓ. In this case,
Lemma A.2.2 provides the desired product map if the condition

ℓÿ
j“1

ˆ
1

p
´ k ´mj

n

˙
ă 1

p
ď

ℓÿ
j“1

1

p

is satisfied. And it is: using kp ą n, ℓ ě 2 and m1 ` . . .`mℓ ď k, we find

ℓÿ
j“1

ˆ
1

p
´ k ´mj

n

˙
“ ℓ

ˆ
1

p
´ k

n

˙
` m1 ` . . .`mℓ

n

ď 1

p
` pℓ´ 1q

ˆ
1

p
´ k

n

˙
ă 1

p
.

This proves that Ψ ˝ pId ˆ fq P W k,ppU ,RNq.
An important detail in both of the estimates (A.7) and (A.9) is that on the right

hand side, the term depending on Ψ is bounded by something linearly proportional
to }Ψ}CkpVq, and the same is true of other estimates mentioned below that can be
derived in a similar manner. We will not comment on this point any further, but it
is the reason why rather than just proving that the map pΨ, fq ÞÑ Ψ ˝ pId ˆ fq is
continuous, we will obtain the stronger result that the map sending f to the linear
operator Ψ ÞÑ Ψ ˝ pIdˆ fq is continuous with respect to the operator norm.

Next, suppose f P Ok,ppU ;Vq is not necessarily smooth but fi P Ok,ppU ;Vq is
a sequence of smooth functions converging to f in W k,p, while Ψi P Ck

0 pV ,RNq
converges to Ψ P Ck

0 pV,RNq in Ck. Then the same argument we used to estimate
}Ψ ˝ pIdˆ fq ´Ψ ˝ pIdˆ f0q}Lp shows that Ψi ˝ pIdˆ fiq Ñ Ψ ˝ pIdˆ fq in Lp, and
since fi is also C0-convergent, the compactly supported functions D

γ
1Ψi ˝ pId ˆ fiq

converge to D
γ
1Ψ ˝ pId ˆ fq in Lp for each multiindex with 1 ď |γ| ď k. For ℓ ě 1

and |γ| ` ℓ ď k, Dγ
1D

ℓ
2Ψi ˝ pId ˆ fiq converges to D

γ
1D

ℓ
2Ψ ˝ pId ˆ fq in C0pU ,RNq,

and each of the derivatives Bβjfi appearing in (A.8) also converges in LppUq. In
light of the continuous product maps discussed above, it follows that each derivative
BαpΨi ˝ pId ˆ fiqq for |α| ď k is Lp-convergent, and its limit is necessarily (by
Exercise A.2.7 below) the corresponding weak derivative BαpΨ ˝ pId ˆ fqq, hence
Ψ ˝ pId ˆ fq P W k,ppU ,RNq and Ψi ˝ pId ˆ fiq W k,pÝÑ Ψ ˝ pId ˆ fq. Since all sequences
in this discussion can also be replaced with subsequences that are pointwise almost
everywhere convergent, this also proves that the classical formula for BαpΨi˝pIdˆfiqq
for each |α| ď k remains valid for computing the corresponding weak derivative
BαpΨ ˝ pId ˆ fqq. With this understood, one can now repeat the arguments of this
paragraph for an arbitrary W k,p-convergent sequence fi Ñ f without assuming the
fi are smooth, thus proving the continuity of the map pΨ, fq ÞÑ Ψ ˝ pIdˆ fq. �

Exercise A.2.7. Show that if fi is a sequence of smooth functions on an open set

U Ă Rn with fi
LpÑ f and Bαfi LpÑ g for some multiindex α and functions f, g P LppUq,

then Bαf “ g in the sense of distributions.



112 Chris Wendl

The following result on coordinate transformations of the domain can be proved
in an analogous way to Theorem A.2.6, though it is considerably easier since there is
no need to worry about Sobolev product maps (and thus no need to assume kp ą n

or impose regularity conditions on the domain).

Theorem A.2.8 ([AF03, §3.41]). Assume k P N, 1 ď p ď 8, and U ,U 1 Ă
Rn are open subsets with a Ck-smooth diffeomorphism ϕ : U Ñ U 1 such that all
derivatives of ϕ and ϕ´1 up to order k are bounded and uniformly continuous. Then
there is a well-defined Banach space isomorphism

W k,ppU 1q Ñ W k,ppUq : f ÞÑ f ˝ ϕ.
�

Next, we restate and prove Proposition 2.2.8. Denote by D̊n and D̊n
ǫ px0q the

open balls of radius 1 and ǫ about the origin and a point x0 respectively in Rn.

Theorem A.2.9. Assume p P r1,8q and k P N satisfy kp ą n, and for a given

point x0 P D̊n with ǫ0 :“ distpx0, BDnq, associate to each f P W k,ppD̊nq and ǫ P p0, ǫ0q
the function fǫ P W k,ppD̊nq defined by

fǫpxq :“ fpx0 ` ǫxq.
Then for each α P p0, 1q satisfying α ď k ´ n

p
, there exists a constant C ą 0 such

that the estimate

}fǫ ´ fǫp0q}W k,p ď Cǫα}f ´ fpx0q}W k,p

holds for all f P W k,ppD̊nq and ǫ P p0, ǫ0q.
Proof. To estimate }fǫ ´ fǫp0q}Lp, we use the fact that f ´ fpx0q P W k,p is

Hölder continuous, i.e. Theorem A.1.6 embeds W k,p continuously into C0,α for any
α P p0, 1q with α ď k ´ n{p, thus f satisfies

|fpxq ´ fpx0q| ď c}f ´ fpx0q}W k,ppD̊nq ¨ |x´ x0|α for all x P D̊n
ǫ0
px0q

for some constant c ą 0. We therefore have

}fǫ ´ fǫp0q}pLp “
ż
Dn

|fpx0 ` ǫxq ´ fpx0q|p ď cp}f ´ fpx0q}pW k,p

ż
Dn

|ǫx|αp

“ cp}f ´ fpx0q}pW k,p ¨ ǫαp
ż
Dn

|x|αp “: Cpǫαp}f ´ fpx0q}pW k,p

for a suitable constant C ą 0, implying }fǫ ´ fǫp0q}Lp ď Cǫα}f ´ fpx0q}W k,p.
Next, consider a multiindex β of order |β| “ m P t1, . . . , ku. The functions

Bβpf ´ fpx0qq “ Bβf and Bβpfǫ ´ fǫp0qq “ Bβfǫ for each ǫ P p0, ǫ0q are then in

W k´m,ppD̊nq, and we need to establish bounds on }Bβfǫ}Lp in terms of the W k,p-
norm of f ´ fpx0q. If m ă k, then Theorem A.1.6 gives a continuous inclusion

(A.10) W k´m,ppD̊nq ãÑ LqpD̊nq
for any q P rp,8q satisfying 1{q ě 1{p ´ pk ´mq{n. The same is also trivially true
in the case m “ k, since q and p must then be equal. Notice that if pk ´mqp ě n,
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then q is allowed to be arbitrarily large. We will therefore assume in general that
(A.10) holds with q P rp,8q satisfying

1

q
` 1

r
“ 1

p
,

where r “ n
k´m

P p0,8s if pk ´mqp ă n and otherwise r “ p ` δ for some δ ą 0
which may be chosen arbitrarily small. Given this, we apply change of variables and
Hölder’s inequality to find

}Bβfǫ}pLppD̊nq “ ǫmp

ż
Dn

|Bβfpx0 ` ǫxq|p “ ǫmp´n

ż
Dn
ǫ px0q

|Bβfpxq|p

ď ǫmp´n}Bβf}p
LqpD̊n

ǫ q}1}
p

LrpD̊n
ǫ q

ď ǫmp´n rVolpDn
ǫ px0qqsp{r }Bβf}pLqpD̊nq

ď cǫmp´n rVolpDn
ǫ px0qqsp{r }Bβf}pW k´m,ppD̊nq

ď cǫmp´n rVolpDn
ǫ px0qqsp{r }f ´ fpx0q}pW k,ppD̊nq

for some constant c ą 0. Writing VolpDn
ǫ px0qq “ Cǫn for a suitable constant C ą 0,

the exponent on ǫ in this expression becomes mp ´ n ` np

r
. If pk ´mqp ă 0, this is

exactly kp´ n “ pk´ n{pqp, and otherwise, taking r´ p ą 0 to be arbitrarily small
makes it less than but arbitrarily close to mp. Since α ď k´n{p and α ă 1 ď m, we
are now free to replace this exponent with αp and rewrite the established estimate
as }Bβfǫ}Lp ď Cǫα}f ´ fpx0q}W k,p. �

A.3. Difference quotients

If f is a function on Rn, then for every i “ 1, . . . , n and h P Rzt0u, the difference
quotient

Dh
i fpx1, . . . , xnq :“ fpx1, . . . , xi´1, xi ` h, xi`1, . . . , xnq ´ fpx1, . . . , xnq

h

defines a function Dh
i f on Rn. The total difference quotient of f is then the

n-tuple of functions
Dhf :“ pDh

1f, . . . , D
h
nfq,

so for example if f : Rn Ñ Rm, then Dhf : Rn Ñ Rmn. The transformation
f ÞÑ Dh

i f is obviously linear for any fixed number h, and it satisfies a Leibniz rule

Dh
i pfgq “ Dh

i f ¨ g ` f ¨Dh
i g

whenever pointwise products of f and g can be defined (e.g. if both are real or
complex valued). It also commutes with differentiation

Dh
i pBjfq “ BjpDh

i fq
on any function f for which Bjf can be defined (weakly or strongly). Clearly if
f P W k,ppRnq, then Dhf P W k,ppRnq for every h P Rz0, and if f is supported in an
open subset U Ă Rn, then Dhf is supported in an arbitrarily small neighborhood
of U for sufficiently small |h|. Moreover, if f is a function defined only on U Ă Rn,
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then on any open subset V Ă U with compact closure in U , Dhf can be defined on
V for any h P Rzt0u satisfying

|h| ă distpV,RnzUq :“ inf
 |x´ y| ˇ̌ x P V and y P RnzU( .

The following result about difference quotients is useful for proving local regu-
larity of solutions to PDEs, as in §2.4.

Theorem A.3.1. Assume V Ă U Ă Rn are open subsets with V having compact
closure contained in U , 1 ď p ă 8, and k P N.

(1) If f P W k,ppUq, then Dhf converges to ∇f in W k´1,p on V as hÑ 0, and

}Dhf}W k´1,ppVq ď }∇f}W k´1,ppUq
for all h ‰ 0 with |h| ă distpV,RnzUq.

(2) Suppose p ą 1, f P W k´1,ppUq and the difference quotients Dhf satisfy a
uniform bound

}Dhf}W k´1,ppVq ď C

for all h ‰ 0 with |h| sufficiently small. Then f |V P W k,ppVq and its first
derivative satisfies }∇f}W k´1,ppVq ď mk,pC, where mk,p P N is a constant

depending only on the definition of the W k´1,p-norm.

The next few results are intended as preparation for the proof of Theorem A.3.1.

Lemma A.3.2. For any open subset U Ă Rn and continuously differentiable
function f on U , the difference quotients Dh

i f converge to Bif uniformly on compact
subsets as hÑ 0.

Proof. Fix a compact subset K Ă U . Then for every x P K and h P Rzt0u
sufficiently small, the mean value theorem gives

Dh
i fpxq “ Bifpx1q

where

x1 :“ px1, . . . , xi´1, xi ` th, xi`1, . . . , xnq P U

for some t P r0, 1s, so in particular, |x1´x| ď |h|. We then have |Bifpxq´Dh
i fpxq| “|Bifpxq ´ Bifpx1q|, and the result follows since both x and x1 may be assumed to lie

in a compact subset of U , on which Bif is uniformly continuous. �

Proposition A.3.3. Suppose 1 ď p ă 8, U Ă Rn is an open subset and f P
W 1,ppUq. Then for any open subset V Ă U with compact closure in U , }Dhf}LppVq ď
}∇f}LppUq for every h ‰ 0 with |h| ă distpV,RnzUq, and Dhf Ñ ∇f in Lp on V as
hÑ 0.

Proof. We show first that for any f P W 1,ppUq,
(A.11) }Dh

i f}LppVq ď }Bif}LppUq, i “ 1, . . . , n

for every V Ă U with compact closure in U and every h ‰ 0 with |h| ă distpV,RnzUq.
Indeed, if f P W 1,ppUqXC8pUq, then denoting the standard basis of Rn by pe1, . . . , enq,
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we haveˇ̌
Dh

i fpxq
ˇ̌ “ ˇ̌̌̌

fpx` heiq ´ fpxq
h

ˇ̌̌̌
“
ˇ̌̌̌
1

h

ż 1

0

d

dt
fpx` theiq dt

ˇ̌̌̌
“
ˇ̌̌̌ż 1

0

Bifpx` theiq dt
ˇ̌̌̌
ď
ż 1

0

|Bifpx` theiq| dt.
Then since any measurable function g : r0, 1s Ñ R satisfiesˆż 1

0

|gptq| dt
˙p

ď
ż 1

0

|gptq|p dt
by Jensen’s inequality, this gives

}Dh
i f}pLppVq “

ż
V

ˇ̌
Dh

i fpxq
ˇ̌p

dµpxq ď
ż
V

ˆż 1

0

|Bifpx` theiq| dt
˙p

dµpxq

ď
ż
V

ż 1

0

|Bifpx` theiq|p dt dµpxq “
ż 1

0

ż
V

|Bifpx` theiq|p dµpxq dt

ď
ż 1

0

}Bif}pLppUq dt “ }Bif}pLppUq.

This estimate extends to every f P W 1,ppUq by density of smooth functions.
Next, suppose f P W 1,ppUq and ǫ ą 0 is given. Choose a smooth approximation

fǫ P W 1,ppUq XC8pUq with }f ´ fǫ}W 1,ppUq ă ǫ{3. By Lemma A.3.2, Dh
i fǫ Ñ Bifǫ in

C0
loc on U as h Ñ 0, and since V has finite measure, this implies we can find δ ą 0

such that |h| ă δ implies }Dh
i fǫ ´ Bifǫ}LppVq ă ǫ{3. Now by (A.11),

}Dh
i fǫ ´Dh

i f}LppVq ď }Bifǫ ´ Bif}LppUq ď }fǫ ´ f}W 1,ppUq ă ǫ{3,
so combining these estimates gives }Dh

i f ´ Bif}LppVq ă ǫ whenever |h| ă δ. �

The proof of the next proposition will require the following standard result from
real analysis, known as the Banach-Alaoglu theorem. It follows easily from the
separability of Lp-spaces for p ă 8 together with the duality of Lp and Lq for
1{p` 1{q “ 1; see for instance [LL01, §2.18].

Theorem A.3.4 (Banach-Alaoglu). For any measurable subset U Ă Rn, if 1 ă
p ă 8, then every bounded sequence fj P LppUq has a weakly convergent subsequence,
i.e. after passing to a subsequence, one can find a function f8 P LppUq such that for
every ϕ P LqpUq with 1{p` 1{q “ 1,

ş
U
fjϕÑ ş

U
f8ϕ. �

Remark A.3.5. One popular way of summarizing the Banach-Alaoglu theorem
is the statement that “closed balls in Lp are weakly compact”; indeed, if fj P LppUq
satisfies the bound }fj}Lp ď C, then the weak limit f8 provided by Theorem A.3.4
also satisfies }f8}Lp ď C. The latter follows from the general fact that for any
sequence fj P LppUq converging weakly to some f8 P LppUq,

}f8}LppUq ď lim inf }fj}LppUq.

The proof of this is not hard; see e.g. [LL01, §2.11].
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Proposition A.3.6. Suppose V Ă U Ă Rn are open subsets such that V has
compact closure contained in U , 1 ă p ă 8, f is a measurable function on U with
}f}LppVq ă 8, and there exist constants C ą 0 and δ ą 0 such that

}Dh
i f}LppVq ď C whenever 0 ă |h| ă δ.

Then f |V has a weak partial derivative Bif P LppVq satisfying }Bif}LppVq ď C.

Proof. For any sequence hj Ñ 0 of sufficiently small nonzero real numbers, the

sequence D
hj

i f satisfies }Dhj

i f}LppVq ď C, thus the Banach-Alaoglu theorem implies
that after passing to a subsequence, one finds a function g P LppVq with }g}LppVq ď C

such that ż
V

pDhj

i fqϕÑ
ż
V

gϕ

for all ϕ P LqpVq, where 1{p`1{q “ 1. In particular, this is true for all test functions
ϕ P C8

0 pVq, and in this case there is an “integration by parts” relationż
V

pDhj

i fqϕ “
ż
V

fpx` hjeiq ´ fpxq
hj

ϕpxq dµpxq

“ ´
ż
V

fpxqϕpx´ hjeiq ´ ϕpxq
´hj

dµpxq “ ´
ż
V

fD
´hj

i ϕ.

By Lemma A.3.2, D
´hj

i ϕ Ñ Biϕ uniformly on V and thus also in LqpVq, so taking
the limit of the integrals, we’ve shownż

V

gϕ “ ´
ż
V

fBiϕ for all ϕ P C8
0 pVq,

or in other words, Bif “ g P LppVq. �

Proof of Theorem A.3.1. The two statements in the theorem follow by ap-
plying Propositions A.3.3 and A.3.6 respectively to Bαf for every multiindex α with
|α| ď k´1, using the fact thatDhpBαfq “ BαpDhfq. For the bound on }∇f}W k´1,ppVq,
we observe that by assumption,

}Dhf}W k´1,ppVq “
ÿ

|α|ďk´1

}BαpDhfq}LppVq “
ÿ

|α|ďk´1

}DhpBαfq}LppVq ď C,

thus each individual term in this sum satisfies }DhpBαfq}LppVq ď C, implying }∇pBαfq}LppVq ď
C and thus

}∇f}W k´1,ppVq “
ÿ

|α|ďk´1

}Bαp∇fq}LppVq “
ÿ

|α|ďk´1

}∇pBαfq}LppVq

ď ÿ
|α|ďk´1

C “: mk,pC.

�
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A.4. Spaces of sections of vector bundles

In this section, fix a field
F :“ R or C,

assume M is a smooth n-dimensional manifold, possibly with boundary, and π :
E Ñ M is a smooth vector bundle of rank m over F. This comes with a “bundle
atlas” Apπq, a set whose elements α P Apπq each consist of the following data:

(1) An open subset Uα ĂM ;

(2) A smooth local coordinate chart ϕα : Uα
–ÝÑ Ωα, where Ωα is an open

subset of Rn` :“ tpx1, . . . , xnq P Rn | xn ě 0u;
(3) A smooth local trivialization Φα : E|Uα

–ÝÑ Uα ˆ Fm.

Smoothness of ϕα and Φα means as usual that for every pair α, β P Apπq, the
coordinate transformations

ϕβα :“ ϕ´1
β ˝ ϕα : Ωαβ

–ÝÑ Ωβα, Ωαβ :“ ϕαpUα X Uβq
and transition maps

gβα : Uα X Uβ Ñ GLpm,Fq such that Φβ ˝ Φ´1
α px, vq “ px, gβαpxqvq

for x P Uα X Uβ, v P Fm

are smooth, and we shall assume the bundle atlas is maximal in the sense that
any triple pU , ϕ,Φq that is smoothly compatible with every α P Apπq also belongs
to Apπq.

Any α P Apπq now associates to sections η : M Ñ E their local coordinate
representatives

ηα :“ pr2 ˝Φα ˝ η ˝ ϕ´1
α : Ωα Ñ Fm,

where pr2 : Uα ˆ Fm Ñ Fm is the projection, and the representatives with respect
to two distinct α, β P Apπq are related by

ηβ “ pgβα ˝ ϕ´1
β qpηα ˝ ϕαβq on Ωβα Ă Ωβ.

For p P r1,8s and each integer k ě 0, we then define the topological vector space of

sections of class W k,p
loc by

W
k,p
loc pEq :“

 
η : M Ñ E

ˇ̌
sections such that ηα P W

k,p
loc pΩ̊α,F

mq
for all α P Apπq(,

where convergence ηj Ñ η in W
k,p
loc pEq means that ηαj Ñ ηα in W

k,p
loc pΩ̊α,F

mq for all
α P Apπq. Note that Ωα is not necessarily an open subset of Rn since it may contain

points in BRn` “ Rn´1 ˆ t0u, but its interior Ω̊α is open in Rn, and W
k,p
loc pΩ̊αq is

thus defined as in §A.1. Strictly speaking, elements of η P W
k,p
loc pEq are not sections

but equivalence classes of sections defined almost everywhere—the latter notion is
defined with respect to any measure arising from a smooth volume element on M ,
and it does not depend on this choice.

It turns out that W k,p
loc pEq can be given the structure of a Banach space if M is

compact. This follows from the fact that M can then be covered by a finite subset of
the atlas Apπq, but we must be a little bit careful: not all charts in Apπq are equally
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suitable for defining W k,p-norms on sections, because e.g. even a nice smooth section
η P ΓpEq may have }ηα}W k,ppΩ̊αq “ 8 if Ωα Ă Rn` is unbounded. One way to deal

with this is as follows: we will say that α P Apπq is a precompact chart if there
exists α1 P Apπq and a compact subset K ĂM such that

Uα Ă K Ă Uα1.

When this is the case, Ωα Ă Rn` is necessarily bounded, and the transition maps
between two precompact charts necessarily have bounded derivatives of all orders,
as they are restrictions to precompact subsets of maps that are smooth on larger
domains. If M is compact, then one can always find a finite subset I Ă Apπq
consisting of precompact charts such that M “ Ť

αPI Uα.

Definition A.4.1. Suppose E ÑM is a smooth vector bundle over a compact
manifold M , and I Ă Apπq is a finite set of precompact charts such that tUαuαPI
is an open cover of M . We then define W k,ppEq as the vector space of all sections
η : M Ñ E for which the norm

}η}W k,p :“ }η}W k,ppEq :“
ÿ
αPI

}ηα}W k,ppΩ̊αq

is finite.

The norm in the above definition depends on auxiliary choices, but it is easy to
see that the resulting definition of the space W k,ppEq and its topology do not. In
fact:

Proposition A.4.2. If M is compact, then W k,ppEq “ W
k,p
loc pEq, and a sequence

ηj converges to η in W
k,p
loc pEq if and only if the norm given in Definition A.4.1

satisfies }ηj ´ η}W k,ppEq Ñ 0.

The proposition is an immediate consequence of the following.

Lemma A.4.3. Suppose M is a smooth manifold, π : E ÑM is a smooth vector
bundle, tβu Y J Ă Apπq is a finite collection of charts such that M “ Ť

αPJ Uα and
all coordinate transformations and transition maps relating any two charts in the
collection tβu Y J have bounded derivatives of all orders (e.g. it suffices to assume
all are precompact). Then there exists a constant c ą 0 such that

}ηβ}W k,ppΩ̊βq ď c
ÿ
αPJ

}ηα}W k,ppΩ̊αq

for all sections η : M Ñ E with ηα P W k,ppΩ̊αq for every α P J .

Proof. Choose a partition of unity tρα : M Ñ r0, 1suαPJ subordinate to the
finite open cover tUαuαPJ . Now η “ ř

αPJ ραη, and each ραη is supported in Uα, so
pραηqβ has support in Ωβα “ ϕβpUαXUβq. Thus using Theorem A.2.8 with the fact
that gβα, ϕ

´1
β , ϕαβ and ϕβα “ ϕ´1

αβ are all smooth functions with bounded derivatives
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of all orders on the domains in question, we find

}ηβ}W k,ppΩ̊βq “
›››››ÿ
αPJ

pραηqβ
›››››
W k,ppΩ̊βq

ď ÿ
αPJ

}pραηqβ}W k,ppΩ̊βαq

“ ÿ
αPJ

}pρα ˝ ϕ´1
β qpgβα ˝ ϕ´1

β qpηα ˝ ϕαβq}W k,ppΩ̊βαq

ď c
ÿ
αPJ

}ηα}W k,ppΩ̊αβq ď c
ÿ
αPJ

}ηα}W k,ppΩ̊αq.

�

Corollary A.4.4. If M is compact, then the norm on W k,ppEq given by Defi-
nition A.4.1 is independent of all auxiliary choices up to equivalence of norms. �

Theorem A.4.5. For any smooth vector bundle π : E Ñ M over a compact
manifold M , W k,ppEq is a Banach space.

Proof. If ηj P W k,ppEq is a Cauchy sequence, then for some chosen finite col-
lection I Ă Apπq of precompact charts covering M , the sequences ηαj for α P I are

Cauchy in W k,ppΩ̊αq and thus have limits ξpαq P W k,ppΩ̊α,F
mq. Choosing a parti-

tion of unity tρα : M Ñ r0, 1suαPI subordinate to tUαuαPI , we can now associate to
each α P I a section η8,α P W k,ppEq characterized uniquely by the condition that it
vanishes outside of Uα and is represented in the trivialization on Uα by

ηα8,α “ pρα ˝ ϕ´1
α qξpαq.

We claim that ραηj Ñ η8,α in W k,ppEq for each α P I. Indeed, we have

pραηjqα “ pρα ˝ ϕ´1
α qηαj Ñ pρα ˝ ϕ´1

α qξpαq “ ηα8,α in W k,ppΩ̊αq
since ηαj Ñ ξpαq. For all other β P I not equal to α, pραηjqβ ´ η

β8,α P W k,ppΩ̊β,F
mq

has support in Ωβα “ ϕβpUα X Uβq, thus
}pραηjqβ ´ ηβ8,α}W k,ppΩ̊βq “ }pραηjqβ ´ ηβ8,α}W k,ppΩ̊βαq ď c}pραηjqα ´ ηα8,α}W k,ppΩ̊αq,

where the inequality comes from Lemma A.4.3 after replacing M with Uα, and Uβ

with Uβ X Uα (note that the lemma does not require M to be compact). With the
claim established, we have

ηj “
ÿ
αPI

ραηj Ñ
ÿ
αPI

η8,α in W k,ppEq.

�

Remark A.4.6. One can use exactly the same approach to show that when M is
compact, the space CkpEq of Ck-smooth sections η : M Ñ E has a canonical (up to
equivalence of norms) Banach space structure for each finite integer k ě 0 such that
convergence in the Ck-norm is equivalent to uniform convergence of all derivatives
up to order k.
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Exercise A.4.7. For U Ă Rn an open subset, the space W k,p
loc pUq was defined in

§A.1, but one can give it an alternative definition in the present context by viewing
functions on U as sections of a trivial vector bundle over U , with the latter viewed
as a noncompact smooth n-manifold. Show that these two definitions of W k,p

loc pUq
are equivalent.

Exercise A.4.8. Suppose U Ă Rn is a bounded open subset with smooth bound-
ary, so its closure U Ă Rn is a smooth compact submanifold with boundary, and let
E Ñ U be a trivial vector bundle. Show that there is a canonical Banach space iso-
morphism between W k,ppUq as defined in §A.1 andW k,ppEq as defined in the present
section. Hint: Recall that sections in W k,ppEq are only required to be defined almost

everywhere, so in particular if the domain M is a manifold with boundary, they need

not be well defined on BM .

In light of Exercise A.4.8, the natural generalization of W k,p
0 pUq in the present

setting is

W
k,p
0 pEq :“ C8

0 pE|MzBMq,
i.e. it is the closure in the W k,p-norm of the space of smooth sections that vanish
near the boundary. Density of smooth sections will imply that this is the same as
W k,ppEq if M is closed, but in general W k,p

0 pEq is a closed subspace of W k,ppEq.
The partition of unity argument in Theorem A.4.5 contains all the essential ideas

needed to generalize results about Sobolev spaces on domains in Rn to compact
manifolds. We now state the essential results, leaving the proofs as exercises.

Theorem A.4.9. Assume M is a smooth compact n-manifold, possibly with
boundary, π : E Ñ M is a smooth vector bundle of finite rank, k ě 0 is an in-
teger and 1 ď p ă 8. Then the Banach space W k,ppEq has the following properties.

(1) The space ΓpEq of smooth sections is dense in W k,ppEq.
(2) If kp ą n, then for each integer d ě 0, there exists a continuous and compact

inclusion
W k`d,ppEq ãÑ CdpEq.

(3) The natural inclusion

W k`1,ppEq ãÑW k,ppEq
is compact.

(4) Suppose F,G Ñ M are smooth vector bundles such that there exists a
smooth bundle map

E b F Ñ G : η b ξ ÞÑ η ¨ ξ.
Then if kp ą n and 0 ď m ď k, there exists a continuous product pairing

W k,ppEq ˆWm,ppF q ÑWm,ppGq : pη, ξq ÞÑ η ¨ ξ.
In particular, products of W k,p sections give W k,p sections whenever kp ą n.

(5) Suppose F ÑM is another smooth vector bundle, V Ă E is an open subset
that intersects every fiber of E, and we consider the spaces

W k,ppVq :“  
η P W k,ppEq ˇ̌ ηpMq Ă V

(
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and

Ck
MpV, F q :“

 
Φ : V Ñ F | fiber-preserving maps of class Ck

(
,

where the latter is assigned the topology of Ck-convergence on compact sub-
sets. If kp ą n, then W k,ppVq is an open subset of W k,ppEq, and the map

Ck
MpV, F q ˆW k,ppVq Ñ W k,ppF q : pΦ, ηq ÞÑ Φ ˝ η

is well defined and continuous.
(6) If N is another smooth compact manifold and ϕ : N Ñ M is a smooth

diffeomorphism, then there is a Banach space isomorphism

W k,ppEq ÑW k,ppϕ˚Eq : η ÞÑ η ˝ ϕ.
�

Remark A.4.10. It is sometimes useful to extend the definitions and results of
this section to vector bundles that are not smooth, e.g. vector bundles of class Ck or
W k,p, for which all transition maps are required to be of class Ck orW k,p respectively.
The latter makes sense in general only if kp ą n, so that transition maps are at
least continuous. Given a bundle of this type, one can enhance the arguments of
this section with the aid of Theorem A.2.1 to show that Wm,ppEq is a well-defined
Banach space for every m ď k, though it would not be well defined if m ą k.
Such spaces arise frequently in global analysis, e.g. if f is a non-smooth element in
the Banach manifold B of W k,p-smooth maps of M into another manifold N , then
f˚TN ÑM is in general a vector bundle of class W k,p, and TfB “ W k,ppf˚TNq.

A.5. Some remarks on domains with cylindrical ends

For bundles π : E Ñ M with M noncompact, W k,ppEq is not generally well

defined without making additional choices. When M “ 9Σ “ ΣzΓ is a punctured

Riemann surface and π : E Ñ 9Σ is equipped with an asymptotically Hermitian
structure tpEz, Jz, ωzquzPΓ as defined in Chapter 4, one nice way to define W k,ppEq
was introduced in §4.1: one takes it to be the space of sections in W

k,p
loc pEq whose

W k,p-norms on each cylindrical end are finite with respect to a choice of asymp-
totic trivialization. This definition requires the convenient fact that complex vector
bundles over S1 are always trivial, though one can also do without this by using
the ideas in the previous section. Indeed, any collection of local trivializations on
the asymptotic bundle Ez Ñ S1 covering S1 gives rise via the asymptotically Her-
mitian structure to a collection of trivializations on E covering the corresponding
cylindrical end 9Uz . The key fact is then that S1 is compact, hence one can always
choose such a covering to be finite: combining this with a finite covering of 9Σ in the
complement of its cylindrical ends by precompact charts, we obtain a covering of 9Σ
by a finite collection of bundle charts that are not all precompact, but nonetheless
have the property that all transition maps have bounded derivatives of all orders.
This is enough to define a W k,p-norm for sections of E Ñ 9Σ as in Definition A.4.1
and to prove that it does not depend on the choices of charts or local trivializations,
though it does depend on the asymptotically Hermitian structure.
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With this definition understood, one can easily generalize the Sobolev embedding
theorem and other important statements in Theorem A.4.9 to the setting of an
asymptotically Hermitian bundle over a punctured Riemann surface. We shall leave
the details of this generalization as an exercise, but take the opportunity to point
out a few important differences from the compact case.

First, since 9Σ is not compact, neither are the inclusions

W k`d,ppEq ãÑ CdpEq, W k`1,ppEq ãÑ W k,ppEq.
The proof of compactness fails due to the fact that cylindrical ends require local
trivializations over unbounded domains of the form p0,8q ˆ p0, 1q Ă R2, for which
Theorem A.1.10 does not hold. And indeed, considering unbounded shifts on the
infinite cylinder 9Σ “ RˆS1, it is easy to find a sequence of W k,p-bounded functions
with kp ą 2 that do not have a C0-convergent subsequence. That is the bad news.

The good news is that if η P W k`d,ppEq for kp ą 2, then one can say considerably
more about η than just that it is Cd-smooth. Indeed, restricting to one of the
cylindrical ends r0,8qˆ S1 Ă 9Σ, notice that the finiteness of the W k`d,p-norm over
9Σ implies

}η}W k`d,pppR,8qˆS1q Ñ 0 as R Ñ8.

Since these domains are all naturally diffeomorphic for different values of R, the
Cd-norm of η over pR,8q ˆ S1 is bounded by the W k`d,p-norm via a constant that
does not depend on R, so this implies an asymptotic decay condition

}η}CdprR,8qˆS1q Ñ 0 as RÑ8
for every η P W k`d,ppEq.

Here is another useful piece of good news: since 9Σ does not have boundary,
W k,ppEq “ W

k,p
0 pEq.

Theorem A.5.1. Given an asymptotically Hermitian bundle E over a punctured
Riemann surface 9Σ, the space C8

0 pEq of smooth sections with compact support is
dense in W k,ppEq for all k ě 0 and 1 ď p ă 8.

Proof. We can assume as in Definition A.4.1 that the W k,p-norm for sections
η of E is given by

}η}W k,p “ ÿ
αPI

}ηα}W k,ppΩαq,

where I Ă Apπq is a finite collection of bundle charts

α “
´
ϕα : Uα

–ÝÑ Ωα , Φα : E|Uα

–ÝÑ Uα ˆ Cn
¯

such that each of the open sets Ωα Ă C is either bounded or (for charts over the
cylindrical ends) of the form

Ωα “ p0,8q ˆ ωα Ă R2 “ C

for some bounded open subset ωα Ă R. Now given η P W k,ppEq, Theorem A.1.1
provides for each α P I a sequence ηαj P W k,ppΩαq of smooth functions with bounded
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support such that ηαj Ñ ηα in W k,ppΩαq. Choose a partition of unity tρα : 9Σ Ñ
r0, 1suαPI subordinate to the open cover tUαuαPI and let

ηj :“
ÿ
αPI

ραpηαj ˝ ϕαq P W k,ppEq.

These sections are smooth and have compact support since the ηαj have bounded

support in Ωα, and they converge in W k,p to η. �





APPENDIX B

The Floer Cǫ space

The Cǫ-topology for functions was introduced by Floer [Flo88b] to provide a Ba-
nach manifold of perturbed geometric structures without departing from the smooth
category: it is a way to circumvent the annoying fact that spaces of smooth functions
which arise naturally in geometric settings are not Banach spaces. The construction
of Cǫ spaces generally depends on several arbitrary choices and is thus far from
canonical, but this detail is unimportant since the Cǫ space itself is never the main
object of interest. What is important is merely the properties that it has, namely
that it not only embeds continuously into C8 and contains an abundance of non-
trivial functions, but also is a separable Banach space and can therefore be used in
the Sard-Smale theorem for genericity arguments. We shall prove these facts in this
appendix.

Fix a smooth finite-rank vector bundle π : E Ñ M over a finite-dimensional
compact manifold M , possibly with boundary. For each integer k ě 0, we denote by
CkpEq the Banach space of Ck-smooth sections of E; note that the norm on CkpEq
depends on various auxiliary choices but is well defined up to equivalence of norms
since M is compact. Now if ǫ “ pǫkq8k“0 is a sequence of positive numbers with
ǫk Ñ 0, set

CǫpEq “
 
η P ΓpEq ˇ̌ }η}Cǫ

ă 8(
,

where the Cǫ-norm is defined by

(B.1) }η}Cǫ
“

8ÿ
k“0

ǫk}η}Ck .

The norm for CǫpEq is somewhat more delicate than for CkpEq, e.g. its equivalence
class is not obviously independent of auxiliary choices. This remark is meant as
a sanity check, but it should not cause extra concern since, in practice, the space
CǫpEq is typically regarded as an auxiliary choice in itself. In many applications,
one fixes an open subset U ĂM and considers the closed subspace

CǫpE;Uq “  
η P CǫpEq

ˇ̌
η|MzU ” 0

(
.

Remark B.0.1. The requirement for M to be compact can be relaxed as long as
U Ă M has compact closure: e.g. in one situation of frequent interest in this book,
we take M to be the noncompact completion of a symplectic cobordism. In this case
CǫpE;Uq can be defined as a closed subspace of CǫpE|M0

q where M0 Ă M is any
compact manifold with boundary that contains the closure of U . For this reason,
we lose no generality in continuing under the assumption that M is compact.

125
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In order to prove things about CǫpEq, we will need to specify a more precise
definition of the Ck-norms. To this end, define a sequence of vector bundles Epkq Ñ
M for integers k ě 0 inductively by

Ep0q :“ E, Epk`1q :“ HompTM,Epkqq.
Choose connections and bundle metrics on both TM and E; these induce connec-
tions and bundle metrics on each of the Epkq, so that for any section ξ P ΓpEpkqq,
the covariant derivative ∇ξ is now a section of Epk`1q. In particular for η P ΓpEq,
we can define the “kth covariant derivative” of η as a section

∇kη P ΓpEpkqq.
Using the bundle metrics to define C0-norms for sections of Epkq, we can then define

}η}CkpEq “
kÿ

m“0

}∇mη}C0pEpmqq,

where by convention ∇0η :“ η. We will assume throughout the following that the
Ck-norms appearing in (B.1) are defined in this way.

Theorem B.0.2. CǫpEq is a Banach space.

Proof. We need to show that Cǫ-Cauchy sequences converge in the Cǫ-norm.
It is clear from the definitions that if ηj P CǫpEq is Cauchy, then ηj is also Ck-
Cauchy for every k ě 0, hence its derivatives ∇kηj for every k are C0-convergent
to continuous sections ξk of Epkq. This convergence implies that ξk`1 “ ∇ξk in
the sense of distributions, hence by the equivalence of classical and distributional
derivatives (see e.g. [LL01, §6.10]), η8 :“ ξ0 is smooth with ∇kη8 “ ξk, so that
∇kηj Ñ ∇kη8 in C0pEpkqq for all k.

We claim η8 P CǫpEq. Choose N ą 0 such that }ηi ´ ηj}Cǫ
ă 1 for all i, j ě N .

Then for every m P N and every i ě N ,
mÿ
k“0

ǫk}ηi}Ck ď
mÿ
k“0

ǫk}ηi ´ ηN}Ck `
mÿ
k“0

ǫk}ηN}Ck

ď }ηi ´ ηN}Cǫ
` }ηN}Cǫ

ă 1` }ηN}Cǫ
.

Fixing m and letting iÑ 8, we then have
mÿ
k“0

ǫk}η8}Ck ď 1` }ηN}Cǫ

for all m, so we can now let mÑ8 and conclude }η8}Cǫ
ď 1` }ηN}Cǫ

ă 8.
The argument that }ηj ´ η8}Cǫ

Ñ 0 as j Ñ8 is similar: pick ǫ ą 0 and N such
that }ηi ´ ηj}Cǫ

ă ǫ for all i, j ě N . Then for a fixed m P N, we can let i Ñ 8 in
the expression

řm

k“0 ǫk}ηi ´ ηj}Ck ă ǫ, giving
mÿ
k“0

ǫk}η8 ´ ηj}Ck ď ǫ.

This is true for every m, so we can take m Ñ 8 and conclude }η8 ´ ηj}Cǫ
ď ǫ for

all j ě N . �
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To show that CǫpEq is also separable, we will follow a hint1 from [HS95] and
embed it isometrically into another Banach space that can be more easily shown to
be separable. For each integer k ě 0, define the vector bundle

F pkq “ Ep0q ‘ . . .‘ Epkq,
and let Xǫ denote the vector space of all sequences

ξ :“ pξ0, ξ1, ξ2, . . .q P
8ź

k“0

C0pF pkqq

such that

}ξ}Xǫ
:“

8ÿ
k“0

ǫk}ξk}C0 ă 8.

Exercise B.0.3. Adapt the proof of Theorem B.0.2 to show that Xǫ is also a
Banach space.

Lemma B.0.4. Xǫ is separable.

Proof. Since C0pF pkqq is separable for each k ě 0, we can fix countable dense
subsets P k Ă C0pF pkqq. The set

P :“  pξ0, . . . , ξN , 0, 0, . . .q P Xǫ

ˇ̌
N ě 0 and ξk P P k for all k “ 0, . . . , N

(
is then countable and dense in Xǫ. �

Theorem B.0.5. CǫpEq is separable.

Proof. Consider the injective linear map

CǫpEq ãÑ Xǫ : η ÞÑ
`
η, pη,∇ηq, pη,∇η,∇2ηq, . . .˘ .

This is an isometric embedding and thus presents CǫpEq as a closed linear subspace
of Xǫ, hence the theorem follows from Lemma B.0.4 and the fact that subspaces of
separable metric spaces are always separable. �

Note that given any open subset U Ă M , Theorems B.0.2 and B.0.5 also hold
for CǫpE;Uq, as a closed subspace of CǫpEq. So far in this discussion, however,
there has been no guarantee that CǫpEq or CǫpE;Uq contains anything other than
the zero-section, though it is clear that in theory, one should always be able to
enlarge the space by choosing new sequences ǫk that converge to zero faster. The
following result says that CǫpE;Uq can always be made large enough to be useful in
applications.

Theorem B.0.6. Given an open subset U Ă M , the sequence ǫk can be chosen
to have the following properties:

(1) CǫpE;Uq is dense in the space of continuous sections vanishing outside U .
(2) Given any point p P U , a neighborhood Np Ă U of p, a number δ ą 0 and

a continuous section η0 of E, there exists a section η P ΓpEq and a smooth
compactly supported function β : Np Ñ r0, 1s such that

βη P CǫpE;Uq, βppqηppq “ η0ppq, and }η ´ η0}C0 ă δ.

1Thanks to Sam Lisi for explaining to me what the hint in [HS95] was referring to.
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Proof. Note first that it suffices to find two separate sequences ǫk and ǫ1k that
have the first and second property respectively, as the sequence of minima minpǫk, ǫ1kq
will then have both properties.

The following construction for the first property is based on a suggestion by
Barney Bramham. Observe first that the space C0pE;Uq of continuous sections
vanishing outside U is a closed subspace of C0pEq and is thus separable, so we can
choose a countable C0-dense subset P Ă C0pE;Uq. Moreover, the space of smooth
sections vanishing outside U is dense in C0pE;Uq, hence we can assume without loss
of generality that the sections in P are smooth. Now write P “ tη1, η2, η3, . . .u and
define ǫk ą 0 for every integer k ě 0 to have the property

ǫk ă 1

2k
min

"
1

}η1}Ck

, . . . ,
1

}ηk}Ck

*
.

Then every ηj is in CǫpE;Uq, as

}ηj}Cǫ
ă

j´1ÿ
k“0

ǫk}ηj}Ck `
8ÿ
k“j

1

2k
ă 8.

The second property is essentially local, so it can be deduced from Lemma B.0.7
below. �

Lemma B.0.7. Suppose β : D̊n Ñ r0, 1s is a smooth function with compact sup-

port on the open unit ball D̊n Ă Rn and βp0q “ 1. One can choose a sequence
of positive numbers ǫk Ñ 0 such that for every η0 P Rm and r ą 0, the function
η : Rn Ñ Rm defined by

ηppq :“ βpp{rqη0
satisfies

ř8
k“0 ǫk}η}Ck ă 8.

Proof. Define ǫk ą 0 so that for k ě 1,

ǫk “ 1

kk}β}Ck

.

Then 8ÿ
k“1

ǫk}η}Ck ď
8ÿ

k“1

1

kk}β}Ck

}β}Ck

rk
“

8ÿ
k“1

ˆ
1{r
k

˙k

ă 8.

�



APPENDIX C

Genericity in the space of asymptotic operators

The purpose of this appendix is to prove Lemma 3.4.3, which was needed for our
definition of spectral flow in §3.4. The proof combines some ideas from that section
with the technique used in Chapter 9 to prove generic transversality of moduli
spaces via the Sard-Smale theorem. Some knowledge of that technique should thus
be considered a prerequisite for this appendix; if you have never seen it before and
were directed here after reading the statement of Lemma 3.4.3, you might want to
skip this for now and come back after you’ve read as far as Chapter 9.

Recalling the notation from Chapter 3, we fix the real Hilbert spaces

H “ L2pS1,R2nq, D “ H1pS1,R2nq,
the symmetric index 0 Fredholm operator

Tref “ ´J0 Bt : D Ñ H

and, given a bounded family of symmetric matrices S P L8pS1,EndsympR2nqq, refer
to any operator of the form

A “ ´J0 Bt ´ S : D Ñ H

as an asymptotic operator. Such operators belong to the space of symmetric
compact perturbations of Tref ,

Fredsym
R pD,H,Trefq “

 
Tref `K : D Ñ H

ˇ̌
K P L

sym
R pHq( ,

which we regard as a smooth Banach manifold via its obvious identification with the
space L

sym
R pHq of symmetric bounded linear operators on H. For k P N, we denote

by

Fredsym,k
R pD,H,Trefq Ă Fredsym

R pD,H,Trefq
the finite-codimensional submanifold determined by the condition dimR kerA “
dimR cokerA “ k.

Here is the statement of Lemma 3.4.3 again.

Lemma. Fix a smooth path r´1, 1s Ñ L8pS1,EndsympR2nqq : s ÞÑ Ss and con-
sider the 1-parameter family of symmetric index 0 Fredholm operators

As :“ ´J0 Bt ´ Ss : H
1pS1,R2nq Ñ L2pS1,R2nq

for s P r´1, 1s, assuming A˘1 are isomorphisms. Then after replacing Ss by a

family of the form rSsptq :“ Ssptq ` Bps, tq for some smooth function B : r´1, 1s Ñ
EndsympR2nq that vanishes for s “ ˘1 and may be assumed arbitrarily C8-small,
one can arrange that the following conditions hold:
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(1) For each s P p´1, 1q, all eigenvalues of As are simple.
(2) All intersections of the smooth path

p´1, 1q Ñ Fredsym
R pD,H,Trefq : s ÞÑ As

with Fredsym,1
R pD,H,Trefq are transverse.

We shall now prove this by constructing a Floer-type space of Cǫ-smooth (see
Appendix B) perturbed families of asymptotic operators, and using the Sard-Smale
theorem to find a countable collection of comeager subsets whose intersection con-
tains perturbations achieving the desired conditions.

Choose a sequence of positive numbers ǫ “ pǫkq8k“0 with ǫk Ñ 0 to define a
separable Banach space

Aǫ :“
 
B P C8pr´1, 1s ˆ S1,EndsympR2nqq ˇ̌ }B}Cǫ

ă 8 and Bp˘1, ¨q ” 0
(
,

and assume via Theorem B.0.6 that Aǫ is dense in the Banach space of continuous
functions r´1, 1s ˆ S1 Ñ EndsympR2nq vanishing at t˘1u ˆ S1. We then consider
perturbed 1-parameter families of asymptotic operators of the form

AB
s :“ As `Bps, ¨q : D Ñ H

for B P Aǫ, s P r´1, 1s. Remarks 3.4.1 and 3.4.2 imply that the perturbed family
defines a smooth path in Fredsym

R pD,H,Trefq as long as the original path s ÞÑ Ss is
smooth in L8pS1,EndsympR2nqq. For each k P N and B P Aǫ, define the set

VkpBq “  ps, λq P p´1, 1q ˆ R
ˇ̌
dimR ker

`
AB

s ´ λ
˘ “ k

(
.

To show that eigenvalues are generically simple, we need to show that for a comeager
set of choices of B P Aǫ, V

kpBq is empty for all k ě 2. Given ps0, λ0q P VkpBq, recall
from §3.4 that there exist decompositions

D “ V ‘K, H “W ‘K

where K “ ker
`
AB

s0
´ λ0

˘
, W “ im

`
AB

s0
´ λ0

˘
is the L2-orthogonal complement

of K, and V “ W X D, so that any symmetric bounded linear operator T in a
sufficiently small neighborhood O Ă L

sym
R pD,Hq of AB

s0
´ λ0 can be written in

block form

T “
ˆ
A B
C D

˙
with A : V ÑW invertible. This gives rise to a smooth map

Φ : O Ñ Endsym
R pKq : T ÞÑ D´CA´1B

whose zero set is precisely the set of nearby symmetric operators with k-dimensional
kernel. A neighborhood of ps0, λ0q in VkpBq can thus be identified with the zero set
of the map

ΨBps, λq :“ ΦpAB
s ´ λq P Endsym

R pKq,
defined for ps, λq P p´1, 1qˆR sufficiently close to ps0, λ0q. Notice that the derivative
dΨBps, λq : R ‘ R Ñ Endsym

R pKq is Fredholm since its domain and target are both
finite dimensional, and it can only ever be surjective when k “ dimR K “ 1.
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The following space will now play the role of a “universal moduli space” as in
Chapter 9: let

Vk “  ps, λ, Bq P p´1, 1q ˆ RˆAǫ

ˇ̌ ps, λq P VkpBq( .
The proof that this is a smooth Banach manifold depends on the following algebraic
lemma.

Lemma C.0.1. Fix an asymptotic operator A “ ´J0 Bt ´ S and a linear trans-
formation

Υ : kerAÑ kerA

that is symmetric with respect to the L2-product. Then there exists a continuous
loop B : S1 Ñ EndsympR2nq such that

xη, BξyL2 “ xη,ΥξyL2

for all η, ξ P kerA.

Proof. Note first that every nontrivial loop η P kerA Ă H1pS1,R2nq is contin-
uous and nowhere zero due to the generalized existence/uniqueness result for solu-
tions to linear ODEs in Exercise 3.3.1. It follows that if we fix a basis pη1, . . . , ηkq
for kerA, then the vectors η1ptq, . . . , ηkptq P R2n are also linearly independent for all
t P S1 and thus span a continuous S1-family of k-dimensional subspaces Vt Ă R2n,
each equipped with a distinguished basis. There is therefore a unique continuous

S1-family of linear transformations pBptq : Vt Ñ Vt such that for every η P kerA,pBptqηptq “ pΥηqptq for all t. Extend pBptq arbitrarily to a continuous family of linear
maps on R2n.

The matrices pBptq P EndpR2nq need not be symmetric, but they do satisfy

xη, pBξyL2 “ xη,ΥξyL2 for all η, ξ P kerA.

Since Υ is symmetric, this implies moreover that for all η, ξ P kerA,

xη,ΥξyL2 “ xξ,ΥηyL2 “ xξ, pBηyL2 “ xη, pBTξyL2.

The loop B :“ 1
2
p pB ` pBTq thus has the desired properties. �

Now using the previously described construction in the space of symmetric Fred-
holm operators, a neighborhood of any point ps0, λ0, B0q in Vk can be identified with
the zero set of a smooth map of the form

Ψps, λ, Bq :“ ΨBps, λq P Endsym
R pKq,

defined for all ps, λ, Bq sufficiently close to ps0, λ0, B0q in p´1, 1q ˆ R ˆ Aǫ, where
K “ ker

`
AB0

s0
´ λ0

˘
. The partial derivative of Ψ with respect to the third variable

at ps0, λ0, B0q is then a linear map

L :“ D3Ψps0, λ0, B0q : Aǫ Ñ Endsym
R pKq

of the form

(C.1) LB : K Ñ K : η ÞÑ πKpBps0, ¨qηq,
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where πK : W ‘K Ñ K is the orthogonal projection. We claim that L is surjective.
Indeed, for any Υ P Endsym

R pKq, Lemma C.0.1 provides a continuous loop C0 : S
1 Ñ

EndsympR2nq such that

πKpC0ηq “ Υη for all η P K,

and this can be extended to a continuous function C : r´1, 1s ˆ S1 Ñ EndsympR2nq
satisfying Cps0, ¨q ” C0 and Cp˘1, ¨q ” 0 since s0 ‰ ˘1. The function C might fail
to be of class Cǫ, but since it can be approximated arbitrarily well in the C0-norm
by functions in Aǫ, we conclude that the image of L is dense in Endsym

R pKq. Since
the latter is finite dimensional, the claim follows.

The implicit function theorem now gives Vk the structure of a smooth Banach
submanifold of p´1, 1qˆRˆAǫ, and it is separable since the latter is also separable.
Consider the projection

(C.2) π : Vk Ñ Aǫ : ps, λ, Bq ÞÑ B,

which is a smooth map of separable Banach manifolds whose fibers π´1pBq are the
spaces VkpBq. Using Lemma 9.1.1, the fact that each map ΨB is Fredholm implies
that π is also a Fredholm map, so the Sard-Smale theorem implies that the regular
values of π form a comeager subset

Areg,k
ǫ

Ă Aǫ.

The intersection

Areg
ǫ

:“ č
kPN

Areg,k
ǫ

is then another comeager subset of Aǫ, with the property that for each B P Areg
ǫ

and
every k P N and ps, λq P VkpBq, dΨBps, λq is (by Lemma 9.1.1) surjective. As was
observed previously, this is impossible for dimensional reasons if k ě 2, implying
that VkpBq is then empty.

To find perturbations that also achieve the transversality condition, we use a
similar argument: define for each B P Aǫ the subset

V0pBq “  
s P p´1, 1q ˇ̌ dimR kerA

B
s “ 1

(
,

along with the corresponding universal set

V0 “  ps, Bq P p´1, 1q ˆAǫ

ˇ̌
s P V0pBq( .

A neighborhood of any ps0, B0q in V0 is then the zero set of a smooth map of the
form

Ψps, Bq “ ΦpAB
s q P Endsym

R pkerAB0

s0
q,

defined for all ps, Bq P p´1, 1q ˆ Aǫ close enough to ps0, B0q. For a fixed B P Aǫ

near B0 and s1 P V0pBq near s0, a neighborhood of s1 in V0pBq is then the zero set
of ΨBpsq :“ Ψps, Bq, and the intersection of the path s ÞÑ AB

s P Fredsym
R pD,H,Trefq

with Fredsym,1
R pD,H,Trefq at s “ s1 is transverse if and only if

dΨBps1q : RÑ Endsym
R pkerAB0

s0
q
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is surjective. At ps0, B0q, the partial derivative of Ψ with respect to B is again the
same operator

L “ D2Ψps0, B0q : Aǫ Ñ Endsym
R pkerAB0

s0
q

as in (C.1), which we’ve already seen is surjective due to Lemma C.0.1. Thus one
can apply the Sard-Smale theorem to the projection

V0 Ñ Aǫ : ps, Bq ÞÑ B,

obtaining a comeager subsetAreg,0
ǫ

Ă Aǫ such that all pathsAs`Bps, ¨q forB P Areg,0
ǫ

satisfy the required transversality condition. The comeager subset Areg,0
ǫ

XAreg
ǫ

Ă Aǫ

thus consists of perturbed families of operators for which all desired conditions are
satisfied, and it contains a sequence converging in the C8-topology to 0. This
concludes the proof of Lemma 3.4.3.
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[HZ94] H. Hofer and E. Zehnder, Symplectic invariants and Hamiltonian dynamics, Birkhäuser
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1987. Kanô Memorial Lectures, 5.

[Lan93] S. Lang, Real and functional analysis, 3rd ed., Springer-Verlag, New York, 1993.
[Lan99] , Fundamentals of differential geometry, Springer-Verlag, New York, 1999.
[LW11] J. Latschev and C. Wendl, Algebraic torsion in contact manifolds, Geom. Funct. Anal.

21 (2011), no. 5, 1144–1195. With an appendix by Michael Hutchings.
[Laz20] O. Lazarev, Maximal contact and symplectic structures, J. Topol. 13 (2020), no. 3,

1058–1083.
[LL01] E. H. Lieb and M. Loss, Analysis, 2nd ed., Graduate Studies in Mathematics, vol. 14,

American Mathematical Society, Providence, RI, 2001.
[Lut77] R. Lutz, Structures de contact sur les fibrés principaux en cercles de dimension trois,

Ann. Inst. Fourier (Grenoble) 27 (1977), no. 3, ix, 1–15 (French, with English sum-
mary).

[MS12] D. McDuff and D. Salamon, J-holomorphic curves and symplectic topology, 2nd ed.,
American Mathematical Society Colloquium Publications, vol. 52, American Mathe-
matical Society, Providence, RI, 2012.

[MS17] , Introduction to symplectic topology, 3rd ed., Oxford University Press, 2017.
[MW95] M. J. Micallef and B. White, The structure of branch points in minimal surfaces and

in pseudoholomorphic curves, Ann. of Math. (2) 141 (1995), no. 1, 35–85.
[Pal68] R. S. Palais, Foundations of global non-linear analysis, W. A. Benjamin, Inc., New

York-Amsterdam, 1968.
[Rab78] P. H. Rabinowitz, Periodic solutions of Hamiltonian systems, Comm. Pure Appl. Math.

31 (1978), no. 2, 157–184.
[Rob70] R. C. Robinson, A global approximation theorem for Hamiltonian systems, Global Anal-

ysis (Proc. Sympos. Pure Math., Vol. XIV, Berkeley, Calif., 1968), Amer. Math. Soc.,
Providence, R.I., 1970, pp. 233–243.

[RT95] Y. Ruan and G. Tian, A mathematical theory of quantum cohomology, J. Differential
Geom. 42 (1995), no. 2, 259–367.

[RT97] , Higher genus symplectic invariants and sigma models coupled with gravity,
Invent. Math. 130 (1997), 455–516.

[Sal99] D. Salamon, Lectures on Floer homology, Symplectic geometry and topology (Park City,
UT, 1997), IAS/Park City Math. Ser., vol. 7, Amer. Math. Soc., Providence, RI, 1999,
pp. 143–229.

[Sch93] M. Schwarz, Morse homology, Progress in Mathematics, vol. 111, Birkhäuser Verlag,
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