Comections, (urdoture amol Charodkenistic Chpsses

4. Princi amel thect coum

Let g fe a Lee Jroup, [& g* §L(V) o rpresemfotion on a K-us UV (ef M be o Sucofl wfol,

Def: A principle G- bunille is o [ber Gull PSM it L ¢, cwwuo.uwﬁm
le, there s o u,(v‘ g'a.o{u..‘, o Pl ik . fdre Presesding  auial acks Trausdi
L) ﬁ{,u- 9 \“‘7 ool -F%

The vector Gomolle associofed to PM pud Iz g.aﬂw) & the bunolle E TPV S M LU
= (Puv)y, | vy ~ (pg, $G7Yv) Y9€q pep ke

Exowples: (od E>H fo a vec. Buoll of ronle k. For <M, Lot (GUEY), Ge tae sdo{ bases of
#e {bre E, Thew ;

gLier = Y (Sue)),

6 the Sromse Budle of E 1 is wohon o prinopel  §L(e,k)- Bumdls.

Sw‘ﬁl"&a 14 e fave o webhc o £ o cliotse. oun ONM{O.{(W, we Chan Mue

OE) - puinspal Ok, R) - Buuolle,
WE) - principal UK, €) - fonolle,

So(E) - princpal S0(¢, R)~ Buuolle,
SWE) - phineipad Stk € )- Gumddle.

Qoo Hee natural ~,o» e §LlkK) > GLIKY), e . back as
E= §UE) »,

S&«L&»@J in The ofler cases alove.

The uﬂd, subbuwoll
Leh PN 6;‘1 phis. g’—M Them TV

Wi o Tr CTP : v -
4 the uu'ﬁoal subbuwdle 4‘ TP Af eadd. peP W,. is spamed /

oenkos %oe St pe® ke XEGTTL (Ui ayehm of ) m,m
to fundosecal vechn ficddls X o P, ie. secoss of P,

&= equiSoriant L‘Aﬂi'-w“ﬁ&m g
_Q LV

Del: A Quckion, fe E=(PN)is g-equivariant f Flog) = g(g7*) #p) vpefF, g€. A "6’# b 5

o g qtu\hﬂaw(’ z,f RaaL 5(34)09( Vhere R’ PP i mlﬂrcwﬂm 67 1€ 9 Vgeg Tostloraote, of

it ool foriaoatol o al¥i¥) 20 whewwer ,(fVP for some .




Lowwma: Ther ost A: 1 = correspoudunces
(s-equiviont fuchion £:P>v] > [ockons of E-PyV)
{!-eqw:mw‘ lorizoutol forms xeg“{ﬁv)f > olff fomus wEQUM, £)}
Counechions

D__&&: A oumection on P gchewJ‘ Cﬂ“*f&«*ﬂd‘ fo \/P (778 TP, (L a suééw-m& Hpe TP st
HP, @ VR <TFy amd TRy (Hf)< Hhy for eack pef g€§.

Ude that HP can be opuinlonkly ecnlod 6 o prjeckos TP VP. Sice VFy % for cnck
PeEP. we offas..

D_&_\L' A conmechion ﬁom«, o PP e 74'F0M wéf['(P, %) st
Vs A epinint, e Rfo s A9, vyes
Rewatk: This comes frous the foct tiaf o, fuol 0f. % wn Cane
A e
TR, xP = Ad(y-«)xpg.

&) w(x)ex for eacl XE%.
5’“‘47“"0 wot AP i eymw lo Botle cases, e get o pu.vwﬁu Py of olilf. formms on Pt

boriaontel ofiff foruss o P 53

p(.t ol’ (xh-"l xw) F ."ﬁ(P"qu(, vy PP‘PX,.)

Associskeal_coumection on e veckor Buncollle

Cot,olescﬂl& 6% fow o Commechio. ou P olefives o 0.Buoll comection o E:P?V' ?iu&v\, e

path 't Lo4) M o M, e caw w rib. s Lowinadel poti. ya,[ol,f]_;p - p/ Lo YNH) €HP
v ol € amnol  weytay, Moy

g XEE for JEF ot cann frustite X pusoll olog
ol Kl O] € i GER it aox ool v€V. Defun the tanslie or o [0, )i E gy

Tluis WWO(«AJ nl?euo(sm Xe oned andl olefines o igo
Now fet X€TM, aud seT(£)
We dlefiine

%s ™ é(e‘s‘(’[é»)/#o-

"~
Eﬂb) i E}h) .

iy Eﬂﬁ) = E,(o) wdle y@-o, yor =X Be tHee ohoue io.

M (&'f@

Rewmark ; /M%&a s ik o Ruckon 5PV as dooc, 7s (_ane?om(; AV{(X*), ohoe X¥ 4
orisocal Gl o X



SGarvatury
l'_)gf_: The cwmiwe,of o conuecfion w o
= Ruolw € Q%(P, o)

2 i o fonaoudel &fobew ol volues ic . wm,, propesbies:
1) Rd*.Q = Aolg") R V}Gf (i.c..S'i s ol cfat'vm'aw‘)
2) %, %) = dislX, X,) ¢ Lolk), w)]. '
3) P dez=0.
Rewmart: For X Y€ Hﬁ,,me sees ea.sn’&, that (X V) = pryp (l:)(.'(]), herce SU neeasures food wuech HFP

olecrines Prow Being istegtoble. (u pardiadss, 550 ff HP & itoprable ff P0) i Goally brivial,

Let f"ﬂ’e"? — 7(((/): EndllV). Thew g0 amd £ are EualV) valueod. (Ve 3d the £

nuforhud thl&d-‘ [éw“?

f@_: let ot Be o fonzonted frepuioiout wi-form ow P Thew:
0) ?“ddfo(d*_f;wapt
W) Ryd Polot = g R

Here A" tmeons win reseect fo the twalusdion EndPov -V,

Prsef; Tor (), seporofe Getween verbical aod Lovisontel vechors, (i) follous w«.Z, froun G). (8]

M:_‘Q is forizondof aual Msdw)—qw'\mﬂfw ool Beuce defines o Ed(E) WM C-form R o M. Using Hee
P™p. (i) o ¢ wat hagol fo see that
Ro, Vv = (G -G~ Fppv.
This is #he cussatie of T ow E.



& Chetin aual &Q¥m Qg_

M {:W‘" ver. Gull E =M, coustruct o class c(E) EHIM) Hat “characlerizes” E

M: lef ESM Be couplex audl of rosk 4. Thtn E 6 ossociated fo sowe pruaped Cl:i‘("’ﬁ—w?nﬁt
Choowe o coumechow on P ¥l cuvehure (2 € RF (P €), Siuce 2;12-,40((3-0& ol Adpx =iol, 2 és i@da‘a‘ wendler
§ awal fupce olefines soune 26N () We olenofe (€)= 4 [ € HME).

M-: “t, for Sx-.‘“r&'a“‘g, 5-‘ 5“4. €), 7:?[(11,() = Hd(l'[" €). Aaw m'duf Pa%upm‘a( - 7‘&(0 s a PW
Tecuckion Piof(6)— € =1 ;
P (Ad, x) = P(EXE™) 2 PLO AT ACE

let 2 Be tre wmal‘w'f @ cotumecion, ou a Pﬂiuu'pﬂl f‘M Thew PoR & ffm# amodl Teuce "(4
an tlevnent PIR) e V(M C).

Theoreaw: ) P)€ XM, €) (5 choses. .

ii) f“"’“ fhe curvature S2' of omofher commedfiou on P, -5 &5 exact.

Poef: i) We bawe PR =7 (P(), luuce of(Pon)= ot A() = THolP(R) is Loneontal, lherefore ol(Pon) = B, oll Po)=0>
siuce Pyd@ =0, | |

i) Lot wym (Dot b Thew o, is a patleof wumerfious froun © fo o’ Tor fie waoaduas R, e gef

o \
w Ry = Pu:‘(w'w).
PR , . :
l-o.(.o.a. assume P is dawﬁﬂc«w of d% w, fhen it coun Be cousilencol s o wwlhlinear wﬁp"%((}“—bf auol

Por = Fo(.(ZA...AR), )

D&{‘;.& "=M'-[}o(lU'u')A2‘A_,ARt)#. Tlea df: Fo(QA-aRR) = Fo(QA AmeaS2'). 15}

Dfs lef
G lx) = (i)  ¢e (A%X) : w0 = ¢,
ohere A% s fue ackion of X on AC* 7P

?i)&u a C-vec. Budl of rounk w., E>M, Lokt P:g’L(E) the fromve Budl of £ audl 2 o conmechdm on P, &5 He
foun, we Sd aw efowent

G@(B) EH™ME), O =alR), s clB): B (B4 .+(c) € H(H, C)
ohiels is iuolepenalect of The clossen conmectiow su P # s calleo the b-th Clern dpss of E.

wwn&m? of ‘WMWO‘& s a pﬂevum&zwgw Gale. -

: th + It X : . . . » c ¢ -

Erosf :Mw a q:urz“ Mf‘ﬁioqcﬁi‘c:%uowd s a sam..mw ou the efewvalues (using tuat oliaguall

2ble v ¢ in €M) The ¢ compesponel to The lomancury sqpumstric pobyscuints =

Rewnarh: i) For C-v.6wll EE'2M e b C(E®E)= c(E)-c(E)

@) Yor swwofe p:N=>M we Lave C(P‘E) = P"(C(E)),

iii)Atht%, clE)le H(M,R): (osse o wehre on £ aud o mfdiéle conmection. This corespouds To a conmnection. ow
WE) il vadues cu wlwm). Pud C‘/u(.‘) tas values i R,

Mo 2ot E>M Be o 1ol 0.6ul ol Eg:= EQE. Thew G(Eg)<0 for oolel &, Gecause for @ mefic o & we see
Hat fie curonbure com B feliew fo Bove values i o(m), so fhad EH(AR) = CO &A'R).

Def: Tor a nal vbdl €M, tie bt Poutjagin cfass i
Pu(8) = () G (E0C).

. 4
D p pockiculor, ¢4(R) =~ tr), e} (-Z)" olet(X).



3.5@'5!552

Siuce Gl pownass of @ oamisk, we can exteudl fho olefiuifion
15 £0) tc o fambion Tnbowophic near <0, define the invoriaut pouer seres T e,
T = oet(F(-5)),
calleol the Chern F-Jm. lf e MM Jduwiuzdf? fhe propesties
) Tor a C-Lie Guall (M, Tel)= Fle (L),
ii) T (E®E') = Te(E): T (€).
[ KgpooyXn are foe egomonfies of X, Hov F’(X”;f“"i"

of PIR) o dwsamiant forwal pover series P:glulO)>C.

M c(€) o fhe gouusd associatesl fo 2)= 11R.
M Tle a&uuﬁ M{n 6(8)'4}13' S cowfw.fd ec’ CM "'{“'.:;J Mu"u&" flee Fﬂt&‘( flat q is Hee
A s(ewzm‘aag ] — re% o 6«:,'):

(A-xetgte, NA-typgte ) o = A=t (e b
y;g Tle Clern clogocter is fue charactendshiec Lass asss, fo the iwara.t pouer Hes Fioew 67 x'—-»érorr(-;ia)l). I
a’awmluu we aef cblg)z Teiy ie. clV)= (simV) + q+£(¢f—2¢;) L
ch s wot o geams, 6t

AlEOE) = chl)+A(E'), CMLEQE)= chlE) CLlE).

There & a siwLox opu,s#um‘fau ‘for k-u.éwlﬂ wa 8e ‘O&ww weas O, 8(0):4. (et § be e Gramch .f e,_,(,é)))y‘
witl, Floy=4. The Powkjogi. g-geuws & e tharm Tgemus of The couplexification.

M The a-am & qu.d‘fo ‘_ﬂ"(aa\ with aJ forwal ou.'aﬂ(a wWhkose M sdm«du‘ Peﬁ«wuuall are He
Poutjagi Lasses.

7 4
EKMGS? The A-aow...s is the gorss assoc. o T go—aé::—l"":m). Tle Hiraebruck. x-aﬁ.“; s the Jouns assoc.
fo 8: z > E—
fok/a -



